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The Landau-Lifshitz equation

@ The dynamics of magnetization in a ferromagnetic material are given by the
Landau-Lifshitz equation.

@ The magnetization is a direction field:

m(x, 1) RV xR - S* CR®, = (my, my, m3)

| —

] = (i 4+ i+ ) 1
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The Landau-Lifshitz equation

6trﬁ =m X heff(rﬁ)
———
precession

her(m): effective magnetic field

For instance: her(m) = Am
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The Landau-Lifshitz equation

E(ri) = %/RN|Vrﬁ|2 dx+%/RN eani(1T1) dx.

Examples of anisotropy

André de Laire

(isotropic - Schrodinger maps),
(easy-axis anisotropy in the €;—direction),
(easy-plane or planar anisotropy)

(biaxial anisotropy).

The Sine-Gordon regime of the Landau-Lifshitz equation



The Landau-Lifshitz equation

E() = %/RNWrﬁF dx—|—%/RN eani(1T1) dx.

Examples of anisotropy

eani(m) =0, (isotropic - Schrédinger maps),

eani(Mm) =1-— mg = mf + m%, (easy-axis anisotropy in the €;—direction),
eani(M) = mj3, (easy-plane or planar anisotropy)

eani(M) = \im2 + Asmi, M # X3 (biaxial anisotropy).

In this talk we are interested in the dynamics of biaxial ferromagnets in a regime of
strong easy-plane anisotropy 0 < A1 < 1 < A3. We consider

1
A1 =o0e, and A3:= o

o > 0 (fixed) and € > 0 (small).
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The biaxial Landau—-Lifshitz equation

In this regime, the Landau-Lifshitz equation recasts as

. i — - m3€3
oM +m X (Am—aamlel— >=0
€

m(x, t) : RY x R — S2, m = (my, my, m3).
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The biaxial Landau—-Lifshitz equation

In this regime, the Landau-Lifshitz equation recasts as

L . . ms€
oM +m X (Am—aamlel— 3 3) =0
€

m(x, t) : RY x R — S2, m = (my, my, m3).

In coordinates
1

Ormy + mAms — m3Amy — —moms =0

€

1
Ormo + m3Amy — mAms + (g —oe)mmz =0

Orm3 + mAmy — mAmy + ocemimy, =0
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The biaxial Landau—-Lifshitz equation

In this regime, the Landau-Lifshitz equation recasts as

o o o . m3€3
Orm + m x (Am—aamlel— ):0
€

m(x, t) : RY x R — S2, m = (my, my, m3).

e The equation is hamiltonian and the energy is (formally) conserved along the flow:

E(W(t)) = 1/ IVHi(x, £)] "E/ mi(x, £) + E/RN m2(x, £).

e The energy space is

ERMY = {V e Lh(RY,R?) : WV e L3(RY), v, vs € L*(R"), |V] =1 a.e. on RV}
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Connection with the Sine-Gordon equation

The connection is well-know and used in the physical literature (e.g. Sklyanin '79).

Assume that the map m := my + im;, does not vanish, i.e. |m| = /1 —m3#0,som
can be lifted

m

my + imy = (1— m3)? (sin(®) + icos(e)).
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Connection with the Sine-Gordon equation

The connection is well-know and used in the physical literature (e.g. Sklyanin '79).

Assume that the map m := my + im;, does not vanish, i.e. |m| = /1 —m3#0,som
can be lifted

M= my + imy = (1 — m3)? (sin(®) + icos(e)).

The variables u := m3 and ¢ give a “hydrodynamical version” of the LL equation:

Oeu =div ((1 — v*)Ve) — (1 — u?)sin(2¢),
(HLL)

. u ul? .
Orp = —div <1Yu2) + ”(1‘Yu£)2 —u|Vo]* + u(% — &0 S|n2(¢)).
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Connection with the Sine-Gordon equation

The connection is well-know and used in the physical literature (e.g. Sklyanin '79).
Assume that the map m := my + im;, does not vanish, i.e. |m| = /1 —m3#0,som
can be lifted

M= m +imy = (1—mj)? (sin(®) + icos(e)).

The variables u := m3 and ¢ give a “hydrodynamical version” of the LL equation:
Oeu =div ((1 — v*)Ve) — (1 — u?)sin(2¢),
. u u 2 .
Orp = —div (IYUZ) + ”(BA)Z - u|V¢|2 + u(% — &0 S|n2(¢)).
Using the rescaled variables: u(x,t) =cU.(y/ex,t), and o¢(x,t) = d(/2x, 1),
deUe = div (1 — 2U2)VP.) — Z(1 — 2U2)sin(29.),
0e®. = U (1 — 20 sin?(d.)) — e div (I_VEUE ) + e U iy — 22U VoL

2 Ug —g2 U2 )2

(HLL)
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Connection with the Sine-Gordon equation

The connection is well-know and used in the physical literature (e.g. Sklyanin '79).

Assume that the map m := my + im;, does not vanish, i.e. |m| = /1 —m3#0,som
can be lifted

M= m +imy = (1—mj)? (sin(®) + icos(e)).

The variables u := m3 and ¢ give a “hydrodynamical version” of the LL equation:
Oeu =div ((1 — v*)Ve) — (1 — u?)sin(2¢),
. u u 2 .
Orp = —div (IYUZ) + ”(1‘Yu£)2 - u|V¢|2 + u(% — &0 S|n2(¢)).
Using the rescaled variables: u(x,t) =cU.(y/ex,t), and o¢(x,t) = d(/2x, 1),
deUe = div (1 — 2U2)VP.) — Z(1 — 2U2)sin(29.),
0e®. = U (1 — 20 sin?(d.)) — e div (I_VEUE ) + e U iy — 22U VoL

2 Ug —g2 U2 )2

(HLL)

so as ¢ — 0, we formally get
0:U =Ad — %sin(2¢), 0 = U, (SGS)
i.e. the limit function ® is a solution to the Sine-Gordon equation

Ou® — AD + %sin(2d>) =0. (SG)
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Connection with the Sine-Gordon equation

e Our goal: to provide a rigorous justification for this Sine-Gordon regime of the
Landau-Lifshitz equation and quantify the convergence in Sobolev norms.
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Connection with the Sine-Gordon equation

e Our goal: to provide a rigorous justification for this Sine-Gordon regime of the
Landau-Lifshitz equation and quantify the convergence in Sobolev norms.

o Difficulties:
> Global/local well-posedness for the Landau-Lifshitz equation (and the HLL system)
> Global/local well-posedness for the Sine-Gordon equation (for functions with
nonvanishing limits at infinity)
> To control the terms that are multiplied by ¢ in Sobolev norms
» To obtain good energy estimates in any dimension
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An explicit test: Solitons

The (HLL) system has explicit solitons solutions for 0 < ¢ < 1 (we consider o = 1):

ac

2 + sinh?(uc€) — sinh(pc
Us(x, t) = %\/1 — a2sech(pc€), ®-(x,t) =2arctan ( g  sinhi (uct) — sinbs £)>,
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An explicit test: Solitons

The (HLL) system has explicit solitons solutions for 0 < ¢ < 1 (we consider o = 1):

dc

2 4 sinh?(pe€) — sinh(pc
UE(X7t):§mseCh(Mcf)a ¢5(X,t)=2arctan< ac + sinh®(c€) — sinh(u 5))7

= X=& As ¢ — 0 these functions converge pointwise to the solitons for the
NG gep
Sine-Gordon system

ot _ _x—ct
U(x,t) = Vi sech (\;(1 —Cc2)’ and ®(x,t) = 2arctan (e \ 1762)7
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An explicit test: Solitons

The (HLL) system has explicit solitons solutions for 0 < ¢ < 1 (we consider o = 1):

2 + sinh?(puc€) — sinh(pc
Us(x,t) = :l\/lfagsech(u,sf)7 b (x, t) :Zarctan( g  sinh(pcd) — sinh(u E)),

e ac
g — X=—ct

7= As € — 0 these functions converge pointwise to the solitons for the
Sine-Gordon system

x—ct
X — ct

U(x, t) = Vi sech (\/1 2), and ®(x,t) = 2arctan (e7 \/112)7
—c —c

U: and U for e = 0.5 U- and U fore = 0.3 U: and U fore = 0.1
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An explicit test: Solitons

The (HLL) system has explicit solitons solutions for 0 < ¢ < 1 (we consider o = 1):

\/ @2 + sinh®(puc€) — sinh(pic
Us(x,t) = é\/ 1 — aZsech(uc€), ®.(x,t) = 2arctan ( . (,ua §) — sinhlu E)),
g — X=—ct

7= As € — 0 these functions converge pointwise to the solitons for the
Sine-Gordon system

U(x, t) = Nier sech (jl_—c;)’ and ®(x,t) = 2arctan (e7 \ 1’C2)7

U: and U for e = 0.5 U- and U fore = 0.3 U: and U fore = 0.1

3

3 3

André de Laire

The Sine-Gordon regime of the Landau-Lifshitz equation



An explicit test: Solitons

The (HLL) system has explicit solitons solutions for 0 < ¢ < 1 (we consider o = 1):

2 4 sinh?(pe€) — sinh(pc
Uelx,t) = éﬂsech(ucg)’ b (x, t)=2arctan< 3¢ + sinh™(pe€) — sinh(p 5))7

ac

&= X_E“. As £ — 0 these functions converge pointwise to the solitons for the
Sine-Gordon system

U(x, t) = Vi sech (jli_c;), and ®(x,t) =2arctan (ei \ 1762)7

Moreover, for k € N,
[Ue = Ullpc + || sin(®c — @)1z + [P — @[ < Cee?,

and
U~ Ulle
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© The Cauchy problem for the Landau-Lifshitz equation
@ Existence and uniqueness
@ Local well-posedness
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Existence and uniqueness

Some results on the literature:

Zhou and Guo 1984 (parabolic regularization)

Sulem, Sulem and Bardos 1986 (discrete approximation schemes)

Ding and Wang, 2001 (parabolic regularization)

Chang, Shatah and Uhlenbeck, 2000 (generalization of Hasimoto transform)
Gustafson and Shatah 2002
@ Nahmod, Shatah, Vega and Zeng 2006

McGahagan 2004 (energy estimates, parallel transport, Lipschitz continuity of the
flow)
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Given k > 1, we introduce the set
E®Yy = {ve Ry vv e HHRY)),

which we endow with the metric structure provided by the norm

2 2 2 2 \3
vz« = (”Vl”Hk + vallios + IV vallior + [lvalli) 2,
of the vector space

Z"RY) = {v e L, (R, R®) : (v1,v3) € L*(R")?, vo € L(RY) and Vv € H* ' (R")}.

Theorem

Let A1, )3 >0, and k € N, with k > N/2 + 1. Given initial condition m® € E*(R"), there
exists Tmax > 0 and a unique solution m : RN x [0, Tmax) — S? to the Landau-Lifshitz
equation, satisfying the following statements.

(i) m e L>=([0, T],EX(RN)) and 9:m € L>=([0, T], H*2(R")), VT €]0, Tmax[.

(ii) If Tmax < 00, then [/™ ||V m(-, )|} dt = co.

(iif) The flow map m° — m is well-defined and locally Lipschitz continuous

(iv) If m® € EYRN), £ > k, then m € L*=([0, T], £4(R")).

(v) The Landau-Lifshitz energy is conserved along the flow.
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Key element of the proof

Proposition

Let A\1,A3 >0, k €N, with k > N/2 + 1. Consider two (smooth) solutions m and m to
the LL equation. We set

¢
u=m—m, v:i=(m+m)/2, SiL= ZS{;L
0 0 2 =0
Er(t) :/N |u(x, t) — up(x) ez‘ dx,
R
) :/ (|Vu|2 +|ux Vv+vx Vu|2)(x, t) dx,
RN
6. (8) :/ (19¢0°2uf +1D%ul? + (01 4+ Xs)(IDn[? + D)+
RN

)\1>\3(|D2_2U1|2 + |DZ_2U3|2))

Then Epre(t) < C(m, @) (SLe(t) + u(t)li),
with C(m, @) ~ 1+ [|Vm(-, t)lle + IV A(, )lle + 1Vm(:, )|z + V(- ) foe
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© Main theorem
@ Functional setting
@ Main theorem

André de Laire The Sine-Gordon regime of the Landau-Lifshitz equation 14/30




Functional setting
In order to use of the hydrodynamical framework, we need |ms3| < 1, i.e.
lu<1 onR".

Under this condition, the Landau-Lifshitz energy in the hydrodynamical formulation is

1 |VU|2 2 2 2\ . 2 2
Eua(ug) =5 [ (T + (1= DIVl + M1 = ) sin'(e) + o).

Hence it is natural to use the non-vanishing set
NV(RYY := {(u,¢) € HY(R") x Hi(RY) : [u] < 1 on RV},
where H3,(R") is the additive group
Hin(RY) == {v € L,(R") : Vv € L*(R") and sin(v) € L*(R")}.
For k >1
NVKRY) == {(u, ) € H*(R") x Hi(RY) : [u] < 1 on RV},

HE(RY) = {ve Lo (RYY : Vv e H* " H(R") and sin(v) € LQ(RN)}.

We can establish a local well-posedness theorem for the (HLL) in this setting.
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Main theorem

Our main result provides a quantified convergence of the Landau-Lifshitz equation
towards the Sine—Gordon equation in the regime of strong easy-plane anisotropy.

Theorem

Let N >1 and k € N, with k > N/2+1, and 0 < € < 1. Consider an initial condition
(U2, 92) € NVFH2(RN) and set

Ke = [[U2]] e+ &IV U2 e + 1992 + [ sin( S]]

Consider an initial condition (U°, ®°) € L*(R") x HZ,(R"), and denote by

(U, ®) € C°(R, L2(R") x H3,(RM)) the unique corresponding solution to (SGS). Then,
there exists C > 0, depending only on o, k and N, s.t., if the initial data satisfies the
condition

1
Ke < =,
=T
then the following statements hold.
(i) There exists
1
T. > ,
— CK2

initial data (U2, $2).
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Theorem
(continued)

1 :
T2 ggo Kei= U]l + el VU2 e + [V 0E s + []sin(@2)]]

(ii) L? estimate. If ®2 — ®° € L(RN), then

[0-8) ~ 0(0)] 2 < € (02 = ] + |02 — U] s + 2K (1 4+ K2)) e,

for0 <t< T..
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Theorem
(continued)

1 :
T2 ggo Kei= |Vl + el VU2 e+ V0L + [ Sin(@D)]]

(ii) L? estimate. If ®2 — ®° € L(RN), then

[0-8) ~ 0(0)] 2 < € (02 = ] + |02 — U] s + 2K (1 4+ K2)) e,

for0 <t< T..

(iii) L* x HZ, estimate. If N >2, or N =1 and k > N/2+ 2, then
|U=(2) = U(2)|| 5 + | VP:(t) = VO(2)|| - + || sin(P<(t) — D(1))]] »
< C(|IL2 = U)o + [[V92 = VOO o + [[sin(®2 — ) o + €2 Kex (14 K.)*) €,

for0<t< T..
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Theorem

(continued)

(iv) Higher order estimates. Take (U°, ®#°) € H*(R") x HATY(R") and set

e = Kt ([Pl 99 + ] 06

There exists A > 0, depending only on o, k and N, s.t. the solution (U, ®) lies in
co([o, T2], HX(RN) x HEH(RN)), with

sin

1
T->T; > .
- — Ak2

Moreover, when k > N/2 + 3,

[Ue(t) = U@)| s + |V Pe(t) = V()] s + || sin(@e(t) — (1)) s
< AeA(l-H@s)ti

x (10 = Cllyes + V02 = VOO s + || in(02 = 0°) s + e (14 42)°).

for0<t< T;.
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Idea of proof

To obtain good “energy” estimates.
@ Shatah and Zeng (wave regime of the LL equation),
@ Béthuel, Danchin and Smets (wave regime of the the Gross-Pitaevskii equation)
o Béthuel, Gravejat, Saut, Smets (KdV regime of the the Gross-Pitaevskii equation)
o Chiron (mKdV regime of the planar Landau-Lifshitz equation)
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Idea of proof

To obtain good “energy” estimates.

Shatah and Zeng (wave regime of the LL equation),

°
@ Béthuel, Danchin and Smets (wave regime of the the Gross-Pitaevskii equation)

o Béthuel, Gravejat, Saut, Smets (KdV regime of the the Gross-Pitaevskii equation)
)

Chiron (mKdV regime of the planar Landau-Lifshitz equation)

Difficulty: to find the good symmetrization or “energy”.
The LL energy in the scaled hydrodynamical variables is

_ 1 2 |VU8‘2 2 272 2 272 -2
E = 2/R~ (5 oage H U (= SOV 4 o(1 - U2 sin (CDE)).
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Idea of proof

To obtain good “energy” estimates.

Shatah and Zeng (wave regime of the LL equation),

°
@ Béthuel, Danchin and Smets (wave regime of the the Gross-Pitaevskii equation)

o Béthuel, Gravejat, Saut, Smets (KdV regime of the the Gross-Pitaevskii equation)
)

Chiron (mKdV regime of the planar Landau-Lifshitz equation)
Difficulty: to find the good symmetrization or “energy”.

The LL energy in the scaled hydrodynamical variables is

_ 1 2 |VU8‘2 2 272 2 272 -2
E = 2/R~ (5 oage H U (= SOV 4 o(1 - U2 sin (¢5)).

Hence, a possible choice of an energy of order k € N* is

E = 1/ (52M+|Dk*1U€\2+(1—52U2)|Dk¢8\2+a(1—52U2)|Dk*1sin(4>8)|2).
2 Jgn 1— 20?2 N N

The factors 1 — £2U? and term corresponding to sin(®.) provide a better symmetrization
of the energy estimates by inducing cancellations in the higher order terms.
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Set

1—¢g2U2

k 2
E, — %/ (éL Ul DU 4 (1 = 20D + o (1 — U2)|D* sin(@.)?)
RN

Proposition

Lete > 0 and k € N, with k > N/2 + 2. Consider a solution (U., ®.) to (HLL), with
(Us, ®.) € ([0, T], NV<3(RM)) for a fixed T > 0, and assume that

inf 1—&2U% > 1
RN x[0,T] 2

There exists C > 0, depending only on o, k and N, s.t.
*Ek(t) < C(1+¢") (II sin(®<(t))|[1oe + [|Ue(t) |2 + VP (2)||Z~

+ |V U:(8)lEe + lld*®e(t)l|zo + (| D* Ue(t) o
+el|Voe ()l (IIVPe(t)]lZx + IIVUs(t)IIfoo)) k(1)

for any t € [0, T].
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Proof.
Setting p. :=1 — €2U?, (HLL) recasts as
0tUe = pe A®: + Vpe - Ve — Zp. sin(20,),
{ma = U. — S AU ~ 5VU. - V(L) = U, V.2 — 0e? U sin?(9.),

Let ¢ < k, then

—Ee ZI(t

T = / DHUSD“(pE Ad. + Vp. - Vb, — %pe sin(2<l>5)>,

2 2
T :/pSDZ%DZ(UE - % AU. — %VUE : v(pi) — U VO — 02U sin2(<l>s)>,

2
_ [ & e [ ) o .

I3 —/pED U.D (pa A®. + Vp. - V. — Zp. sm(2¢5)),

2 2
1y . _ 1
T =/psD‘ (sin(@2)) D" (cos(@2) (Us — =~ AU = VU V() —
2
Iy =—¢ / U: (0:U:) (|V8§‘¢5|2 - %lDeUEF +o|D! sin(<1>5)|2).
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Moser's tame estimates

Lemma

(i) Let f,g € L(RY) N H™(RY). The product fg is in H™(R"), and there exists Cn,
depending only on m, such that

If gllam < Con(IIF o= llgllim + 1]l m llgllioe)-

(if) Let m € N*. When f € L=(R") N H™(RN) and F € C™(R"), the composition
function F(f) is in H™(R"Y), and there is C,, depending only on m, such that

IF(F)llfgm < Con max (||F(e)||L F11E") 1l

Application: since pe := 1 —?U2, with 1/2 < p. < 1 by using

F(x)=1—x" and G(x) = for x € [0,1/V2],

_1
1—x2’
we deduce that
2
el gm + 11/ pell pgm < Ce™||Uellioe [|Uel| pym-
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The term sin(®.) is more delicate to handle. By Moser’s estimate:

Isin(F)llgm < CA NN o
but we cannot use ||®c || .
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The term sin(®.) is more delicate to handle. By Moser’s estimate:

Isin(F)llgm < CA NN o
but we cannot use ||®c || .

Indeed, if ¢ € Hslin(R), the function ¢ is uniformly continuous and bounded on R, and
there exist 7,0~ € Z s t.

B(x) = 157,  as x — +oo.

Moreover, the differences ¢ — (7 € L*(Ry.).
However, there are no positive numbers A1 such that

V6 € Hn(R), (16— Emllioqes) < Axllbllg oo
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The term sin(®.) is more delicate to handle. By Moser’s estimate:

[sin(F)llgm < CQ+ [IFI7)IF]lms
but we cannot use || ®. ||
Indeed, if ¢ € Hslin(R), the function ¢ is uniformly continuous and bounded on R, and
there exist 7,0~ € Z s t.

B(x) = 157,  as x — +oo.

Moreover, the differences ¢ — (7 € L*(Ry.).
However, there are no positive numbers A1 such that

V€ Hin(R), 16— 5 nllimqms) < Aslldllp ey )-

Another possible Moser type estimate:

Isin(F)llm + 1| cos(F)ljzm < Cm(L + VN7 )1V F [y
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The term sin(®.) is more delicate to handle. By Moser’s estimate:

[sin(F)]lgm < CL+ [IFIIE=Y)IF]l o,

but we cannot use ||®c || .
Indeed, if ¢ € HZ,(R), the function ¢ is uniformly continuous and bounded on R, and

S

there exist 7,0~ € Z s t.
B(x) = 157,  as x — +oo.

Moreover, the differences ¢ — (7 € L*(Ry.).
However, there are no positive numbers A1 such that

V€ Hin(R), 16— 5 nllimqms) < Aslldllp ey )-

Another possible Moser type estimate:

Isin(F)llm + 1| cos(F)ljzm < Cm(L + VN7 )1V F [y

We will keep || sin(f)||4m and use the estimate

[l cos(F)lm < Con(llsin(F)leoe + [V Flleoe ) (I sin(F)llppm—s + 11l gm)-
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The term sin(®.) is more delicate to handle. By Moser's estimate:

[sin(F)llgm < CQ+ [IFI7)IF]lms
but we cannot use || ®. ||
Indeed, if ¢ € Hslin(R), the function ¢ is uniformly continuous and bounded on R, and
there exist 7,0~ € Z s t.

B(x) = 157,  as x — +oo.

Moreover, the differences ¢ — (7 € L*(Ry.).
However, there are no positive numbers A1 such that

V€ Hin(R), 16— 5 nllimqms) < Aslldllp ey )-

Another possible Moser type estimate:

Isin(F)llm + 1| cos(F)ljzm < Cm(L + VN7 )1V F [y

We will keep || sin(f)||4m and use the estimate

[l cos(F)lm < Con(llsin(F)leoe + [V Flleoe ) (I sin(F)llppm—s + 11l gm)-

After 8 pages of computations, applying plenty of integration by parts, Moser estimates
and Leibniz rule, there is a cancellation between higher order derivatives and we can
bound the remainder terms.
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Corollary

Lete >0, and k € N, with k > N/2 4+ 2. There exists C > 0, depending only on o, k
and N, such that if an initial data (U2, ®2) € N'V<2(RV) satisfies

Ce (12l e + el VULl e + 9 + | in(@D)]| ) < 1,

then there exists a positive time

1
Te > - 2
Co(IlU2N e + el VORI ke + IV O 1k + I sin(S2)]] )

s.t the unique solution (U, ®.) to (HLL) with initial condition (U2, ®?) satisfies the
uniform bound

1
8||U€(t)||Lf><J < V2
as well as the energy estimate
U= | + el VU | A V@B + [ sin(@=(D)]] e

< Co (162 +-ell T U2+ 702+ [ sin(@)] ).

forany0 <t < T..
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We suppose first that initial condition is regular enough. By the Sobolev embedding
theorem, there is K; s.t.

K; 1
e < R < B < Ty when € > VEK

From the continuity of the solution, the following stopping time is positive:
T. = sup{t € [0, Tmax) : = < |nf pe(x,7) and Xi(7) < 2%4(0) for any 7 € [0, t]}

Since k > N/2 + 2, there is K> s.t.

[[sin(®c(t))lioe + |U=(t)[[1 + [V (t) 1 (1)
+ [VU-() [T + [ID*®e(t) [ + %[ D*Us(t) [0 < KaZi(2)-
Therefore .
Y (t) < K()Zk(t)2 +e):k(t)f), 0<t< T,

so we can simplify this inequality as

TL(t) < K (1 + sx/Zk(O)) O

and using the hypothesis on the bound on the initial condition:

(1) < K Zo(t)>.
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At this stage, we set

1
TE = )
4KZ/<(0)
and we deduce from the previous differential inequality that
24(0)
< ——1 < 2%,(0 for t < T, t < T,.
2 = Ty, oy = 2H(0) foresTet<
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At this stage, we set

1
Te = ———,
4KZ/<(0)
and we deduce from the previous differential inequality that
>«(0)
< — < < £y E
Yi(t) < T oKz (0)t = 2%4(0), fort< T, t<T
In particular
1 1 1
el|Ue(t)l[ee < eK$E4(0)2 < 2’

so that inf, cpw pe(x,t) > 1/2, for t < T¢, t < T..
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At this stage, we set

1
TE = )
4KZ/<(0)
and we deduce from the previous differential inequality that
>«(0)
< ——— < < T, e
Yi(t) < T 2KT(0) = 2%4(0), fort< T, t<T
In particular
1 1 1
ellUe(t)lleee < eK3Tk(0)2 < V2’

so that inf, cpw pe(x,t) > 1/2, for t < T¢, t < T..

Finally, we derive as before from the Sobolev embedding theorem that
VU-(s) |

/ot (62 p(s)?

In view of the characterization for the maximal time Tpax, this guarantees that the
stopping time T, is at least equal to T-..

t
+ ||p€(s)%v¢5(s)Hioo) ds < Kﬁ/ Yi(s)ds < K < oo.
0

Lo
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© Other regimes
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Wave regime

Consider
A1 =o0e, and A3:= },
€
with
o,e =0

From the equation

deUe = div (1 — 2U2)VP.) — Z(1 — 2U2) sin(29.),
&¢E:U41—§gmﬁmg)—£mv(V% >+£Uqﬂwﬁf—eﬂHV¢$

1—e20U2 1—£202)?

we formally get the free wave system

9.U = Ao,
8t¢ == U7

i.e. ® is solution to the free wave equation

an(b - Aq) = 0

Similar arguments allow to establish this quantified convergence.
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Work in progress: NLS regime

Consider

)\1:1, and )\3::},
€ €

with € — 0. Then, after a good change of variables (also known in the physical
literature), we have formally convergence to

i) + AY + Pl = 0.
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Work in progress: NLS regime

Consider 1 1
A1=—, and A3:=—,
€ €

with € — 0. Then, after a good change of variables (also known in the physical
literature), we have formally convergence to

0 + A + Y[y = 0.

A good test: solitons
e=05 e=0.3 e=0.1
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Thank you for your attention!
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