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Logarithmic nonlinear Schrodinger equation

1
i0¢u + §Au =An([uf) u, Ug—o = Uo, (t,x) ER X RY.

@ Physical motivation A < 0: nonlinear wave mechanics, optics.

@ )\ > 0: interesting mathematical toy.
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Logarithmic nonlinear Schrodinger equation

1
i0¢u + §Au =An([uf) u, Ug—o = Uo, (t,x) ER X RY.

@ Physical motivation A < 0: nonlinear wave mechanics, optics.
@ )\ > 0: interesting mathematical toy.

Formal conservations:
e Mass: M(u(t)) := ||u(t)
e Energy (Hamiltonian):

E(u(0) = 3 Vu(t) ey + A [ [ue 0P nfu(e,x) P

gy
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Weakly nonlinear? Just the opposite

1
i@tu+§Au:/\|n(|u|2)u, Ujg—g = Uo, (t,x) eRxRY X>0.

Lemma

Consider the ODE:

It has a unique solution T € C?(0,00), and, as t — oo,

7(t) ~ 2tVAInt, 7(t) ~ 2VAInt.

t—00 t—00
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Roughly speaking, every solution to logNLS disperses like 7-9/2.
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Weakly nonlinear? Just the opposite

1
i@tu+§Au:/\|n(|u|2)u, Ujg—g = Uo, (t,x) eRxRY X>0.

Lemma

Consider the ODE:

It has a unique solution T € C?(0,00), and, as t — oo,

7(t) ~ 2tVAInt, 7(t) ~ 2VAInt.

t—00 t—00

Roughly speaking, every solution to logNLS disperses like 7—9/2,
~» Faster than usual, by a logarithmic factor.
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Weakly nonlinear? Just the opposite

1
i0su + §Au = An (|uf) v, Up—o = Up, (t,x) ER X RY, A >0.

Define

L (N o () 2 oo
“6X) = yar <t’7<t)> p<7(t) 2)||w||Lz’

where y(y) = e WP/,

-
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Weakly nonlinear? Just the opposite

1
i0su + §Au = An (|uf) v, Up—o = Up, (t,x) ER X RY, A >0.

Define

-

1 X () [x? [ o] 2
ta = t7 N A 9
o(0) = g (55 ) o0 (7 )
where y(y) = e /2, Then:
N2 A2 < 1md
lv(t, ) it/ weakly in L*(R9).

Universal dynamics, more similar to the heat equation.
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Positive Sobolev norms

Corollary

Let ug € HX N F(HY), and 0 < s < 1. Ast — oo,

(In )2 < [[u(t)] gy S (In)*/2,

where H*(R9) denotes the standard homogeneous Sobolev space.
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Stability of this regime

Same results with a defocusing, energy-subcritical, power-like
perturbation,

1
10 + §Au =Aln (|u|2) u+plul®u, Ug—o = Uo, (t,x) €ER X R,

: 2
Wlth>\>0,/L>OandO<0<W.
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