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Basic equations

We study the potential flow of two-dimensional ideal incompressible fluid. The fluid
occupies a half-infinite domain

−∞ < y < η(x, t), −∞ < x <∞.

The flow is potential, so that v = ∇Φ, Φ|y=η(x,t) = ψ(x, t). Boundary conditions
on the surface are standard. It is known that the shape of surface η(x, t) and the
potential on the surface ψ(x, t) form a pair of canonically conjugated variables obeying
the Hamiltonian equations:

∂η

∂t
=
δH

δψ
,

∂ψ

∂t
= −

δH

δη
.

Here H is Hamiltonian function, the total energy of the fluid.
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Hamiltonian

✲

✻

x

y

η(x, t) ψ(x, t)

♥z

H =
1

2

∫

gη2+ψk̂ψdx−
1

2

∫

{(k̂ψ)2− (ψx)
2}ηdx+

+
1

2

∫

{ψxxη
2k̂ψ+ψk̂(ηk̂(ηk̂ψ))}dx+ . . .

k̂ =

√

−
∂2

∂x2
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Normal variables ak

ηk =

√

ωk

2g
(ak + a∗

−k) ψk = −i

√

g

2ωk

(ak − a∗
−k) ωk =

√

gk

H = H2 +H3 +H4 + . . .

H2 =

∫

ωk|ak|
2

H3 = H3(ak, a
∗

k)− third power

H4 = H4(ak, a
∗

k)− fourth power

ak satisfies the equation
∂ak

∂t
+ i

δH

δa∗k
= 0
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For gravity waves three-wave processes are forbidden

~k = ~k1 + ~k2
ωk = ωk1 + ωk2

ωk =
√

g|k|
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ak ⇒ bk
Canonical transformation excludes cubic terms. After transformation

bk satisfies the equation:

iḃk = ωkbk +

∫

T
k2k3
kk1

b∗k1bk2bk3δk+k1−k2−k3dk1dk2dk3

Miracle #1

ki are one-dimensional vectors. Resonant conditions

k + k1 = k3 + k3
ωk + ωk1 = ωk2 + ωk3

if k1, k2, k3 > 0, k < 0,⇒ T
k2k3
kk1

≡ 0!

In other words Tkk1
k2k3

=θ(kk1k2k3)W
kk1
k2k3
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Let all ki > 0. Then

T
kk1
k2k3

=
(kk1k2k3)

1
4

4π

[

(kk1)
1
2+(k2k3)

1
2

]

min(k, k1, k2, k3)θ(kk1k2k3)

One more canonical transformation makes possible to replace

T
k2k3
kk1

⇒ T̃
k2k3
kk1

T̃
k2k3
kk1

=
(kk1k2k3)

1
2

2π
min(k, k1, k2, k3)θ(kk1k2k3).

or
T̃

k2k3
kk1

= θ(kk1k2k3)
(kk1k2k3)

1
2

8π
(k + k1 + k2 + k3−

− |k − k2| − |k − k3| − |k1 − k2| − |k1 − k3|)
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ck = k
1
2θkbk

∂c

∂t
+ iω̂c− iP̂+ ∂

∂x

(

|c|2
∂c

∂x

)

= P̂+ ∂

∂x
(Uc)

this is ”super compact” equation
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Breather is the localized solution of the following type:

c(x, t) = C(x− V t)ei(k0x−ω0t) or ck = ei(Ω+V k)tφk

where φk satisfies the equation:

(Ω + V k − ωk)φk =
1

2

∫

T
k2k3
kk1

φ∗k1φk2φk3δk+k1−k2−k3dk1dk2dk3
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Euler equation in conformal variables

These equations minimize the action

S =

∫

Ldt, L =

∫

∞

−∞

ψηtdx−H.

Starting from this point let us forget for a while about hydrodynamics,

and consider more general case. Namely, let’s think of H as some

arbitrary functional of ψ and η.

Let z(w, t) be the conformal mapping of the domain, bounded by the

curve η(x, t) to the lower half-plane of w

w = u+ iv, −∞ < u <∞, −∞ < v < 0
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We introduce two functions analytic in the lower half-plane

z = x+ iy = z(w)

Φ = Ψ + iĤΨ

These complex-valued functions are analytic in the lower half-plane

v ≤ 0.

”Implicit” equations of motion can be rewritten as follows:

ztz̄u − z̄tzu = −Φu + Φ̄u

Ψtzu −Ψuzt +
1

2

Φ̄2
u

z̄u
= 0

Ψ =
1

2
(Φ + Φ̄)
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Self-similar compressed fluid

η ≡ 0

Φ(x, y, t) =
1

2

1

t− t0
(x2 − y2)

P = −
y2

(t− t0)2
P = 0, y = 0

In conformal variables

z0 = tu Φ0 =
1

2
tu2

Then equations for the shape of self-similar solutions are satisfied. Let
us study perturbation of this solution

z → ut+ z Φ →
1

2
u2t+ Φ
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Equations for finite perturbations of the self-similar solutions read

tzt − uzu + Φu = P−(z̄tzu − ztz̄u)

P−

{

u

2
(uzu − Φu) + t(

1

2
Φt − uzt) + Ψtzu −Ψuzt

}

= 0

Miracle # 2

These equations are satisfied if

z = α(u) Φ = Φ0(u) = ∂−1uα(u)

α(u) is an arbitrary! function analytic in the lower half-plane

α(w) → 0 Imw → −∞
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Let

α =
A

u+ ia
A, a− real constants, u > 0

Shape of the surface is presented in the parametric form

x = u+
Aut

u2 + a2t2
y = −

aAt2

u2 + a2t2

∂x

∂u
→ 1 at t→ ±∞
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The solution describes:

1. Formation of bubbles (if A > 0)

2. Formation of droplets (if A < 0)

The face of surface is symmetric
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Miracle # 3

Let us look for solution of the above equations in the form

z = α(u) +
1

t
z1(u) +

1

t2
z2(u) + · · ·

Φ = Φ0(u) +
1

t
Φ1(u) +

1

t2
Φ2(u) + · · ·

Now again z1(u) and α(u) are arbitrary functions analytic in the lower

half-plane

Φ1(u) = u z1(u)

u z2(u) = −P− (z̄1αu − z1 ᾱu) (and so on)

The system is integrable! A general solution depends on two arbitrary

functions z1(u) and α(u).

– Typeset by FoilTEX – 15



”Additional” motion constants
Is the system of equation for Z,Φ integrable if the boundary

conditions are ”natural”: Z → w, Φu → 0 at |w| → ∞

If Zu =
N
∑

n=1

qn

w − an(t)
+ z̃u, Im(an) > 0

Φu =

N
∑

n=1

kn

w − an(t)
+ Φ̃u

Poles in Zu,Φu are persistent and

dqn

dt
= 0

dkn

dt
= −gqn kn = −gqnt+ k(0)n

qn, k
(0)
n are ”additional motion constant
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Moreover, for any circle Γ (not including branch point)

∫

Γ

Zudw = In

∫

Γ

Φudw = Jn

dIn

dt
= 0

dJn

dt
= −gIn

Is this system of integrals complete - open question.

Zeroes of Zu,Φu are not persistent and turn to cuts.

Hence Z̃u 6= 0, Φ̃u 6= 0.

Equations for Zu,Φu have no persistent rational solutions.
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Giant Breather (in the framework of Super Compact equation)
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Figure 1: |c(x)| (red curve)
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Figure 2: Spectrum |c(k)|)
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Breather in the fully nonlinear (exact) equations (steepness).

It lives forever. This is the Miracle #4
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k − ω spectrum of breather in the fully nonlinear equations.

No waves with negative frequency.
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