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Exciton-Polariton

Semiconductor cavities : Half-light and Half-matter

Figure: Kasprzak et al. Nature 443 (2006)
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Exciton-Polariton

molybdenum diselenide (MoSe2)

Figure: Zhe Fei - Molybdenum diselenide (MoSe2)-June,2017
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Exciton-Polariton : Micro-Cavity

φ(x, t) : photons ψ(x, t) : excitons


i∂tφ = (ωc − iκc − }

2mC
∆)φ+ γψ

i∂tψ = (ωx − iκx + g|ψ|2)ψ + γφ

Parameters :

Space : x ∈ R2 Time : t ∈ R
Frequencies : ωx, ωc Half of Rabi frequency : γ

Attenuation rates : κx, κc g =

{
−1, focusing
+1, defocusing
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Exciton-Polariton : Reductions

Attenuation rates :

κx = κc = 0
Photon frequency : ωc = 0

{
i∂tφ = −∆φ+ γψ
i∂tψ = (ωx + g|ψ|2)ψ + γφ

Initial conditions : {
φ(x, 0) = φ0(x)
ψ(x, 0) = 0

ψ(x, t) = −i
∫ t

0
e−iωx(t−τ)

(
g|ψ|2ψ + γφ

)
(τ)dτ : = M(φ, g|ψ|2ψ, t)
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Nonlinear Schrödinger Equation

Nonlinearity : p

i∂tφ = −∆φ+ γM(φ, g|ψ|p−1ψ, t)

NLSp(Rn)

i∂tu = −∆u+ g|u|p−1u

GP(R2)

i∂tu = −∆u+ V (x)u+ g|u|2u

Parameters :
Space : x ∈ Rn
Time : t ∈ R
g =

{
−1, focusing
+1, defocusing

Initial data : u(x, 0) = u0(x) ∈ H1(Rn)
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Conserved Quantities

Number of particles (Mass)

M [u](t) =

∫
Rn
|u(x, t)|2dx = ‖u0‖2L2(Rn)

Hamiltonian (Energy)

E[u](t) =
1

2

∫
Rn
|∇u(x, t)|2dx− g

p+ 1

∫
Rn
|u|p+1dx.

Momentum

P [u](t) = Im

∫
Rn
ū∇u

C. Guevara Exciton-Polariton 7 / 31



Invariance/Symmetries

Spatial translation

u(x, t) ⇐⇒ u(x+ x0, t)

Time translation

u(x, t) ⇐⇒ u(x, t+ t0)

Galilean transformation

u(x, t) ⇐⇒ u(x− ξt, t)ei(k·x−ωt)

Scaling
u(x, t) ⇐⇒ λu(λ2x, λt)
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Local theory

Local wellposed for small t > 0

Iterate ⇒ T = +∞ or T < +∞

T = +∞ global

T < +∞ finite blowup ∼ ‖∇u‖L2 ↗ +∞
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Local theory

Standard tools : Strichartz estimates∥∥∥eit4u0

∥∥∥
LqtL

r
x

.
∥∥u0

∥∥
L2∥∥∥∥∥

∫
Rn
ei(t−τ)4F (τ)dτ

∥∥∥∥∥
LqtL

r
x

.
∥∥F‖

Lq
′
t L

r′
x

2

q
+
n

r
=
n

2
−s, with 2 ≤ q, r ≤ ∞ and (q, r, n) 6= (2,∞, 2)

C. Guevara Exciton-Polariton 10 / 31



NLSp(Rn)

u(t) = eit∆u0 + i

∫ t

0
ei(t−τ)∆|u|p−1u(τ)dτ ≡ NLS(t)u0

eit∆ϕ0 ∼ NLS(t)u0

Questions :

When do solutions scatter?

u(t)→ eit∆v+ as t→∞

When does Blow-up occur?

‖∇u(t)‖L2 →∞ as t→ T ∗
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Lossless Polariton

κx = κc = 0

i∂t

(
φ
ψ

)
=

(
ωc −∆ γ
γ ωx − g|ψ|2

)(
φ
ψ

)
.

Conserved quantities

Number of particles (Mass)

M [u](t) =

∫
Rn

(
|ψ|2 + |φ|2

)
dx

Hamiltonian (Energy)

E[u](t) =

∫
Rn

(
1

2
|∇ψ|2 + ωc|φ|2 + ωX |ψ|2 +

g

2
|ψ|4 + 2γRe(ψφ)

)
dx.
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Lossless Polariton

Invariance

Spatial translation

Time translation

Break of Invariance

Scaling (
φ(x, t)
ψ(x, t)

)
7→ λ

(
φ(λx, λ2t)
ψ(λx, λ2t)

)
,

(
ωx − g|ψ|2 γ

γ ωc −∆

)
7→
(
λ2ωc −∆ λ2γ
λ2γ λ2ωx − g|ψ|2

)
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Lossless Polariton

Galilean transformation(
φ(x, t)
ψ(x, t)

)
7→

(
φ(x− ξt, t)
ψ(x− ξt, t)

)
ei(ξ·x−|ξ|

2t),

(
ωc −∆ γ
γ ωx − g|ψ|2

)
↓(

ωc −∆ γ
γ ωx − |ξ|2 − g|ψ|2 − iξ · ∇ψ

)
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Lossless Polariton : What about the ground state?

Komineas, Shipman, Venakides’ 14 : x ∈ R

φ(x, t) = φc(x)ei(−ωt)

ψ(x, t) = ψx(x)ei(−ωt)
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Lossless Polariton : Traveling waves(Delgado-G.)

{
φ(x, t) = φc(x− ct)ei(kx−ωt)
ψ(x, t) = ψx(x− ct)ei(kx−ωt)

ω, k 6= 0, and c = 0

ω − ωx, ω − ωc, γ2 − 2(ω − ωx)(ω − ωc), 9γ2 − 8(ω − ωx)(ω − ωc)
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Lossless Polariton : Traveling waves(Delgado-G.)

g > 0, ω − ωc > 0 and ω − ωx > 0
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Lossless Polariton with ωc = 0

Consider

iφt = −∆φ+ γψ

iψt = (ωx + g|ψ|2)ψ + γφ

and (
φ(x, 0)
ψ(x, 0)

)
=

(
φ0(x)

0

)
∈ Hs(Rn) with s >

n

2
.
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Existence

Given :

‖φ0‖Hs ≤ αN for N > 0, α ∈ (0, 1)

There exists a unique solution

(
φ(x, t)
ψ(x, t)

)
∈ C(I,Hs(Rn)) to the

polariton system such that

‖φ(t)‖Hs < N and ‖ψ(t)‖Hs < N

for

0 ≤ t ≤ 1− α
2γ + |g|N2

.
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Exciton-Polariton

Figure: Kasprzak et al. Nature 443 (2006)
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Short-time behavior

Up to what time is the effect of the exciton on the photon field
negligible?

iφt = −∆φ

iψt = ωXψ + γφ .
(Approximation A)

Up to what time thereafter is the effect of the nonlinearity on the
photon field negligible?

iφt = −∆φ+ γψ

iψt = ωXψ + γφ .
(Approximation B)
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General case (Guevara-Shipman)

0 < ε� 1, c1, c2 ∈ R s.t. c2ε
β < T.(

φ(t)
ψ(t)

)
↔ polariton,

(
φ̃(t)

ψ̃(t)

)
↔
{

approx. A [0, c1ε
1/2]

approx. B [c1ε
1/2, c2ε

β ]

IC

(
φ(0)
ψ(0)

)
=

(
φ̃(0)

ψ̃(0)

)
=

(
εαφ0

0

)
and ‖φ0‖s = εαM 6= 0

‖φ̃(t)− φ(t)‖s
‖φ(t)‖s

≤ K1ε+O(εq) 0 ≤ t ≤ c1ε1/2 (ε→ 0),

‖φ̃(t)− φ(t)‖s
‖φ(t)‖s

≤ K2ε+O(ε) c1ε
1/2 ≤ t ≤ c2εβ (ε→ 0).

3/2 < q = min
{

2, 1 + p
2 + α(p− 1)

}
if 0 ≤ α < 1

p−1
then β =

1

p+ 2
− p−1

p+ 2
α
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Outline

Compare the systems

φ̂ : = φ̃− φ ,
ψ̂ : = ψ̃ − ψ .

if t ∈ [0, c1ε
1/2]

iφ̂t = −4φ̂+ γψ(t)

iψ̂t = ωX ψ̂ + γφ̂+ g|ψ(t)|2ψ(t)

{
φ̂(0) = 0

ψ̂(0) = 0

‖φ̂(t)‖ ≤ γ

∫ t

0

‖ψ(τ)‖dτ ≤ γ

∫ t

0

y1(τ) dτ

=
1

2
γ2Mt2 +O(t4) ≤ 1

2
γ2MC2

1ε+O(ε2)

‖φ̂(t)‖
‖φ(t)‖

≤ 1

2
γ2C2

1ε+O(ε2).
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Theorem: p = 3, α = 0

{
φt = −∆φ+ γψ
ψt = (ωo + g|ψ|2)ψ + γφ

{
φ(x, 0) = φ0

ψ(x, 0) = 0
‖φ0‖s = M

Then

‖φ̃(t)− φ(t)‖s
‖φ(t)‖s

≤ K1ε+O(ε2) 0 ≤ t ≤ c1ε
1/2

‖φ̃(t)− φ(t)‖s
‖φ(t)‖s

≤ K2ε+O(ε7/5) c1ε
1/2 ≤ t ≤ c2ε

1/5.
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Numerics

φ0(r) = e−
1
2
µ r2 with g = −1, p = 3 in R2

log t vs. log
‖φ̃(t)− φ(t)‖H2

‖φ(t)‖H2

approx. A approx. B

slope = 0.5000 ≈ 1/2 slope = 0.2003 ≈ 1/5

Thanks Svetlana-Kai
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Numerics: Cubic R2

φ0(r) = e−
1
2µ r

2

, g = 1
–approx. A

µ 0.5 1.0 2.0
slope 0.5000 0.5000 0.5000 ≈ 1/2

–approx. B

µ 0.5 1.0 2.0
slope 0.2002 0.2003 0.2008 ≈ 1/5

φ0(r) = e−
1
2µ r

2

e−i
1
2 r

2

, g = −1

– approx. A

µ 0.5 1.0 2.0

slope 0.5000 0.5000 0.5000 ≈ 1/2

–approx. B

µ 0.5 1.0 2.0

slope 0.1992 0.2036 0.2101 ≈ 1/5
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General case-Numerics
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General case-Numerics{
φt = −∆φ+ γψ
ψt = (ωo + g|ψ|2)ψ + γφ

‖φ0‖s = εαM

if 0 < α <
1

p−1
then β =

1

p+ 2
− p−1

p+ 2
α

φ0(r) = e−
1
2
µ r2 α vs. β

PE5(R2) in H2 PE3(R3) in H2

int. = 0.1431 ≈ 1/7 int = 0.2006 ≈ 1/5
slope = −0.5734 ≈ −4/7 slope = −0.3997 ≈ −2/5
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Comments

Exciton bounds

Approximation A : 0 < t ≤ c1ε1/2

‖ψ̂‖L∞
t Hs

x

‖ψ‖L∞
t Hs

x

≈ O(ε)

Approximation B : c1ε
1/2 ≤ t ≤ c2εβ

‖ψ̂‖L∞
t Hs

x

‖ψ‖L∞
t Hs

x

≈ O(εβ)

Are these optimal bounds?
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Thank you !!
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