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Ergodic averages

Measure preserving dynamical system (X, B, u, T'),
observable f : X — R

N-1
Sn(z) = Si(z) = Snf(z) = Y f(T*z).
k=0
Ergodic theorems establish convergence of
il Sf (:1:)

in norm (L5, von Neumann) and pointwise (Birkhoff).
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Convergence

Furstenberg
If T :— X is weakly mixing, then

1N
N

¢
k=17=

Z
fi(T%z) =[] /fjdu in L?(p).
=1

1




Convergence

Furstenberg
If T :— X is weakly mixing, then

L (T7* e du  in L?
ﬁz f]( x)%}_[l/f] 1% mn (,U')

k=1j=1

A\

ﬁ For a general ergodic system Fursteberg’s aver-
ages need not converge to a constant function

| \

Bergelson’s PET
If T :— X is weakly mixing, then
1 N , 4 )
5 2 T 55T Wa) = T1 [ fidw in L2(w).
j=1

k=17j=1

A

—3-



Convergence

N

Norm convergence: general measure preserving T’
¢ = 2 (Furstenberg), £ = 3 (Furstenberg-Weiss, Host-Kra),
£ = 4 (Ziegler), £ € N (Host-Kra, Ziegler)

1 1 X
—Ay =12 fioT*f0T* ... fyoT*
Nk:l

Almost sure convergence
@ Bourgain’s double ET (1990): T}, T, are powers of
ergodic T, NN . fi o T!' fo o T} converge a.s.
@ Assani (1998): weakly mixing T'+smth extra, then

N £l
NS froT*fyoT? . foT® ]‘[/fjdu
7=1

k=1



Objective

Finer probabilistic properties,
i.e., beyond convergence



Objective

Finer probabilistic properties,
i.e., beyond convergence

@ Central Limit Theorems

@ Large Deviations

@ Thermodynamic Formalism
@ Multifractal Analysis



Chapter II.

Central Limit Theorems



CLT

(1) If { X } is a stationary sequence of weakly dependent
random variables with finite moments u = EXj},
EX? < 00, p > 2, then

X R, S
0 T At TR D0, 02).
Jn

where

o? = var(Xg) +2 ) _ cov(Xo, Xi) < 00.
k=1



CLT

(1) If { X } is a stationary sequence of weakly dependent
random variables with finite moments u = EXj},

EX? < 00, p > 2, then

Xo+...+Xn1 —
of ¥ Ano1 TR 2y N(0,0%).
NG

where

o? = var(Xg) +2 ) _ cov(Xo, Xi) < 00.
k=1

(2) “Hyperbolic” dynamical systems: If T : X — X is
rapidly mixing, and f : X — R is smooth, then

X, = f(T"z), n=0,1,....

satisfies the CLT.



CLT

(3) For an arbitrary aperiodic m.p.d.s. (X, u, T'), there
exists f € L?(u) with [ fdu = 0 such that

fw)+...+ f(T"'w) p
Gl MOy

[Burton & Denker, Lacey (T,,)]
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(3) For an arbitrary aperiodic m.p.d.s. (X, u, T'), there
exists f € L?(u) with [ fdu = 0 such that

f@) .t T )
Al N(O.1)

[Burton & Denker, Lacey (T,,)]
(4) Raikov - Riesz - Kac:
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CLT
(3) For an arbitrary aperiodic m.p.d.s. (X, u, T'), there
exists f € L?(u) with [ fdu = 0 such that
fw)+...+ f(T"w) p,
II(Snf )2

[Burton & Denker, Lacey (T,,)]
(4) Raikov - Riesz - Kac:

N(0,1)

f(2kz
T 1)
Lacunary series (Salem, Zygmund,...)

m<{a: [0,1] : \/_ Z cos(2mngz) < z}) — ®q1(2).
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CLT for non-conventional averages

(5) generalized Riesz-Raikov sums: under minor
technical assumptions of fi, ..., f,

N
\/% ST A7 M) . £ (674N z) B N(0,07),
n=1

where py, . .., p, are polynomials: px(n) — p,(n) — oo as
n — oo. [K. Fukuyama (2000)]



CLT for non-conventional averages

(5) generalized Riesz-Raikov sums: under minor
technical assumptions of fi, ..., f,

N
1N S A6 M) . £,(67Mz) B N(0,0%),
n=1

where py, . .., p, are polynomials: px(n) — p,(n) — oo as
n — oo. [K. Fukuyama (2000)]
(6) Irrational circle rotations (Weber, 2006):

T(f) ) D
S T‘n T2n _MN\U»J)
R0 = 2 1m0s(a™o, ot 5 e,
where
f= i am cos(2ml,t), g = i by, cos(2ml,,t),
m=1 m=1

under some conditions on {a@,, by, I;m }-
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CLT for non-conventional averages
(7) Kifer (2010): CLT for sums

\/1— Z [F(Xo(n), X1(q1(n)), X2(g2(n)), - - -, Xe(ge(n))) — F]

(1) Xz s are bounded, exponentially fast ¢-mixing
random variables with some stationarity properties;

(2) F is Lipschitz;

(3) F = de(,uo X fhy X -0 X u,;),where X;(0) ~ pj;

(4) g;’s are integer valued on integers +a growth
conditions

~10-



CLT for non-conventional averages
(7) Kifer (2010): CLT for sums

\/1— Z [F(Xo(n), X1(q1(n)), X2(g2(n)), - - -, Xe(ge(n))) — F]

(1) Xz s are bounded, exponentially fast ¢-mixing
random variables with some stationarity properties;

(2) F is Lipschitz;

(3) F = [ Fd(uo x p1 x -+ x ), where X;(0) ~ p;;

(4) g;’s are integer valued on integers +a growth
conditions

® X,;(n) = fi(&»), {¢.} is a Markov chain satisfying
Doeblin’s condition, x being the invariant measure.
@ X,(n) = f; o T™, T is hyperbolic, 4 is invar. Gibbs.
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(8) Kifer & Varadhan (2014): cont. time.,, ...
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(8) Kifer & Varadhan (2014): cont. time.,, ...

.
|

Proving CLT’s

@ Characteristic function method

On(t) = Ee™ — Ee™ = ¢(t) = ¥, > V.

@ Bernstein’s block method

@ Martingale method

Strong dependence between past and future terms in

Z f1(X(n)) f2(X(2n))

1

K. (2010): martingale techniques do not seem to work
K. & V. (2014): appropriately modified martingale
approach works

*1
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Chapter III.

Large deviations



Basic setup

Suppose {S,} is a sequence of random variables

1
—S, —»const P—a.s.
n

<e.g., S. =3 f(T*2), So = 3 f(T*z)g(T*z), ..
k=1 k=1

and we would like to understand

P(;snec), CCR.
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Basic setup

Suppose {S,} is a sequence of random variables

1
—S, —»const P—a.s.
n

(e:8. 8. = 2 f(T"2), 8, = 3 f(T*a)g(T™a), .. ),
k=1 k=1
and we would like to understand
]P(lsneC>, CCR.
n
Logarithmic moment generating function/ free energy
.1
At) = Jim ” log Ep exp(tS,,).

~13-



Logarithmic moment generating function

1
A(t) = lim - log Ep exp(tS,).

Theorem (Gartner-Ellis).

If A(t) exists and is finite for all ¢, then introducing

A*(z) = sup (ta: - A(t)),
one has ¢

1 1
o limsup - log P (-sn e F) < — inf A*(z); VF clsd.
n n zEF

n—00

1
° liminfl logP (;Sn € O) > — iIelcf) A*(z); VO open

n—oo n
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Examples
(1) Full shift X = A%+, continuous observable f : X — R
and a Bowen-Gibbs measure P for potential ¢:

l ]P)([x(), e ,$n,1])
C = exp((Su)@) —nP) =
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Then
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Examples
(1) Full shift X = A%+, continuous observable f : X — R
and a Bowen-Gibbs measure P for potential ¢:

l P([fﬂo, e ,$n,1])
C = exp((Su)@) —nP) =

Then

/ S N@P(dg) = 3 efSrE) x glSndlle)-nP

’nfl]

1 *
A(t) = lim —log 3 et5nf@)+(End)@)=nP — p(gitf)—P(4).
n—1

n—r0o0 n
[zo™ "]
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Examples
Carinci et al 2012

(2) Full shift X = {—1,1}", P = Ber(p). Observable

n n
Ap, = Z TrTok (An = Z TrTok - - - l‘ek)
k=1 k=1
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Examples
Carinci et al 2012

(2) Full shift X = {—1,1}", P = Ber(p). Observable

n n
Ap, = Z TrTok (An = Z TrTok - - - l‘ek)
k=1 k=1

Can we compute

1 1 -
At) = nh_)n;_o ~ log Eet4r = A(t) = 7111_)11;_0 o log E exp (t > mkm2k>
k=1

~16-



Multiplicative decomposition

n

> TkTok = (fvlmz +T2Ta + . ) +
k=1

<$3$6 + TgT1o + .. >—|—

(3?53510 + T10Z20 + . . )

(m.7) M(n,j)
=2 Z$2m1$2m >0 )
jodd m=1 jodd m=1

=> S;?(TO(]),Tl(]),...).
jodd

17—



Multiplicative decomposition, II

Notation:

k
Zi(t) = Eexp (t > Tmle> ,  {7m} Bernoulli

m=1

~18-



Multiplicative decomposition, II

Notation:

k
Zi(t) = Eexp (t > Tmle> ,  {7m} Bernoulli

=1

Then

E exp <tzn:mkm2k> =[] Zewp(t), k(n,j)= {mgz ;’J

k=1 7 odd
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Multiplicative decomposition, II

Notation:

k
Zi(t) = Eexp (t > Tmle> ,  {7m} Bernoulli

m=1
Then
n ) n
Eexp <t Z mkm2k> = H Zyng)(t), k(n,7) = {logz J .
k=1 7 odd J
mz;l 2m+ -G G, explicit.
#: k(n,j) =m} 1

n —v 2m+1

~18-



Same method works for

N
Sz(\?) = Z X XoxpXak - - Xgb, X ~ Ber(p).
k=1

More general: Kifer, Varadhan (2014).
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Same method works for

N
Sz(\?) = Z X XoxpXak - - Xgb, X ~ Ber(p).
k=1

More general: Kifer, Varadhan (2014).

Question
What could be said about LD’s of

N
SY =5 XpXoe Xk .. X
k=1

where (X}) is Markov with valuesin A4, e.g., A = {-1,1},
under the translation invariant Markov measure.
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Large deviations

(2) Kifer, Varadhan (2014)
@ nice Markov chain (X (0), X(1), X(2),...) with
values in Polish (M, B).
@ bounded measurable observable W(z,...,z,).
@ linear g;(n) =jnforj=1,...,k
o faster growthg;(n),7=%k+1,...,¢
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Large deviations

(2) Kifer, Varadhan (2014)

@ nice Markov chain (X (0), X(1), X(2),...) with

values in Polish (M, B).

@ bounded measurable observable W(z,...,z,).

@ linear g;(n) =jnforj=1,...,k

o faster growthg;(n),7=%k+1,...,¢
Theorem. The following limit exists and is independent
ofz e M

N

At) = lim ;logEm (tZW( (¢1(n)), - (qe(n))>

n=1

~20-



(3) Kifer, Varadhan (2014): ‘Gibbs case’, but & = 1.
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(3) Kifer, Varadhan (2014): ‘Gibbs case’, but & = 1.

@ X isaSFT, T : X — X left shift, u is a (Bowen-)
Gibbs measure for Holder continuous g.

@ g:(n) = n, but g»(n),..., g.(n) grow faster.

e &: X*— Riscontinuous
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(3) Kifer, Varadhan (2014): ‘Gibbs case’, but & = 1.

@ X isaSFT, T : X — X left shift, u is a (Bowen-)
Gibbs measure for Holder continuous g.

@ g:(n) = n, but g»(n),..., g.(n) grow faster.

e &: X*— Riscontinuous

Then the following limit exists

At) = ,}LIEOEIOg/eXp S @1ty .,T”(k)m)>,u(dm)
k=1
= lim Elog / exp Z T*z))u(dz) = P(%: + 9) — P(9)

d(z) = log/exp<t<I>(:z:,z2, . ,Z[)) p(dzs) - - - u(dzy).

_21-



Question
What could be said about LD’s of

N
SW =5 Xp XXk . . X
k=1

where (X}) is Markov with valuesin A4, e.g., A = {-1,1},
under the translation invariant Markov measure.
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Chapter IV.

Thermodynamic
Formalism



Gibbs measures

DLR Gibbs measures

1
P(z11:n|T11im)e) = Z—exp(—Hn(m)>, eg, H=1J) zz;.
n i~g

Bowen Gibbs measures

P(z1:n))

< <c
B exp((an’))(a:) — nP) B

1
c
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Gibbs measures

DLR Gibbs measures

1
P(z11:n|T11im)e) = Z—exp(—Hn(m)>, eg, H=1J) zz;.
n i~g

Bowen Gibbs measures

P(z1:n))

< <c
B exp((an’))(a:) — nP) B

1
c

Morally, H,(z) ~ (S,¢)(z),
but definitions are not equivalent

_24—



Gibbs measures for multiplicative potentials
Chazottes, Redig

Can we define Gibbs measure for Hamiltonians like

H = —JZZIJ]‘ZIJZJ' — hZIIJ]‘,
or more generally, for

H=> U(Aza), U(gA,z)=U(ATz), (TyZ)m = Tgm

*o

_25-



Bowen Gibbs measures for non-conventional

potentials

Definition. We say that a probability measure P on A" is
called Bowen-Gibbs for a non-conventional potential
¢ : A x A — Rifthere exists a constant P and ¢ > 1 such
that

P(2[1:2n))
exp (Z;‘Zl ¢(z;,25) — nP)

foreveryn > 1 and all z.

<

1
- <c
c
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Bowen Gibbs measures for non-conventional

potentials

Definition. We say that a probability measure P on A" is
called Bowen-Gibbs for a non-conventional potential
¢ : A x A — Rifthere exists a constant P and ¢ > 1 such
that

P(2[1:2n))
exp (Z;‘Zl ¢(z;,25) — nP)

foreveryn > 1 and all z.

<

1
- <c
c

@ Not clear this definition makes sense.

@ Fan-Schmeling-Wu measure comes close, but not
Bowen-Gibbs in the above sense.

—26—



Chapter V.
Multifractal Analysis



Multifractal analysis of ergodic averages

T : ¥ — X, continuos observable f : & — R.
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Multifractal analysis of ergodic averages

T : ¥ — X, continuos observable f : & — R.
Multifactal decomposition

o= KUKy,

a€cR

K,= {:1: €X: 7111_%10717,(5”(]5)(3;) = a},

.1 .
Ky = {:z: €X: lim E(Sngb)(:z:) does not emst}.
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Multifractal analysis of ergodic averages

T : ¥ — X, continuos observable f : & — R.
Multifactal decomposition

o= KUKy,

a€cR

.1
K,= {:1: €X: lim E(anb)(:z:) = a},
Ky = {:z: €X: lim i(Sngb)(:z:) does not exist}.

Theorem.
For all o with K, # @, one has

hiop(Ka) = sup{hy(f) : pisinvariantand E ¢ = a}

= Pj(a) = inf (—sa+ P(s9)).

_28—



Multifractal analysis of Furstenberg averages

Fan, Liao, and Ma (2011)

Consider & = {—1, 1}". F0r9 E [—1,1], let
Bg = {iE € X 7}1—)% n Z Lok "' Ty = 9}
Then 1 1 1486
d Bg)=1—-+-H )
imp(Bs) =1-3+7 ( 2

—29_



Multifractal analysis of Furstenberg averages
Fan, Liao, and Ma (2011)
Consider & = {—1,1}. For 9 € [-1,1], let

n

1
Bg = {fBEX llmZIEkl‘gk"'iEgk:@}.

Then

1 1 1—|—9

.
| \

Kifer (2012)
Letr be prob. meas. on A = {0,...,m — 1}, then the set
1 n
{(xk) . E Z I[xk = 01, Tgy(k)=azr - - - Lgy(k H Ta; va’l}
k=1

has Hausdorff dimension
- Z] o 7jlogr;
logm

A




On symbolic space & = {O 1}, consider the level sets

Ay = {( k)3 : lim — kam% = a} (a € [0,1]).

n—oo
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On symbolic space & = {O 1}, consider the level sets

Ay = {( k)3 : lim — kam% = a} (a € [0,1]).

n—oo

What about the multiplicative golden subshift

Ay = {(xk)‘l” €Y :x,To, =0 forallk > 1}.
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On symbolic space & = {O 1}, consider the level sets

Ay = {( k)3 : lim — kam% = a} (a € [0,1]).

n—oo

What about the multiplicative golden subshift
Ay = {(xk)‘l” €Y :x,To, =0 forallk > 1}.

@ Kenyon, Peres and Solomyak

dimg(4y) = dimy(4y) = —log(1—p), »° = (1-p)°
@ Peres-Solomyak '12; Fan, Schmeling and Wu '11-’16:
q(1 - p)
p(1-q)’

2 3
p°(1-q)=(1-p),

where
{ 2pq = (2 +p — q).

~30-

dimg A, = —log,(1 —p) — - log2



Theorem (Fan,Schmeling, Wu)

Lets,, ={0,...,m -1 and ¢ : A* = R.
Foranya € R, let

n

1
E, = {:1: €Ly r}an}oﬁ > (@ky Thg, - - -, Tigi1) = a}.
k=1

Then there exist o, @ € R such that E, = @ ifa ¢ [a, al.
Foro € (o, @), E, # @ and

. P (a)
Amae) = gl ogm:
where

P}() = inf(~ s+ Py(s))

is the Legendre transform of a certain pressure function
Py(-) associated to a non-linear transfer operator.




Corollary (Variational principle)

Under the conditions of the previous Theorem, for any
a€ (a,a), B, # @ and

dimg(B,) = q(q—1)2 31(12113 a){i Hk(#)},

-1 k+1
logm HEM —1 4 +

where Hy(p) = — Zox p(z%) log p(z}) and the supremum
is taken over all probability measures on ©,, such that

2 EL(S
(q_ 1)2}; /Jq(kJrkl(p) —a

1
dimy(Eq) = logmsup{h”‘(f) : pis invariant, E,¢ = a}
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