COMPUTING STATIONARY STATES FOR GPE STOCHASTIC EFFECTS FOR DISPERSIVE EQUATIONS

Flash Presentation - Romain Duboscq

Institut de Mathématiques de Toulouse (IMT), Institut National des Sciences
Appliquées de Toulouse (INSAT)

Conférence franco-américaine sur les EDP dispersives non linéaires,
12-16 Juin 2017



COMPUTING STATIONARY STATES FOR GPE STOCHASTIC EFFECTS FOR DISPERSIVE EQUATIONS

COMPUTING STATIONARY STATES FOR GPE

Gross-Pitaevskii equation

{ i0)(t, T) = —FAY(t,z) + V(2)p(t, x) + BlY|2p(t,x), V(t,z) € RT x RY,
¥(0,z) = o(z).

Models the evolution of a system of identical bosons using a Hartree-Fock
approximation.
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Stationary state GPE

Find an eigenvalue p € R and eigenfunction ¢ € S;2 = {¢ € L2(R?); |l¢|l 12 = 1}
such that

k(@) = —2 A¢(z) + V(@)o(x) + Blo(x).
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Gross-Pitaevskii equation

{ i0)(t, T) = —FAY(t,z) + V(2)p(t, x) + BlY|2p(t,x), V(t,z) € RT x RY,
¥(0,z) = o(z).

Models the evolution of a system of identical bosons using a Hartree-Fock
approximation.
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Find an eigenvalue p € R and eigenfunction ¢ € S;2 = {¢ € L2(R?); |l¢|l 12 = 1}
such that

k(@) = —2 A¢(z) + V(@)o(x) + Blo(x).

» Find efficient and fast numerical methods to compute (u, @),

» Compute the ground-state (global minimizer) and excited-states (other sta-
tionary states),

» Develop toolbox for physicists.
Works in collaboration with: X. Antoine, C. Besse, S. le Coz...
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STOCHASTIC REGULARIZATION EFFECTS FOR TRANSPORT EQUATIONS

Stochastic Differential equation

dX: = b(t,Xt) +o0dB:, te€ R+,
Xo=1=x.
If 0 = 0, well-posedness holds under Lipschitz conditions on b. If o # 0,
well-posedness holds:
» [Veretennikov, 81°] if b bounded measurable,
» [Krylov & Réckner, 057] if b in LI(RT, LP(R?)).
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Stochastic Differential equation

dX: = b(t,Xt) +odBi, te€ R+,
Xo=1=x.
If 0 = 0, well-posedness holds under Lipschitz conditions on b. If o # 0,
well-posedness holds:
» [Veretennikov, 81°] if b bounded measurable,
» [Krylov & Réckner, 057] if b in LI(RT, LP(R?)).

Stochastic transport equation

{ Au(t,z) +b(t, ) - Vu(t,z) = oVu(t,z) By, (t,z2) € RT x R%,
u(0,-) = ug € L= (R?).

If o = 0, well-posedness holds if b € L (Rt, W, (R?), with linear growth, and
divb € LY (RT, L (RY)). If o # 0, well-posedness holds if:
» [Flandoli, Gubinelli & Priola, ’10] if b € L= (RT,C*(R?)), a > 0.
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WHITE-NOISE DISPERSION NLS EQUATION

White-noise dispersion NLS

{ iaﬂ/’(t,x) = 7Aw(t7x)Bt + 5|w|201ﬁ(t790): (tvz) €RT x Rd»
$(0,7) = o € L*(RY).

In the classical NLS equation, global well-posedness if o < %.
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WHITE-NOISE DISPERSION NLS EQUATION

White-noise dispersion NLS

Ot @) = —AY(t, @) B + BlYI*79(t x), (t,2) €RT x RY,
{ $(0,°) = 9o € L*(RY).
In the classical NLS equation, global well-posedness if o < %. In the white-noise
dispersion case, global well-posdness:
» [de Bouard & Debussche, 10°] if o < %,
» [Debussche & Tsutsumi, 11’] if d =1 and o = 2.

Numerical simulations by [Belaouar, de Bouard & Debussche, 15’] indicates that
global well-posedness should hold for o < % but there’s no theoretical proof...
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