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Raphaël Lachièze-Rey, Univ. Paris 5 René Descartes,
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Intrinsic volume Vk : Homogeneous additive functionals in the
convex ring :

Vk(A ∪ B) = Vk(A) + Vk(B)− Vk(A ∩ B)

k = 0 : Euler characteristic

...

k = d − 1 : surface measure (“Perimeter” here)

k = d : Volume

Can be extended to larger class of sets
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Covariogram (Galerne 2011)

Let A ⊂ Rd be a ”nice set”. Then

Perimeter(A) = lim
ε→0

∫
Sd−1

Lebesgued(A + εu \ A)

ε
σd−1(dv)

Sd−1 : d-Sphere

σd−1 : renormalized (d − 1)-Hausdorff measure

Valid for any measurable set A ⊂ Rd if the perimeter is defined
variationnally :

Perimeter(A) = sup
ϕ∈C1c (Rd ,Rd ):‖ϕ‖∞61

∫
Rd

1{A}(x)div(ϕ)(x)dx .

Only concerns points carrying the mass of A
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Relation between covariograms intrinsic volumes

Let 0 6 k 6 d

k-th order variogram :

γx1,...,xk (A) = Lebesgued(A ∩ (A + x1) ∩ · · · ∩ (A + xk))

For instance, for a “nice set” A,Vd−1(A) = Perimeter(A) can be
expressed with γ·(A)

Lebesgued(A + εu \ A) = γ0(A)− γεu(A),u ∈ Sd−1

Trivial : γ(A) = Lebesgued(A) = Vd(A)

Expression of Vd−1 linearly in function of the 1t-order variograms
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Let A ⊂ R2,

CC (A) : bounded connected components.

If CC (A) and CC (Ac) are finite : Euler characteristic

χ(A) = #CC (A)−#CC (Ac).

χ = V0 : Intrinsic volume of order 0 (when defined)

Additive functional in the polyconvex ring :

χ(A ∪ B) = χ(A) + χ(B)− χ(A ∩ B)
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Extract topological information from covariograms :

Theorem

A ⊂ R2 compact such that

∂A is a C1 manifold

The normal vector x ∈ ∂A 7→ nA(x) is Lipschitz (“C1,1 manifold”)

Let v1, v2 be two orthogonal unit vectors. Then for ε suff. small

χ(A) =
1

ε2
[
γεv1,εv20 (A)− γ0−εv1,−εv2(A)

]
.

γy1,...,ymx1,...,xq (A) = Lebesgued(A ∩ ...(A + xi ).. ∩ ...(A + yj)
c ...)

Linear expression in terms of k-th order variograms :

γεv1,εv20 = γ − γεv1 − γεv2 + γεv1,εv2

Extension to dimension d : χ in function of (d + 1)-order variograms.
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Figure – Bicovariograms of the unit disc

γεv1,εv20 =
a + b + c

γ0±εv1,±εv2 =
d + e + f

a = f

a + b = c

f = d + e

χ(A) = a +
b+c−d−e−
f = 2b ∼ 2 ε
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Random excursion
For f : W → R, u ∈ R, note

{f > u} = {x ∈W : f (x) > u}.

Figure – Adler & Taylor

Functionals of interest :

Vol({f > u})
Perimeter({f > u})

χ({f > u})
...

Figure – Lantuejoul

f : Gaussian field, Shot noise field, infinitely divisible field, ...

R. Lachieze-Rey Covariograms and geometric functionals of random excursions 10 / 22



Mean values

Mean perimeter (with covariograms) : need to compute

lim
ε→0

ε−1E [Lebesgued({x : f (x) > u, f (x − εv) > u})]

= lim
ε→0

ε−1
∫

P(f (x) > u; f (x − εv) < u)dx

and integrate over v.

Mean Euler characteristic (Worsley, Adler, Taylor, ...) : For f
random field almost surely Morse :

χ({f > u}) = lim
ε→0

(−1)d

(2ε)d

∫
W

det(Hessf (x))1{f (x)>u}1{‖∇f (x)‖∞6ε}dx

+ boundary terms

Expectations : Requires bounded conditional density
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Random fields excursions (LR-2015)

W : compact non-degenerate union of rectangles

f : real C1,1 random field : R2 → R
u ∈ R

Assume

some conditions on the density of (f (x), ∂1f (x), ∂2f (x))
(not necessarily bounded around u)

some moment conditions on Lip(∂i f ), i = 1, 2.

Then Eχ({f > u} ∩W ) =

lim
ε→0

ε−2
∫
W

[
P(f (x) > u, f (x + εv1) < u, f (x + εv2) < u)

− P(f (x) < u, f (x − εv1) > u, f (x − εv2) > u)

]
dx

+ boundary terms

R. Lachieze-Rey Covariograms and geometric functionals of random excursions 12 / 22



Number of connected components

Need domination to apply Lebesgue’s theorem. For f C1,1 such that
∇f 6= 0 on {f = u} :

#CC ({f > u}) 6 2dκ−1d max(Lip(∂i f ))

×
∫
W

dx

max(|f (x)− u|, |∂i f (x)|, i = 1, . . . , d)d

+ boundary terms

E[right hand term] does not require bounded density of
(f (x)− u, ∂1f (x), . . . , ∂d f (x)).

Finite expectation actually allows to switch
∫
W and limε→0

Allows to compute expectation in higher dimensions ?
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Application to Gaussian fields

f : C1,1,R2 → R2, stationary isotropic Gaussian field with unit
variance

(f (0), ∂1f (0), ∂2f (0)) non-degenerate

ELip(∂1f ,W )6+η <∞ for some η > 0 Then

Eχ({f > u} ∩W ) =Vol(W )× e−u
2/2 µu

(2π)3/2

+ Per(W )× e−u
2/2

√
µ

4π
+ χ(W )× 1√

2π
Φ(u).

Φ : Gaussian distribution function
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Alternative (heuristic) proof of the coarea formula

∫
R
h(t)Per({f > t})dt =

∫
R

∫
Sd−1

lim
ε→0

ε−1
∣∣∣∣{f > t} \ {f > t + εu}

∣∣∣∣σ(dv)

=

∫
R

∫
Sd−1

lim
ε→0

ε−1
∫
Rd

1{f (x)>t,f (x−εv)<t}dxσ(du)dt

≈
∫
Sd−1

∫
Rd

lim
ε→0

ε−1


∫ f (x−εv)
f (x) h(t)dtσ(dv)dx

0 if f (x) > f (x − εv)

≈
∫
Rd

∫
Sd−1

h(f (x))|∂uf (x)|+σ(dv)dx

=

∫
R2

h(f (x))‖∇f (x)‖dx .
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Theorem

Let h : R→ R smooth with compact support,

Let f be Morse over the support of h

Call

Q1 = {(x , y) ∈ R2 : x < y < 0}
Q2 = {(x , y) ∈ R2 : y < x < 0}

Then∫
R
h(u)χ({f > u})du

= −
∫
R2

2∑
i=1

1{∇f (x)∈Qi}
[
∂i f (x)2h′(f (x)) + ∂ii f (x)h(f (x))

]
dx

+ boundary terms
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Stationary C2 isotropic fields (Biermé & Desolneux
2016 :)

For f C2 random with EHessf (x) <∞,

E

[∫
W

h(u)χ({f > u})du
]

= −|W |E [h(f (0))∂ii f (0)]

Obtained via an approach involving Gauss-Bonnet theorem∫
R
h(u)χ({f > u})du

= −
∫
h(f (x))Hessf (x)

[
∇f (x)

‖∇f (x)‖
,
∇f (x)

‖∇f (x)‖

]
1{∇f (x)6=0}dx

+ boundary terms
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Application to shot noise random fields
Let W be a compact set
η = {x1, x2, . . .} homogeneous Poisson process restricted to W
g1, g2, . . . random iid integrable functions, belong to the class of SBV
for considerations on the perimeter

fη(x) =
∑
i

gi (xi − x)

Figure – Galerne
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Second order results (work in progress)

Consider for h a test function

F
(1)
W ,h =

∫
R
h(u)Perimeter({f > u})du

F
(2)
W ,h =

∫
R
h(u)Volume({f > u})du

Assume h is such that F
(i)
W ,h is not “trivial”
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Assume polynomial decaying of the kernels gi : for some ε > 0

E[g1(x)4] 6 C (1 + ‖x‖)−8d−ε for the volume

additionally, E[‖∇g1(x)‖4] 6 C (1 + ‖x‖)−8d−ε for the perimter

plus a moment assumption on the (d − 1)-Haussdorf measure of the
discontinuiy set

Then, as |∂W ||W | → 0 ∣∣∣∣∣∣Var(F
(i)
W ,h)

|W |
− σ0

∣∣∣∣∣∣→ 0

sup
t∈R

∣∣∣∣∣∣P
F

(i)
W ,h − EF

(i)
W ,h√

Var(F
(i)
W ,h)

6 t

− P (N (0, 1 6 t))

∣∣∣∣∣∣ 6 κ|W |−1/2.

Application of Stein-Malliavin methods to non-stabilizing functionals

Requires to study the density of the shot noise field to have similar
results at a fixed level u, or for the Euler characteristic of excursions
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Thank you

for your attention !
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