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Axioms of on Abelian Category

Needed operations: o, +, —, @, Ker, Coker. Let ¢ be a morphism. To
handle the kernel of ¢ algorithmically . ..

... one has to construct the object kerp,
its embedding into the object M,
and for every test object T
a morphism given by kery’s universal property.
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Thus a proper implementation of the kernel needs three algorithms.
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So we need a computer algebra system with ...

@ the possibility to implement sophisticated categorical algorithms
and data structures using primitive categorical operations,

@ an interface to interpret these primitive categorical operations by
computable operations (of various computer algebra systems).
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Categories, Algorithms, and Programming

What is CAP?

CAP means Categories, algorithms, and programming and is a
software project implemented in GAP (Groups, algorithms, and
programming) (joint work with Sebastian Gutsche, based on ideas of
the homalg project (Mohamed Barakat).

@ CAP serves as a categorical programming language with
categorical operations as primitives.

@ CAP has an interface for the interpretation of these categorical
operations.

Using CAP we are now able to implement the categorical data
structures and algorithms which we need.
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Connecting Homomorphism in the Snake Lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)
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Generalized Morphisms

Connecting Homomorphism in the Snake Lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Idea: Use relations instead of maps. ¢ — ¢~ '({b}) J
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Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : B— C be a homomorphism of abelian groups.

[(e) :={(b,c) e B& C|¢(b) =c}
is a relation from B to C, called graph of ¢, and

e :={(c,b) e Ca B|eb) =c}

is a relation from C to B, called pseudo-inverse.
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Generalized Morphisms
Relations

Composition of Relations
Givenf C A@ Band g C B® C, define

gof:={(a,c)e A C|3IbeB:(ab)ef,(brc)eg}

If f and g correspond to maps, this describes their usual composition.

Posur Car January 15, 2016 12/19



Generalized Morphisms

Snake Lemma Revisited

ker(~)
A B - c 0
(O
0 A m B c
coker(a)
Wanted: ker(~) 2, coker(a). J

Posur

CaP January 15, 2016 13/19



Generalized Morphisms

Snake Lemma Revisited

A B C 0
I
0 A——F— B o
coker(a)
: )
Posur Car January 15, 2016 13/19



Generalized Morphisms

Snake Lemma Revisited

A B C 0
I
0 A—— B o
coker(a)
671 ol J
Posur Car January 15, 2016 13/19



Generalized Morphisms

Snake Lemma Revisited

A B C 0
(N
0 A——F— B o
coker(a)
Bo e loy J
Posur Capr January 15, 2016 13/19



Generalized Morphisms

Snake Lemma Revisited

A B - C 0
| | |
0 A——F— B o
7{ \1/
W
coker(a)
pto Bo oy J
Posur Capr January 15, 2016 13/19



Generalized Morphisms

Snake Lemma Revisited

ker(7)
<N lL
A B - C 0
(O
0 A—r B c
) l \1/
no
coker(a)
7o o Bo e oy J

Posur Car January 15, 2016 13/19



Generalized Morphisms

Snake Lemma Revisited

ker()
6—1
RN
A B - C 0
o 53 Y
0 A m B c
- \1/
o

coker(a)
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From Relations to Generalized Morphisms

Let A, B be objects in an abelian category A.
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Generalized Morphisms

Composition of Generalized Morphisms
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Generalized Morphisms

Generalized Morphisms in CAP

Realization in CAP

@ CAP provides generalized morphisms as a data structure.
@ 3 different data structures:

@ Spans: A<~ DB

@ Cospans: A— D+ B

© 3-arrow: A« D> E+ B
@ They are useful for:

@ Diagram chases
@ Spectral sequences
© Localization of categories (Serre quotients)
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Generalized Morphisms
Download CAP

Download CAP
http://homalg-project.github.io/CAP_project/
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