Dispersion phenomena on HY when the vertical frequency )\ tends to O

Hajer Bahouri

CNRS, Créteil University

joint work with Jean-Yves Chemin and Raphaél Danchin

AN

LAMA CIRM, June 2017 1




Approach
e Frequency space : (ﬂd, J)

e Classical definition : the Fourier transform of an integrable function f
on H% is a family (FX(f)(A\)aer\ {0} Of bounded operators on L2(R%).

e New point of view : amounts to considering the ‘infinite matrix’ of FHf())
in the orthonormal basis of L2(R%) given by (H,, \)neN the rescaled Hermite
functions.

e Function point of view : fi is a map on the set H* = N x N¥ x R\ {0}
fra(n,m, A) = (FECH ) Hyp Al Hip) o

e Structure of A -
_ suitable distance d

_ (A d) fails to be complete
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e The completion of H? : B = A*UHS with HE = (R_)4U (Ry)?) x 7.
e Key property : fy is uniformly continuous on the set (]ﬁld, d).

e Consequence : the above property prompts us to extend Fygf to ]ﬁld which
captures the limit behavior as \ tends to O.

e Miracle : we get an explicit asymptotic description of the Fourier transform
when the vertical frequency tends to O.

e Applications :

- a handy characterization of Fg(S(H%)) and extension to &'(H%) and in
particular to functions independent of the vertical variable

- recover several fundamental results : Gaveau, Hulanicki,...
- dispersion phenomenon for evolution equations on e

e Many fields ranging from biology, control theory and physics to complex
analysis and PDEs
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Basic facts about the Heisenberg group
HY =T*Rx R, w = (Y,s) = (y,n, s) € H
The non commutative law of product is
w-w = (Y +Y' s+ 4+ 20(Y, Y’)) witho (Y, Y") = (n,9y") — (v, y)
The center of H? :
C(HY) = {0, ga} X R.
The Lie algebra of left invariant vector fields on Hd (commuting with any
left translation : (X - f)or, =X -(fo7,)) is generated by
Xj; = 0y; +2n;0s, = = Oy, —2y;0s, j =1,---,d and Js = %[Ej,Xj].

To see Xj and Ej as constant coefficients vector fields.

d
_ 2 | =2
Ap =Y (X7 +=5).
J=1
Several objects are linked to this group : Haar measure, non commutative
convolution product with Young’'s inequalities, dilations, homogeneous

distance,...
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Fourier transform on the Heisenberg group

The set of characters of HY ~ T* Rd, SO just resorting to characters is not
enough since the information pertaining to the vertical variable s is lost.

For f € LY(H%) and )\ € R*, we define
FAHO) = [, Fw)Updw,

where U? is the Schrodinger representation defined by
UA{]Hd — U(LZ(RY)

w —s U)  with  UMN®)(z) = e 8A=2IAN2—Y) (5 — 2y)).
e Family of bounded operators on L2(R%) : H]—"H(f)(A)||£(L2) < Il cpey:

e Inversion and Fourier-Plancherel formulas involving the trace and the
Hilbert-Schmidt norm of (FE(f)(\))\er+

o FH exchanges convolution and composition : U is a group homomorphism
Uy 0 Uy = Uppy-
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Fourier transform and Laplacian

In R™, we have Fpqi(—Au)(&) = [¢[%a(s).

In Hd, we have the following result which gives the spectral representation of
Ay : if f belongs to S(H?), then for any ¢ € S(R%)

FHAgHN(@) = 4F () (AZscd)  with
Adscd(x) = Ap(z) — NJzPo().
This relation follows from the straightforward formulae (M;¢(z) = z,;¢(x))
FRXGHO) =2F4(HN) 0d; and  FUZ, )N = 2i0FE(FH(N) o M.
The spectral theory of the harmonic oscillator is well known : If (Hn)nENd
denotes the Hermite functions on R%, we define for A € R\{0}

d 1
H,A(z) = [N4Hn(|A[22)  which satisfies — AJscH, x = |M(2[n| + d)H,, x.
This implies that
FU=2m/ N (Hpp) = 4 1A Q2[m] 4+ d)FH(F) ) (Hyp, 0.
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T he Fourier transform as a function

For f in L1(H?), we define the map fu(Fg(f)) :

( ~
Hd — C

fH Ly ( )
w = (n,m, —
\ H4

(U Hy A H ) 2 ()
But

(Uﬁ}HmNHn,)\)LQ = iAW (@,Y)  with
W(@,Y) = [ @M H, \(y + 2) Hp \(—y + 2) dz
the Wigner transform of the rescaled Hermite functions. Thus

]?H(’UAJ) = /Hd eSAW(w,Y) f(Y,s)dY ds

and obviously

|.]?H(n7m7 >‘)| < ||f||L1(Hd)

One of the basic principles of the Fourier transform on R" is that regularity
implies decay. This remains true in the Heisenberg framework.
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Let fin S(Hd). For any integer N, there exists C > 0 such that

N ~
(14 IA(nl + [m| +d) 4+ [n —m|) " | fu(n, m, )| < C,

- One part of this decay inequality is given by the action of Aﬁ.

- A second part is obtained by the action of the right-invariant vector fields

— ~

X] :ayj—QT]jag and Ej =8nj—|—2yj83 with 5 € {1,--- ,d},
which satisfy
4[N[(2n; + 1) fu(n,m, X) = Fa(—(X7 + =2)f)(n,m, A).

- Finally the decay property with respect to m — n stems from the following
easy computations

~

32 2 =2 =2 __ : —
which implies that

A|(rj — mj) f(n,m, X) = iXFyg(T; £ ) (n,m, A).
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The metric space (H",d)

It is natural to endow ]ﬁld with the following distance d:

d(@,@") = [A(n+m) = N(n' +m")|1 + |(m —n) — (m' —n')|1 + A =N,
where | - |1 denotes the ¢! norm.

e (Iﬁld, cf) seems to be the natural frequency space within our approach.
However, it fails to be complete.

o % is the completion of H® :

A =@‘umg with Hy = (R_)?U®RL)D) x z,

e On ]ﬁld, the extended distance d is given by
d(w, %) = [A(n+m) — N (' +m)|1 + |[(m —n) — (m' —n))]1 + A= X
if A\A20 and X #0,

d(@, (#,k)) = |A(n+m) — [y + |m —n—kly + || if X0,
C/Z\((:U7k)7 (:bla k,)) — |CB o x./ll _I_ |k T k/|1'
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Fundamental formulae

e [ he action on convolution rewrites as follows :

Fu(f > g)(n,m,\) = (fig - gu)(n,m, \)  with

(fir - gr)(nym, N) = Y fu(n, £, ) g (L, m, ).
¢eNd

o If the set I¢ is endowed with the measure d@ defined by :

/ﬁd@(@)d@ = ¥ /e(n m, A) A%,

(n,m)eN2d

then the Fourier-Plancherel and inversion formulae recast as follows :

2d1

1913200y = a2, g

and

~d—1
) = Zg [ W(@,Y) fu(@) di.
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Asymptotic behavior of fH when the vertical frequency X\ tends to O

e [ he Fourier transform fH of any integrable function on H? is uniformly
continuous on ]ﬁld, and thus may be extended continuously to ﬁd.

e For all (&,k) in HS,

Faf(k) = [ Ka(,k,Y)f(Y,s)dYds with

d
X K(&j,kj,Y;) and
j=1

1
K@ik y.m) = i/” Li(2]|2 (y sin z+n sgn(i) cos 2)+kz) g,

27

Ka(z, k,Y)

—Tr

o Fir: L1(HY) —s Co(HY).
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Fg of functions independent of the vertical variable

o Vg LYT*RY) : Fy(g® 1) = QW(QHg),uﬁd, where (in the sense of measure)
0

(Gug)(@ k) = [ Kalie,k,Y)g(¥)dY  and

T*R
0 k) dyy =27 / 0(i, k) di + 0(i, k) di)-
/Hg Ho kgd( (R-)4 (R—I—)d )
e Fourier-Plancherel and inversion formulae

o\ d
2 _(“ 2
1902wty = () 19912

2\ : :
9(0) = (Z) [ KaC k. Y)Gr0 (k) dag

e Commutative convolution identity
Cu(f xg)(@, k) = Y (Guf)(@ k—k) (Gug)(@, k).
k'czd
Vfe LY, Fuf(d,k) = (Gug) (&, k), with g the vertical average of f.
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Sketch of proof of the explicit formula
First step : study of the kernel IC;.

e [ he symmetry identities :

Kz, —k,~Y) =Kz, k,Y), K(—2, —k,Y) = (=1)FK(&,k,Y) and

IC(—CB, ka Y) — /C(ZU, ka Y)7 IC(CC, k) O) — 5O,k;
e T he identities
AyK(z, k,Y) = —4|z|K(z, k, Y);

kK (&, k, Y) = (nyK (&, k,Y) — yopK(a, k,Y)) sgn(a);
e [ he convolution property
K(QZ, k7Y1 + YQ) — Z K(ma k — kla Y]_)IC(%, kla YQ)!
k'eZ
e and finally, the following relation for x > O :

. k2
V2K 4+ 282K + 9K — k=0
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The last item is given by the study of Fy(|Y|2f)

1) Integrating by parts, we get (where w = (n£d;,m=Ed;,N))
YIPW(w,Y) = —AW(-,Y)(w) with

AO(0) = —W(In + m| + d)G(w)

4 —
o 3 3 {100, Dot} + g o)

2) We have lim Bx(g, %) = B(g, %), (where ©,(@) = $(]\|(n+m + 1),m —n))

1 /A
Be(g.9) = [ A IYPW(@,Y)9()Ou(@)_%(2) Y da
2
Blow)= [ or [VIPKGE V)oY, k) dY duugy.

3) Applying Taylor formula, we infer that for > 0O

N 2
DOy () ~ (Lp)(a, k) with (L) (&, k) = 24" (a, k) + o' (&, k) — %w<¢, k)-
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Second step : computation of the kernel.

To compute IC, it is wise to introduce the following function IC on
R x T xT*R, where T denotes the one-dimensional torus :

K(t,2,Y) =Y K(ik, Y)e*
keZ
According to properties of IC, we observe that

[ le(jZ,Z,Y]_ —|- YQ) — ]z(j:,z,Yl) }6(337'27}/2)1

i ,6(':.8727 _Y) — I%(QT,Z,Y),
e K(%,2,0) = 1.

This implies that the function Y — K(&,2,Y) is a character of R2. Thus
there exists a function ® = (d,, ®,) from R x T to R? such that

IE(Z'C,Z, Y) — eiY-Cb(a':,z) — ei(yGDy(:b,z)—Fnan(d:,z)).
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e In view of the third property of I, we have for £ > 0O
0:K(&,2,Y) = noyK(s,2,Y) — yopK(i,2,Y).
We deduce that (where R(z) denotes the rotation of angle z)
®(z,2) = R(2)P ()
e The second property of K ensures that |®(z)| = 2|:i;|%. This implies that
R 2. Y) = 212V (R()6())

where ¢ is a function from R to the unit circle of RZ.

e Translating the fourth property in terms of K, we discover that (xz > 0)
1 ~ - -
T(?ZQIC + 0;(20;K) + |Y|2/C = 0.
xXr

This implies that ¢ satisfies : z¢''(2) +2¢'(z) =0 for z > 0. As ¢ is valued
in the unit circle, we infer that ¢ is a constant.
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e [ hus
L .
K(i, 2, Y) = e2il#2(ycos(z420)+nsin(z+20))

e Taking advantage of the symmetry relation
K&, —k,y,—n) = (-1)*K (@, k, y,n),
we find that zg = g[w] and hence there exists e € {—1,1} so that (z > 0)
K,z Y) = 62@5\/5(ysin 2—1COS z)
e Finally, we find that e = —1 by comparing the following formulas (x > 0) :

K(,0,(0,n)) = cos(2vVin) —iesin(2v&n) and

K(2,0,(0,m) = Y K&,k O,m)= > > TFel o(k)n’ 1332

keZ 01N |k|<tq

14
where Fy, o(k) = 3 <€}> .

k01 —20,=0 \'1
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Dispersion phenomena for evolution equations on @

Dispersive inequalities play a decisive role in the study of nonlinear evolution
equations

e Bahouri-Gérard-Xu Heisenberg group 2000

e Del Hierro H-type groups 2005

e Bahouri-Fermanian-Gallagher step 2 stratified Lie groups 2016

For Hd, these inequalities are strikingly different from the R framework :
- No dispersion phenomenon for the Schrodinger equation

- Dispersive estimates for the wave equation with an optimal rate of decay of
order |t|~1/2 regardless of the dimension d
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Evolution equations involving the sublaplacian Ag

(i0y — Ag) f =0
(Sm) { fit=0 = fo € S(H?)

f(t,) = e "Auf,
- No dispersion for (Sg) in the sense that there is fy such that

Va e [Lool, It amay = ol pogay -
- Actually

d
Ay=4)> (Z;Z;+1i0s),
j=1
where Zj = 829- + i?j@s, 7] = (95]. — ?,Z]as and Zj =Y -+ 2773

d
Thus for fg € Ker( Zij), f(t,) = e*M%fy : transport equation
-

J

f(t,2z,8) = fo(z,s + 4dt).
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Asymptotic behavior on the set of finishing vertical
frequencies

Applying the Fourier transform gives
frt,n,m, x) = eHINCIFD 7y (f5) (n,m, A),
and thus on the set of finishing vertical frequencies ]ﬁlg
frat, &, k) = "V Py (fo) (@, k).
Thus applying (Gg)~1, we get
(G~ (Fut, ) (V) = e Y g (Y),
with go(Y) = /RfO(Y’ s)ds the vertical average of fy, and thus for t # 0

-~ 1
16~ it Dl < gl

237]), then gg = 0.
1

Note that in the case when fy belongs to Ker(

.

d
j:
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