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Basic equations

We study the potential flow of two-dimensional ideal incompressible fluid. The fluid
occupies a half-infinite domain

—oo <y < n(x,t), —oo<x<o0.

The flow is potential, so that v = V®, & _. 4 = ¥ (x,t). Boundary conditions
on the surface are standard. It is known that the shape of surface n(x,t) and the
potential on the surface 1 (x, t) form a pair of canonically conjugated variables obeying
the Hamiltonian equations:

o H oy OH

ot &y’ ot on’
Here H is Hamiltonian function, the total energy of the fluid.
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Hamiltonian

1 ~ R
H = /gn2+wkwdx — o J)? — () mdat

+ % /{wmn2/%w+¢/%(n/%(n/%¢))}dw + ...

. [ o2
k=14 ———
Ox?
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Normal variables ([

H=Ho+Hs+Hs+ ...

Ho = /Wk:|ak|2

Hs = Hs(ag,ayr) — third power
Hs = Hylag,a;) — fourth power

Oar, O0H
ot oay

aj.  satisfies the equation
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For gravity waves three-wave processes are forbidden

k= 721 —I—Ez
WE = Wk, T Wk,
wr =/ g|k|
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a. = b

Canonical transformation excludes cubic terms. After transformation
by satisfies the equation:

iy = wiby, + / L2307, Dioy Ot oy — iy kgl el

Miracle #1

k; are one-dimensional vectors. Resonant conditions

]ﬁ—|—]€1:]€3—|—]€3
Wg + Wg; = Wiy + Wiy

if k1,ko, k3 >0, £ <0,= TkaS = 0!
In other words TZ];B Ze(kk1k2k3)wgé3
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Let all £; > 0. Then

1
kky _ (Kkikoks)?
Tkg/ig_ A7t [(kkl)

One more canonical transformation makes possible to replace

DNoj—

+ (/@kg)ﬂ min(k, k1, ko, k3)0(kk1koks)

koks rkoks
Tir,” = Ler,

1
T]fzfzs — (kk1k2k3)2 min(k, kl, ]{2, kg)@(kklkgkg)

27

or

N —

kk1koks)

Tp2ts = H(kklkgkg)( (ks + ko + ke + ks~
— |k —ka| — |k — k3| — [k1 — Fo| — [k1 — k3])
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cr = k20kb,,

dc ~, 0 dc ~ 0
oc A .P_|__ 20¢) _ p+ Y
5 + iwe — 4 5 (\c\ 8:13) P &C(Z/{c)

this is "super compact” equation
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Breather is the localized solution of the following type:

cla,t) = Oz — Vi)elthor=wot) o o — i @FVRIEy

where ¢;. satisfies the equation:

1
(@4 VE = w)n =5 [ TR, Gt alladialh
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Euler equation in conformal variables

These equations minimize the action

S = /Ldt, L = / Yndxe — H.

Starting from this point let us forget for a while about hydrodynamics,
and consider more general case. Namely, let's think of 7{ as some
arbitrary functional of 1 and 7.

Let z(w, t) be the conformal mapping of the domain, bounded by the
curve 7(x,t) to the lower half-plane of w

w = u + 10, —o<u<oo, —oo<v<0
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We introduce two functions analytic in the lower half-plane
z=x 41y = z(w)

O =0+ iHU
These complex-valued functions are analytic in the lower half-plane
v < 0.

"Implicit” equations of motion can be rewritten as follows:

2420 — ZtZy = —(I)u + (I)u
192
\IjtZu — \IjuZt -+ ___u =0
2 Zu
1 _
U = —(d + D)

2
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Self-similar compressed fluid

n=20
1 1
iy t) = = 2y
yz
P =— P=09y=0
In conformal variables

L
20 = tu by = itu

Then equations for the shape of self-similar solutions are satisfied. Let
us study perturbation of this solution

1
z — ut + z @%§u2t—|—<b
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Equations for finite perturbations of the self-similar solutions read

tze — uzy + Py = P (Zp2y — 2¢24)

1
P~ {g(uzu — ) + t(iq)t —uzy) + Uizy — \Ifuzt} =0
Miracle # 2

These equations are satisfied if

z = a(u) ® = ®g(u) = 0 tua(u)

a(u) is an arbitrary! function analytic in the lower half-plane

a(w)—0  Imw — —oco
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Let
A

u + 10

o= A, a —real constants,u > 0

Shape of the surface is presented in the parametric form

N Aut a At?
:C p— u - —
u? + a2 Y u2 + a2t2

— — 1 at t — +00
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The solution describes:

1. Formation of bubbles (if A > 0)
2. Formation of droplets (if A < 0)

The face of surface is symmetric
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Miracle # 3

Let us look for solution of the above equations in the form

z = a(u) + %zl(u) + %zz(u) + -
1 1
Now again z1(u) and a(u) are arbitrary functions analytic in the lower
half-plane
D1 (u) = uz1(u)
uzo(u) = —P~ (Z1au, — 21 0y,) (and so on)
The system is integrable! A general solution depends on two arbitrary

functions z1(u) and a(u).

— Typeset by FoilTEX — 15



" Additional” motion constants
Is the system of equation for Z,® integrable if the boundary

conditions are "natural’: Z — w, ®, — 0 at |w| = oo

N
f Ze = Y — 42, Im(a,) >0
w

n=1 B an(t)
N L i
b, = g = D,
= w — ap(?) i

Poles in Z,,, ®,, are persistent and

dq dk
Yn _ g2 _ 0 k= —ggt + kO

On k,,(»bo) are "additional motion constant
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Moreover, for any circle I' (not including branch point)

/ Zydw = I, / O, dw = J,
T

I
dl dJ
L — — = —gI,
dt dt
Is this system of integrals complete - open question.
/eroes of Z,,, P, are not persistent and turn to cuts.

Hence Z, # 0, ®,, # 0.

Equations for Z,,, ®,, have no persistent rational solutions.
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Giant Breather (in the framework of Super Compact equation)
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Figure 1: |c(x)| (red curve) Figure 2: Spectrum |c(k)|)

— Typeset by FoilTEX — 18



Breather in the fully nonlinear (exact) equations (steepness).
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k — w spectrum of breather in the fully nonlinear equations.
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No waves with negative frequency.
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