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Consider the nonlinear Schrédinger equation (NLS) on R or T:

iU+ U £ UPu=0, xeRorT,teR,
u(-,0) =g(-) € H®.

Tzirakis (UIUC) Dispersive equations on the half line



Consider the nonlinear Schrédinger equation (NLS) on R or T:

iU+ U £ UPu=0, xeRorT,teR,
u(-,0) =g(-) € H®.

e Duhamel’s formula

. t
U(t) — eltaxxg:': I/ l(t Saxx (|U(X S)|2 (X S)) ds
0
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Consider the nonlinear Schrédinger equation (NLS) on R or T:

iU+ U £ UPu=0, xeRorT,teR,
u(-,0) =g(-) € H®.

e Duhamel’s formula

_ t
u(t) = g5 i [ 9% (ju(x.5)Puix.s)) ds.
0

e Bourgain '93: Wellposedness in H3(T), s > 0; using periodic Lj';J
Strichartz and X$? spaces:

H U”Xs,b = H e_itaXXU

‘HSH" = [|(k)*(r + K%)PU(k, T ||122L2
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N
Smoothing theorem for NLS, Erdogan-Tz. (MRL *13)

e Fix s > 0. Assume that g € H*(T). Then for any a < min(2s,1/2),
u(x,t) — e tPllg e 0 HE12,

where P = ||g||5/7.
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N
Smoothing theorem for NLS, Erdogan-Tz. (MRL *13)

e Fix s > 0. Assume that g € H*(T). Then for any a < min(2s,1/2),
u(x,t) — e tPllg e 0 HE12,

where P = ||g||5/7.
e For fixed s > 0, a < min(2s, }), 0 < b — § sufficiently small :

2 3
lul“ullxs+ap-1 < [[Ullxsp-
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N
Smoothing theorem for NLS, Erdogan-Tz. (MRL *13)

e Fix s > 0. Assume that g € H*(T). Then for any a < min(2s,1/2),
u(x,t) — e tPllg e 0 HE12,

where P = ||g||5/7.
e For fixed s > 0, a < min(2s, }), 0 < b — § sufficiently small :

2 3
lul“ullxs+ap-1 < [[Ullxsp-

e Compaan ’14: the analogous statement on R.
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N
Smoothing theorem for NLS, Erdogan-Tz. (MRL *13)

e Fix s > 0. Assume that g € H*(T). Then for any a < min(2s,1/2),
u(x,t) — e Plg e CRpHiEE,

where P = ||g||5/7.
e For fixed s > 0, a < min(2s, }), 0 < b — § sufficiently small :

2 3
lul“ullxs+ap-1 < [[Ullxsp-

e Compaan ’14: the analogous statement on R.

e Kappaler—Schaad-Topalov '15: defocusing NLS on T. For g € HX,
k > 1 integer,

lu—e™gllmer < C(Iglm). t€R

where L is a linear operator depending on g nonlinearly.
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Improved smoothing theorem for NLS, Erdogan—-Gurel-Tz. (to
appear in Indiana Math. J.)

Consider the cubic NLS on T. For any s > J—P and a < min(1,2s) (the
inequality has to be strict if the minimum is 2s), we have

it(Oxx+P
lu(t) — " =*Pg|l coperaigllEs + 1glEs-

Tzirakis (UIUC) Dispersive equations on the half line 14/06/17 4/20



Improved smoothing theorem for NLS, Erdogan—-Gurel-Tz. (to
appear in Indiana Math. J.)

Consider the cubic NLS on T. For any s > J—P and a < min(1,2s) (the
inequality has to be strict if the minimum is 2s), we have

it(Oxx+P
lu(t) — " =*Pg|l coperaigllEs + 1glEs-

On R, forany s > }, and a < 1, we have u(t) — e'%g e C?H§™ and
lu(t) — " gllps-aSlgllHs (1 + ||QH‘Z1+) + ||U(l‘)HHS||U(1‘)HiI%+

2

t
+/0 lu(@)lls (lu()Z5. + U@ 5., ) at
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NLSon R*:

We study the following initial-boundary value problem (IBVP)

i + U £ |UPu=0, xeRT,teR", (1)
u(x,0) = g(x), u(0,t)=h(t).

Here g € HS(R*) and h e H%" (R*), s € [0, 3)\{}, 3}, with the
additional compatibility condition g(0) = h(0) for s > 3.
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NLSon R*:

We study the following initial-boundary value problem (IBVP)
i + U £ |UPu=0, xeRT,teR", (1)
u(x,0) = g(x), u(0,t) = h(t).
Here g € HS(R*) and h e H%" (R*), s € [0, 3)\{}, 3}, with the
additional compatibility condition g(0) = h(0) for s > 3.
e Kato smoothing:

||n(t)eitaXXgHL?oH%SHQHHS(R)-

t
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To construct the solutions of (1), first consider the linear problem:

2541

v(x,0) = g(x) € HS(R*), v(0,1) = h(t) € H*5 (R").
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To construct the solutions of (1), first consider the linear problem:

Vi+Vix =0, xeR" teRT, (2)

2541

v(x,0) = g(x) € HS(R"), v(0,t)=h(t) e H™+ (R™).

The solution v can be written as
W(g, h) = W{(0, h— p) + &g,

where ge is an H® extension of g to R, and p(t) = e"®xge|, _,, which is
locally in HE (RT) by Kato smoothing.

Here W/(0, h) denotes the solution of (2) when g = 0.
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Using Laplace transform (Bona—Sun-Zhang), we have
WE(0, h) = Wyh+ Wah, where

Wib(x.t) = - [ e gk )i,

R e

0
p(x): a smooth function supported on (—2, c0), p(x) = 1 for x > 0.

A(E) = F(x(0.00)h) (€) = / ettt

0

W(0, h) is well-defined for x € R, but satisfies linear Schrédinger for
x> 0.
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Duhamel’s formula for (1).

t H /
u(t) = Wi(g,h—q)(t) + /0 =%y |2y at’, (3)

to
Q(t) :/ e/(t—t )BXX|U|2udt/
0

We solve (3) on R. The restriction of the solution to R™ satisfies NLS.

Fixed point argument on X5 on R for b < }, s > 0.
In addition, the solution is in

0 02
CiHyNCyH, * .
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X5 estimates (0 < b < 1)

t
noy [ eetimrenar |, < IFlxes s € R
0 s
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X5 estimates (0 < b < 1)

to
[ntoy [ etetrenar
0

oo SIFlxes, SER

In(t)Wo(g, )l xss S Gllksqry + 1Al 2o 820,
H 4 (RY)
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X5 estimates (0 < b < 1)

to
[no) [ ettt Feyar
0

oo SIFlxes, SER

t <
MUW%@Jmqummmwammﬁgwﬂ,820,

t
i(t—t’)axx / <
Hmnée Falt T
[[F | x5~ 0<s<1/2
HF”X%7ZS_1_4b +||Fllxs—» 1/2<s<5/2.
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Proposition (Erdogan-Tz. (JFA ’16) )

For fixed 0 < s < 3, and 0 < a < min(2s, 3, 3 — s), there exists ¢ > 0
such that for 5 — e < b < }, we have

|HU|2UHXs+a —b~o HUHXsb:
uPul, g 2scza—ti—ae S[|Ull}sp, for 1/2 <s+a<5/2.
X2’ 4 X

« Yields the local theory for 0 < s < 3
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¢ Also yields the following smoothing statement:

Theorem (Erdogan—Tz. (JFA ’16) )

Fixs € (0,3), g € H(RT), and h € HzﬁT“(RJF), with the additional
compatibility condition g(0) = h(0) for s > . Then, for t in the local
existence interval [0, T] and a < min(2s, }, 3 — s) we have

u(x, t) — Wl(g, h) € COHS4([0, T] x RT).
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Energy identities

Recall that on R: llullz2 = llgll2, and

1 1
E(t) = 5loxull? F 4 lullfs = E(0).
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Energy identities

Recall that on R: llullz2 = llgll2, and

1 1
E(t) = 5 l0:ulf: F 4 llull = E(0)

The following provide a priori bounds for the H' norm of the solution,
bounded in the defocusing, and exponential in the focusing case.

Ouf? = 23 (uxD)s,
1 —
On|ux® = 5ul*) = 2R(ucTi)x,

Ol lunl? & 1) = ~1[(UTR); — (uTR)].
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Energy identities

Recall that on R: llullz2 = llgll2, and

1 1
E(t) = 5ll0xul% T g llulit = E(O)

The following provide a priori bounds for the H' norm of the solution,
bounded in the defocusing, and exponential in the focusing case.

A|ul? = —2S3(uxl)x,
1 _
O|unl? F 1ul*) = 2R(sTi)s,
1 R _
Ox(|ux|® + E‘Um = —i[(utx)t — (ut)x]-

e Bona-Sun—-Zhang ’15. Solution is global in H' if g, h € H'.
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Theorem (Erdogan-Tz. (JFA ’16) )

In the case s € [1,3), g € HS(RT), and h € H*%" (R*) N H'(R™), the
solution u is global and the smoothing statement holds for all times.
Moreover, in the defocusing case ||ul|ysr+) grows at most

polynomially, whereas in the focusing case it grows at most
exponentially.
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e Zakharov system on R*:

iU + Uxxy = nu, x € RT, teRT,
Ng — Nyx = (|U|2)XXa
u(x,0) = g(x) € H*(R"),
n(x,0) = ny(x) € HS1 (R+), n(x,0) = ny(x) € A3~ 1(RT),
u(0,t) = h(t) H s (R*) n(0,t) = f(t) € H3(R™),

(with some additional compatibility conditions).
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e Zakharov system on R*:

iU + Uxxy = nu, x € RT, teRT,
Ng — Nyx = (|u|2)XX7
u(x,0) = g(x) € H*(R"),
n(x,0) = ny(x) € HS1 (R+), n(x,0) = ny(x) € A3~ 1(RT),
u(0,t) = h(t) H s (R*) n(0,t) = f(t) € H3(R™),

(with some additional compatibility conditions).

e Erdogan-Tz: Local theory and smoothing for admissible (sg, S1):
3> >—1andmax(sy, 3 + 1) <so < s1+1.
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e Zakharov system on R*:

Ut + Uyx = NU, X €RT, teRT,
Ng — Nyx = (‘u|2)XX7
u(x,0) = g(x) € H®(R™),
n(x,0) = ny(x) € HS1 (R+), n(x,0) = ny(x) € A3~ 1(RT),
u(0,t) = h(t) € H o (R*) n(0,t) = f(t) € H3(R™),

(with some additional compatibility conditions).

e Erdogan-Tz: Local theory and smoothing for admissible (sg, S1):
3> >—1andmax(sy, 3 + 1) <so < s1+1.

¢ On R the local theory is studied in X5 spaces (Bourgain, Colliander,
Ginibre, Tsutsumi, Velo).
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Theorem (Erdogan-Tz. Comm. PDE ’17)
For any admissible pair (Sy, S1) the Zakharov system is locally
wellposed in H*(R*) x H% (RT). Moreover, in the noncritical case
when sy < s1 + 1, we have the following smoothing bounds

u— Ws(g. h) € COH® 2 ([0, T] x R")

n— V{(no,m,f) € CXH* 21 ([0, T] x RT),

for any ag < min (3,81 + 3,81 —so+ 1,3 — s0) and
ay < min (S — $1,280 — S1 — 5, 3 — S1). In the case sy = s1 + 1, we
have the one sided smoothing

n— V{(no, ny, ) € COHS41([0, T] x R),

for any a; < min (1,3 — sy).
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e Derivative Schrodinger equation on R*:

iug + uxy — i(JulPu)xy =0, x € Rt teRY,
u(x,0) = G(x), u(0,t) = H(t).

Gaf(x) = f(x)exp (—ia [ 7 [f(y)[Pdy), « € R
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e Derivative Schrodinger equation on R*:

{/ut+uxx—/(|u\2 )x =0, x eR" teRT,
u(x,0) = G(x), u(0,t) = H(t).

Gaf(x) = f(x)exp (—ia [ 7 [f(y)[Pdy), « € R

If u solves the above equation, then v = G, u satisfies

{ iVt + Vax — i(2a + 1)v2Vy — (2o + 2) V|2V + §(2a + 1)|v[*v =0

V(X’O) = g(X)v V(Ov t) = h(t)7
where g(x) = G, G(x), and

h(t) = H(t) exp (—ia /ooo lu(y, t)|2dy) = H(t) exp (—ia /000 v(y, t)|2dy).
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Fora = —1

iVt + Vi + IV3Vx + S|v[* v =0, x,t € RY,
v(x,0) = g(x), v(0,t) = h(t).

Theorem
Fixs e (%,3), s# 3, anda< min(3 — s, },2s — 1). Then the solution
v satisfies

v(x, 1) — W5(g. h)(x) € GPHyT#([0, T] x R™),

where T is the local existence time, and W}(g, h) is the solution of the
corresponding linear equation.
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THREE PROBLEMS

1. Local well-posedness from v to u

2. Uniqueness of strong solutions

3. Global well-posedness theory in the energy space
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1. The first requires to prove a different boundary value problem since
the boundary function depends on the value of the function in the
interior of the domain. Need to find h of the form eV H(t), so that the
solution v with data g, h, satisfies

/0 vy HEdy = (1), te[0.T].

Lemma

Given G € HS(]R+) and H e H (R (RT), there is a unique real valued
function v € HE ([O T]) such that the solution v with data
g(x) = e " IGWIPY G(x), and h(t) = e DH(t), satisfies

A(t) = /O vy, 0Pdy, te[o.T)

Here T = T(||G||ys, ||H||H%). Moreover, v depends on G and H
continuously.

v
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2. The second requires an iteration of the smoothing estimates
First step: Uniqueness for smooth solutions/Energy arguments

Second step: Smoother approximation and smoothing

3. The third requires small initial and boundary data

Theorem

For any a € R, there exists an absolute constant ¢ > 0 such that DNLS
on half line is globally well-posed in H'(R*) provided that

Hg”H1(R+) + ”h”H1(R+) <c.
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