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The wave map system

Wave Map system : {
f : R2 → (S2, g) ⊂ R3

�g f = 0.

Equivariant solutions :

f (t, r , θ) = (sin(u(r)) cos(kφ), sin(u(r)) sin(kφ), cos(u(r)))
u : (0,∞)→ R

∂ttu − ∂rru −
1

r
∂ru +

k2

2r2
sin(2u) = 0.

(1)
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Adapted space :

H := {(u0, u1);
∫
|u0|2

r2
+ |∂ru0|2 + |u1|2 <∞}. H1, then H2.

Let Q(r) = 2 arctan(rk) be the ground state for the (WM), and the

adapted scaling :

u → u(
·
λ
).

Goal : explicit solutions with a blow up at time T <∞ and the

regular part, and �nd the rate λ.
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Théorème (Raphaël, Rodnianski 2010)

There exists an open set O of initial condition in H2 + Q such that

the solution u of (WM) with an IC in O blows up at time T <∞
with a rate λ(t) satisfying :

u(t, λ(t)y) →
t→T+

Q(y) in H1

r ,loc

and

λ(t) ∼ T − t

|log(T − t)|1/(2k−2)
for k ≥ 2,

λ(t) ∼ (T − t) exp(−
√
| log(T − t)|) fork = 1,

and such that the regular part (u∗, v∗) ∈ H veri�es :

lim
t→T

E

(
u(t, r)− Q(

r

λ(t)
)− u∗(r), ∂tu(t, r)− v∗(r)

)
= 0.
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My goals :

Find solutions blowing up with an explicit regular part.

Uniqueness of a solution with a �xed regular part and a �xed

rate of blow up ?

Construction of solutions blowing up with two bubbles.

What happens after the blow up ?

To be continued...
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