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In this talk we will consider the Cauchy problem associated to the Zakharov-
Kuznetsov equation in T?, that is,

{@u + Obu + 0,00u +ud,u =0, (x,y) €T, t >0, )

U(ﬂf, Y, O) — Uo(x, y)
The main goal is to establish the local theory for data in H5(T?), s > 3/2.

Work in collaboration with:
e Mahendra Panthee (UNICAMP, Brazil)

e Nikolay Tzvetkov (Université de Cergy-Pontoise, France)
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Motivation
We are concerned with solutions of the problem
{&u —iP(D)u =0,

(,0) = uo(x)

wherez € T" =S' x --- x Stand t > 0.
To explain the difference with the R" setting we consider the operator
P(D)=Aandn = 1.

The solution u(x, t) of the problem (2) can be obtained by Fourier series and

written as
_ Z a ez'(tk2+kx)
k
with initial data ug(z) = > aze™ with >"|az|? < oco.
k k
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Observe that in this case the fundamental solution k(x, t) ~ S e +5%) is not

in L>(S).
Moreover, the estimate

1BC ) * fllzes) < cllflloe) (3)

N

for any fixed ¢ is false. Indeed, take fy.(z) = Y.e'*+5) and observe that if
1

(3) holds

N = Hk<a ) th||L°° <Ct”th||L1 <Ct||th||L2 < CtN1/2

which is a contradiction.
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Also notice that the local smoothness obtained for {2} in R" cannot occur
in the periodic case because it would be a global smoothing in L*(T") and
{e"2} is unitary in L*(T").

A different kind of smoothing effect can be expected as the following result
due to Zygmund.

Theorem 1.

1/2
Y

”Zakez’(tk2+kx)”L4(T2) < C(Z |ak|2> (4)
k

where (x,t) € St x S' = T*
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Theorem 2 (Kenig-Ponce-Vega). Givena € Z*, a > 1 and v € R*, define

DI Sn(tyuo(w) = Y ag|k[7e! k) -
|k|<N

for (x,t) € T?, where ug(z) = > axe’** . Then
k

1/2
DI S (o (Mg rysaogeny < e D lanl?) 6)
| [ 0P8t = Pt s < ol gyipony (7)
—00
t
H/|D|V(V)5N(t—7)9(wﬁ) || s (nrrsy) < N9l 1yopm 1)y (8)
0

where (¢,p) = (4, 2), L+ L =141 L 1 ~)=(22)vand Iy = (0, N~V for any v € [0,1].
v>1-v/?p " p q  q 2

The constant ¢ depends only on o and .
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Main Result

We consider the Cauchy problem for the Zakharov-Kuznetsov equation,

{@u +Pu+0,00u+udu=0, x=(z,y) €T’ tER, 9

u(a:, Y, 0) - UO(xa y)

The model presented in (9) is a bi-dimensional generalization of the
Korteweg-de Vries (KdV) equation, and was introduced by Zakharov and
Kuznetsov to describe the propagation of nonlinear ion-acoustic waves in
magnetized plasma. Its rigurous derivation was shown by Lannes-L-Saut.
This model is widely known as the Zakharov-Kuznetsov (ZK) equation and
has been extensively studied in the literature. In the most of these works
well-posedness issues are considered for the IVPs posed either on R? or on
R3.



Summary of well-posedness results

e Local well-posedness for data in H*(R?), s > 1/2, Molinet and Pilod,
Grunrock and Herr independently.

e Global well-posedness for data in H'(R?), I € Z", Faminskii, for data in
H*(R?), s > 1, L-Pastor.

e Local well-posedness for data in H*(R x T), s > 1/2, Molinet and Pilod.
e Local well-posedness for data in H*(R?), s > 1, Ribaud and Vento.

e Global well-posedness for data in H*(R*), s > 1, Molinet and Pilod.

Conjecture: A scaling argument suggest that in R?, local well-posedness shall
be achieved in H(R?), s > —1.



Theorem 3 (L-Panthee-Tzvetkov). Let u, € H*(T?), s > 3, then there exist a
time T' = T'(||uo||z+) @and a unique solution

we C([0,T] : H*(T?))

fo the IVP (9) such that
u, O,u, O,u € L;L;Z.

Moreover, the application that takes the initial data to the solution
ug — u € C([0,T] : H*(T?))

IS continuous.
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Ingredients

Symmetrization

Following Grunréck and Herr we symmetrize the equation in (9) using the
change of variables

_r Y _2_ Y

Tty Yooy

and define v(a', i/, t) = u(x, y, t). Choosing A* = 3, it can be seen that, if v is
a solution of the IVP

{&v + %(ag,u + 05v 4 v(0y + ay,)v) =0

(10)

(11)
U(':E/7 yla O) — ’l}()(ZU,, y/>7

then u given by
T

y r Yy
t)=v(=+—F,=—=,1 12
is a solution of the original IVP (9).



Now the periodicity of u, i.e., u(x,y,t) = u(x + 27,y + 2w, t), will require that

T, YT Y N_ (T, Y L oz y 1
v(2+2)\,2 2>\,t)—v(2+2)\+(1+)\)7r,2 (1 A)7r,t). (13)

For the choice of \2 = % (13) turns out to be
v(x' y') = v(d' + a2m,y" + b2m),

where a := (1 +v/3) and b := (1 — V/3).

This discussion shows that, in order to get the LWP of the original problem, it
is enough to prove the LWP to the IVP (11) for solution satisfying v(x', ¢/, t) =
v(x' + T,y + T, t), for some Ty and T5. For this, we define x = % Yy =
%/ and w(z,y,t) = v(z',y',t), so that the function w(z,y,t) is periodic on
0, 2] x [0, 27] and satisfies

263

(14)
TU(CC, Y, O) — ’wo((ﬁ, y)

{@w + 5500w + 55000 + s-wd,w + Gwdyw = 0



To simplify the exposition, we define a := 55, 8 1= 55, 71 = 5- and 75 == ..

2a3°
With these notations, (14) becomes,

{@w + adiw + BOjw + wd,w + ywd,w=0, (z,y) € Tt € R, (15)

w(z,y,0) = w(x,y).

In what follows we will study the local well-posedness to the IVP (15), which
in turn implies the local well-posedness result stated in Theorem 3.

Theorem 4. Let wy, € H*(T?), s > 3, then there exist a time T = T'(||wq +)
and a unique solution w € C([0,T] : H*(T?)) to the IVP (15) such that
w, d,w, 0w € LiLY. Moreover, the application that takes the initial data
to the solution wy — w € C([0,T] : H*(T?)) is continuous.




Localized Strichartz’ estimate

Let ¢ € C°(—2,2) be such that ¢(r) = 1 for |r| < 1. For k € Z consider a
dyadic number N := 2% and define a partition of unity as follows

. ¢(|_]n\;l) o ¢(%)7 N > 27
dn(m) = {(ﬁ(lml), N1 (16)

Now, we define a projection operator Py, that localizes frequency in the level
Im| ~ N = 2%, as a Fourier multiplier operator by

A~

Py f(m) = ox(m)f(m). (17)

In terms of the projection operator we have

1 1y = > @+ MY fm)]P ~ > N[ Pyflf2em).  (18)

meZ?2 N>1
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Consider the linear problem

dw + adPw + foiw =0, (x,y) € T t € R,
! (19)
’w(ZU, Y, O) - wO(x7 y)
whose solution is given by the unitary group
W(t)wo(x) _ Z ei(m.x+(am?+ﬂm§)t)@0(m). (20)

meZ2

Lemma 1. Let § € |0,1/2) and Py be the operator defined in (17). Then for

any w, € L,
||W(t)PNwOHLmE[O,N_Q]ng SN [[woll 2, (21)
Whereql(S = and
W @)woll s, r S Mlwoll 2 = [lwoll 25 (22)
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Sketch of the Proof. To obtain the estimate (21), it is enough to show that

X022 (1£]) D @o(m)e! > OHm=me (m) | s < CNJJwplz2,  (23)

meZ2

for any measurable function x : [—27% 27%]> — T2,
After some some analysis the problem reduces to showing that

¢ i(m-x+(am$+Bm3)t)
N

meZ?

ﬂ2—2514:—6‘]'7 (24)

2727 272+ > 2k and some small 0 < e

OOIo)
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Poisson Summation Formula

S F(m) =Y F(2mn), VF € S(R?). (25)
meZ2 neZ?

Using (25) the left hand side in (24) becomes

Z/ “in g2 (¢) (x§+ (o8t +8E)t) g
RQ

nezZ2
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the whole matter reduces to estimating the term

Term = Y / §2 (£)e! (xertacioagd) g
In|<M (26)
~ M [ G(e)ellrerteinin) ge
RQ

for some large constant M > 0, where £ = (&, &). Taking into account that
the function ¢%(£) is bounded and writing the oscillatory integral in terms of

the Airy function
/ e ge - () —ai(-L) @)
R? V3at  \W3at/ /30t \\/30t
we obtain that )
| Term| < [¢]73. (28)
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Kato-Ponce Commutator estimate in T?

This estimate is obtained employing the idea of lonescu and Kenig in T-case
extension of the Kato-Ponce commutator.

—

Lemma 2. Let s > 1, Jof(m) == Jauf(m) = (1+ |m|P)if(m) and f,g €
H>(T?). Then

|°(fg) = [T gl 2 < C{||J8fHL2(T2)H9||L°°(T2)

1 (29)
(1 ey + 19 Fll o) 1175 gl
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A priori estimates

Lemma 3. Let wy, € H>*(T?) and w be the corresponding smooth solution to
the IVP (15). Then forany T € [0,1] and s > 1, we have

[wl| s rscr2) < esexp (cs(llwll are + VWl Ly ) 1ol

HS(']IQ) . (30)

Proof.
We apply the operator J* to the equation in (15), multiply the resulting equa-
tion by J*w and then integrate by parts, to obtain

1d

—— | (Jw)dady+y, | T (udw)Jw dﬂfdy+’}/2/ J*(wo,w)J*w dxdy = 0.
2dt T2 T2 T2
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Using the commutator notation [A, B|f = A(Bf) — B(Af), integration by
parts and Cauchy-Schwartz inequality, we obtain from () that

1d 1 )
5% Q(JSw)Q dazdy < §(||8xw||Loo(T2) + ||8yw||Loo(T2))||J wH%Q(’HQ)
) 31)
+ (I, w]dsw|| ey + [|[°, w]Oywl| e[| S w]| 2z
Applying Lemma 2 (Kato-Ponce commutator), we have
I1°, w]Owl| 2wy < e{ ]S w| ey 100w ]| 1o ) (32)

+ (|lwll zeqry + (VW || o)) | 00| 212 §

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



Similarly,

177, wldyew] e < e[l 7wl s 10yl es

- (33)
+ ([[wll i) + VWl o) | T ] p2ees) -
Inserting (32) and (33) in (31), we get after simplification
d
@l < e(llwllz=m + [[Vwllm) [lw@)- (34)

Using Gronwall’s inequality, (34) yields

[l L < llwol

T
oo (e [ (lwllime + I Vwlim)dt), (@9

which gives the required estimate (30).
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Refined Strichartz estimate

One of the key estimates in our analysis is the following estimate in the one
dimensional continuos case it was first established by Koch and Tzvetkov for
the Benjamin-Ono equation. It was extended by Kenig and its collaborators.

Lemma 4. Leté € |0,1/2). Then the solution of the equation
i@w—l—a@iw#—ﬁ@jw—km@F(w)+’yg(9yF(w) =0, (x,y) €T teR, (36)

satisfies
[wll gy o ST (‘|w‘|L%oHA;£+ 1 F N 2sz,), (37)

2-5

where 0; = =°.
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Proof. We divide the interval [0, 7] in subintervals [ay, a;.1) of size TN 2
for k = 1,...,N?. Let Py be the projector operator on frequencies of size
N €{1,2,4,8,...}. Then, similarly to (3), one gets

N2

||PNwHL%LgZ 5 <TN_2>1/QSZ“X[%,%+1)<t>PNwHLg§L§Z° (38)
k=1

where 1/¢5 =1—1/¢; = %°.

On other hand, using Duhamel’s formula, for ¢t € |ay., a;1), we obtain
t
w(t) =W(t —ay) u(ay) — z/ W(t —s)[0.F(w) + 0,F(w)|ds. (39)

Using Lemma 1, one obtains

IXtorax.0) () Pyl e e S N7l Pyw(ag) |l iz,
+ N_dNHX[ak,akH)(t)PNF”LlTL%y'
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The following estimates is key to prove the local well-posedness result to the
IVP (15).

Lemma 5. Let u be a solution of (15) withu, € H>(T?) defined in [0, T]. Then
for any s > 22 + 1, there exist T = T'(|luo|| =) and a constant cr(||uy)|
such that

Hs» S)

T
F(T) ::/0 (@) zz + 10:u(t) 1z + 10yu(t)l|zs;) dt < e (41)

Proof.
Observe that u, 0,u and 0,u satisfy Lemma 4 with [ given, respectively, by
u?/2, 8,(u?)/2 and 9,(u?)/2. Hence for s’ > s; = %2 we obtain

) < e (1 ulle + 1177 Ol 2 + |70yl

b [ e+ [ o+ [ 10,000 )
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It follows that
15| 2 + || T Opa|| 2 + || TF Oyl 2 < | J*ul| 2z, (43)

fors > s + 1.
On the other hand,

T
/0 (1l + 110a(w”) |2 + 119y (1)1 22) t

T (44)
< c Nullipm [ (et +195u(0) 5 + 19,u(t) ) .
Combining (42), (43), (44) with Lemma 3 we obtain the inequality
F(T) < T |Jug|| = exp (e f(T))(1 + f(T)). (45)
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Sketch of the Proof of Theorem 4

The main tools in the proof are the results from Lemmas 3 and 5.
Let & € [0,1) and consider an initial datum w, € H*(T?) with s > £ + 1.
Note that, for sufficiently regular data (for example if s > 2) one can use a

classical method to show that the IVP (15) is locally well-posed.

Consider wy € H*(T?) with 22* + 1 < s < 2. Density of H> in H* allows
one to find w§ € H> such that ||w§ — wo||lz= — 0. Moreover, one can have
[l < el

Hs-
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For0 < € < 1, let w* be the solution to the regularized IVP (15) corresponding
to the initial data w§ € H*> on [0,T]. Therefore, one can use Lemma 5 to
conclude that there exist a time T' = T'(||wy||zs) > 0 and a constant ¢ such

that ,
/ (e () g, + 10020 (8) || 25, + 10,0 (E) || 15) dt < e (46)
0
Also, from Lemma 3, one has
sup [|w(t)|| mrs(re) < er. (47)
0<t<T

Now, using Gronwall’'s inequality and the estimate (46), one can show that

sup ||w — w® 22y — 0 as € ¢ — 0, (48)

0<t<T

where w* is the solution of the corresponding regularized problem for 0 <
€ <e<l.

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



In view of (48) and (47), one can get, for s’ < s,
w e C([0,T]; H¥) N L*([0, TT; H*)

such that
w' — w in C([0,T); H).

Indeed, (48) implies that as ¢ — 0, w* — w in C([0,T], L*(T?)). In the
light of estimate (47) we note that, w® € L>([0,7T], H?). Hence, by weak*
compactness, w € L>([0,T], H?).

Once again, one can use Gronwall’s inequality, to prove that w is the unique
solution to the IVP (15).

Bona—Smith argument can be used to prove the continuity of the solution w(t)
and the continuity of the flow-map in H°.

Note that, we considered s > 22+ 1. Since ¢ € [0, 5), the maximum possible
value of § corresponds to the lowest Sobolev regularity (s > %) of the initial
data to obtain local well-posedness result in H?, and this completes the proof.



Final Remarks

e What can we say about the character of the equation in this setting?
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e The method explained above can be used in different situations, for in-

stance,

i0u+ | D,y Pu = wou, x=(z,y) € T* tER,

’ (49)
U(CE, Y, O) - Uo(il'}, y)?

where u : [0, 27| x [0,27] x R — R is a real valued periodic function defined
on the torus T? and the operator | D, ,|* is defined via the Fourier transform

D, PP f(my,my) = (m3 +m3)? f(my, my).
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Linearized versions of the model (49) already appear in its generalized form

. Doy —
{z@m%—\ 1%u =0 (50)

U(O) = Uy,
while studying water wave equation considering several values of a > 0.

The local theory for the Cauchy problem is as follows.

Theorem 5. Let uy € H*(T?), s > 2, then there exist a time T = T'(||uo||u+)
and a unique solution uw € C([0,T] : H*(T?)) to the IVP (49) such that
u, 0,u, 0u € L;Lg‘;. Moreover, the application that takes the initial data to
the solution uy — u € C([0,T] : H*(T?)) is continuous.
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The previous analysis can be applied almost line by line, what matters is how
to estimate the oscillatory integral

Z / —in- §¢2 i(x £+|§|3t)d€.

nez?
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Thank You For Your Attention




