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Logarithmic nonlinear Schrödinger equation

i∂tu +
1

2
∆u = λ ln

(
|u|2
)
u , u|t=0 = u0, (t, x) ∈ R× Rd .

Physical motivation λ < 0: nonlinear wave mechanics, optics.

λ > 0: interesting mathematical toy.

Formal conservations:

Mass: M(u(t)) := ‖u(t)‖2
L2(Rd )

.

Energy (Hamiltonian):

E (u(t)) :=
1

2
‖∇u(t)‖2

L2(Rd ) + λ

∫
Rd

|u(t, x)|2 ln |u(t, x)|2dx .
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Weakly nonlinear? Just the opposite

i∂tu +
1

2
∆u = λ ln

(
|u|2
)
u , u|t=0 = u0, (t, x) ∈ R× Rd , λ > 0.

Lemma

Consider the ODE:

τ̈ =
2λ

τ
, τ(0) = 1 , τ̇(0) = 0 .

It has a unique solution τ ∈ C 2(0,∞), and, as t →∞,

τ(t) ∼
t→∞

2t
√
λ ln t, τ̇(t) ∼

t→∞
2
√
λ ln t.

Roughly speaking, every solution to logNLS disperses like τ−d/2.
 Faster than usual, by a logarithmic factor.

Rémi Carles (Montpellier) Universal dynamics for the logarithmic NLS 3 / 6



Weakly nonlinear? Just the opposite

i∂tu +
1

2
∆u = λ ln

(
|u|2
)
u , u|t=0 = u0, (t, x) ∈ R× Rd , λ > 0.

Lemma

Consider the ODE:

τ̈ =
2λ

τ
, τ(0) = 1 , τ̇(0) = 0 .

It has a unique solution τ ∈ C 2(0,∞), and, as t →∞,

τ(t) ∼
t→∞

2t
√
λ ln t, τ̇(t) ∼

t→∞
2
√
λ ln t.

Roughly speaking, every solution to logNLS disperses like τ−d/2.
 Faster than usual, by a logarithmic factor.
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Weakly nonlinear? Just the opposite

i∂tu +
1

2
∆u = λ ln

(
|u|2
)
u, u|t=0 = u0, (t, x) ∈ R× Rd , λ > 0.

Define

u(t, x) =
1

τ(t)d/2
v

(
t,

x

τ(t)

)
exp

(
i
τ̇(t)

τ(t)

|x |2

2

)‖u0‖L2

‖γ‖L2

,

where γ(y) = e−|y |
2/2. Then:

|v(t, ·)|2 ⇀
t→∞

γ2 weakly in L1(Rd) .

Universal dynamics, more similar to the heat equation.
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Positive Sobolev norms

Corollary

Let u0 ∈ H1 ∩ F(H1), and 0 < s 6 1. As t →∞,

(ln t)s/2 . ‖u(t)‖Ḣs(Rd ) . (ln t)s/2 ,

where Ḣs(Rd) denotes the standard homogeneous Sobolev space.
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Stability of this regime

Same results with a defocusing, energy-subcritical, power-like
perturbation,

i∂tu +
1

2
∆u = λ ln

(
|u|2
)
u+µ|u|2σu , u|t=0 = u0, (t, x) ∈ R× Rd ,

with λ > 0, µ > 0 and 0 < σ < 2
(d−2)+

.
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