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@ Quadratic quasi-interpolant splines
& Quasi-interpolating spline operators S1, Sp, Wh
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o Multilevel quasi-interpolating spline operators
SPHIL g(p+1L p/(p+1)L
1 122 » Vo

@ defined by uniform B-splines
@ defined by non uniform B-splines

© Matlab numerical results
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The spline space 521(/\(,5,)7)
e R=[a, b] x [c, d] domain in R?
m and n integers

a=xp<x1<..<xp=bandc=p<n<..<y,=d
Rij = [xi—1, %] < [yj-1, ], i
0A£,2,)

n

° 521 (/\ﬁ,f,),)

criss-cross triangulation of R

1,..mej=1....n
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Let
o Aij=(x,Y
® hj =X — X1,
ki ==y —

), 2<i<m+2 -2<j<n+2

i=-=1,....m+42,
—1,..,n+2
OT—{M;':(S,',tj),},With Si:

Xi—1+X; _ Yi—1tyi
) 2 -2
i==1,.m+2 j=-1..n42

, L
® Bmn = {Bjj : (i,j) € Kmn} on extended partitions,

with Ko = {(i,j) :0<i<m+1,0<j<n+1}
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Quadratic g-i splines

Quasi-interpolating spline operators

Q: C(R) —> SHAR)
with
Qf =Y AD(H)Bj(x,y)

i

) = Sl (50,59),
l

and

u§U) non zero real numbersst. Qf =f,VfeP,, 0 <r <2
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Quadratic g-i splines

*] 51 (C.K.Chui, R.-H.Wang, 1984)
S
A(F) = £ (My),
Slf = f’ f= 17X7any

o 52 (P.Sablonniére, 2003)

(52)(f) = bif(My) + aif(Mi—1;) + cif (Miy1;)
+  Ff(Mij-1) + Gf (Mija),
Sf=fFf, felP
@ W5 (c.K.Chui, R-H.Wang, 1984)

0 0
W 1
)\Ej 2)(F) = 2f(Mi’j)_Z Z Z f(Aithj+k)s

h=—1k=—1

Wof =f, felP,
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Quadratic g-i splines

Approximation order

Let
A = max {h, k} with h = max; h;, k = max; kj;
|||/ the supremum norm over R;

w(f,8) = max{|f(x,y) — f(u,v)|,(u,v),(x,y) € R
t.c.[[(x,y) = (u,v)[| <6}

D = Dlee2) — glel /(9x19y*2) with |a| = ag + az;

w(D?f,d) = max{w (D*f,0),|a| = s}.
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Quadratic g-i splines Multilevel g-i splines Matlab numerical results Application to numerical integ

Let @ = S1, So e Wh. There exist Cp @, C1,0, (2.9, G3.9, Cs,
S.t.
o feC(R) = ||If —Qfl|lg < Goquw(f,A) ;
o f € CYR) = ||f — Qf|lp < CLoAw(Df,A)2) ;
o f e C3R)=>
If = S1f|[g < Cs; A? maxjq 2 [| D]
I|f — Qf||g < GooA%w(D?f,A)2), Q=S5 Ws ;
o fe C3(R)=
IF = Qfll < C5,0A3 Maxais [ID°Fllx Q@ = Sa, W,
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Multilevel quasi-interpolating spline operators Q(P+1L
o R=1[0,1] x [0,1];
o two kinds of extended partitions:
© simple knots
X1 :

X_o < XxX_1<a=Xxy <
Yityaoa<yi1<c=py<

< Xm = b < Xmy1 < Xmt2,

@ simple knots and triple ones on the boundary of R
Xo xo=x_1=a=x<x1 <

<Yn=d < Ynt1 < Yni2,
Yoiyo=y1=c=yo<y<
Paola Lamberti

@ 'uniform’ criss-cross triangulation /\Sn,), of R

<Xm=b= Xm+1 = Xm+2,

<Yn=d=Yni1 = Yni2;
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Multilevel g-i splines

Then for X1, Y1 and Vi, j:

ohh—h Kok
oX,—Q"‘ih:#, )’J:C+Jk:J;.

2i—1 2j—11,
4] MU: (S,',tj): (—é N Jzn ),

° B,-J-(X,y):B(mx—i—l—%,ny—j-i—%).

Similarly for X5, Y>.

u]
o)
I
i
it
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Multilevel g-i splines

% First step: two-level quasi-interpolation operators
m, n even

0) _ J g0 _ (0 0\ _ (50, 40,y _ [(2i—1 2/—1
T()_{MU—<5,- ,tj>—(2s,,2tj)_(2m, 5 )

. m . n
I=—I€,...72—0+€,_j=—H,...,@—Ff},

Wlth R = H(ania )/I'7p)7 f = K(ania )/IVP)' = 1721 p= 071;

) = {M,.(jl) = (5™, @) = (2's,2') = (2i —13- 1) ,

m n
m

I = —FK, ..., o1

. n
+€,J:—/ﬁ,...,§+€},

coarser than 7).
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Multilevel g-i splines

Let

° Q(l)f — leﬂii_i Zzii_i )\ij 1) (f)B(l)

U b
where )\g.Q’l)(f) is computed at (1) and
B,-(jl) =B (22} c—i %, ot —J + %) with support centre at M,.(jl);

e error function ALf = f — QVf

e QOALF = QA = XA TS ET N0 (A 1)

i=—K Laj=—kKr 7'[j

I
QBPDF = QWf + QA f
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Quadratic g-i splines Multilevel g-i splines Matlab numerical results Application to numerical integ

Nested scheme with a constraint for p:

Property

Let m and n be s.t.
m:u-2q’ n:V‘2r

with u, v, q, r € N and u,v odd.
Then it is possible to define at most (p + 1)-level
quasi-interpolating spline operators with

p=min{q,r}.
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Multilevel g-i splines

% Second step: (p + 1)-level quasi-interpolation operators
e 7P = for 5,5, 1P =0oP)yeP for W,

where (D(P) = {Ml_(jp) = (Si(p)’ t:/(p)) = (2p5i,2pt:i)}

and 0 = { AP = ("), ) = (2#x,27) }

I =—Kyuygp +4,j ==K,y 5 + 4,

e QPF =32 E NP (B,

where )\S.J.Q’p)(f) is computed at 7°(P) and
B,-(jp) =B (& —i+1 £ —j+3) with support centre at M,.(jp);

o Apf =1 — Q(P)f first error function:
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¢
e QPUAf = ”_1: Fi a1t )\(Q
on the data set 7(P—1);
p— == —

p— 1)(Apf)Bi(jp 1)
e A2 f =N, 1(Apf) = Apf — QP IALF
second error function

o Q(P2) A2

Zzp 2+ezzp 2+£)\(QP 2)(A
on the data set 7(P—2)

f)B(p 2)
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Multilevel g-i splines

o AL = Ay(ADTPF) = APT?F — QRIAPTF error function;
e QWAE1F = Y2 sal T N (@D (AR gD,
o APf = Ay(ASTH) = ABTHF — QWAL
° Q(O)All’f 220 41 220 +1 )\(Q 0)(A;17f)Bi(jO)
\
QP+DLF — QP F 1 Q(p—l)Apf—_'_ Q(p_z)Ai_ler

QPR L QWAL 4 QO APE,
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Multilevel g-i splines

General scheme:

7P QWP — Apf Level p
+
A2 f QP=Ya,f Level p — 1
1
QP=2A2_ F— A3 ,f Level p — 2
4

.................... — A‘z’flf Level 2
4
ABF — QWAL Level 1
1
NS Level 0
Summing up Q(P”)A"’_H_l for=0,...,pwith AD,  f =f atall Ievelms, we g[%t Q(PJFi)Lf. . ~
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Quadratic g-i splines Multilevel g-i splines Matlab numerical results Application to numerical integration

In case of partitions Xz, Ya:

Theorem

Let QPTUL pe 5 (p + 1)-level quasi-interpolating operator with Q = S1, Sz, Wa.
Then

° 5§p+1)Lf =f if f(x,y)=1,x,y,xy

e QPULf —f if fePy, and Q=5 W,

Let QPTUL pe 5 (p + 1)-level quasi-interpolating operator with Q = S1, Sz, Wa.
Then

oif feCHR), p=1,2

S£p+1)l'f at least has the error estimate ||f — 5§P+1)Lf||R = O(A*);

oif feCHR), p=123,

QPHDLf(x, y) at least has the error estimate ||f — QPTVLf||p = O(AH)
for Q = 52, W2.

Paola Lamberti University of Torino

Multilevel quadratic spline quasi-interpolation and application to numerical integration



Quadratic g-i splines Multilevel g-i splines Matlab numerical results Application to numerical integration

However in case of partitions X1, Yi:

Let QDL be a (p + 1)-level quasi-interpolating operator with
Q =51, S5, Wo. Then

QPHILf = f if feP,.

Theorem

Let QDL pe a (p + 1)-level quasi-interpolating operator with
Q =51, S, Wa.

Then, if f € CH(R), n=1,2,3, QPHVLF at least has the error
estimate

If — QP ||R = O(A%).
with A = max {h, k}.
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Multilevel g-i splines

Comments:

o starting from 7, then (¥, k = 1,2, .... p are coarser and
coarser sets;

@ in case of partitions X1, Y1, data points outside the domain R
are needed.

Problems:
& data points outside R could be not known;
o f could be not defined outside R;

@ in case of partitions Xo, Y, all evaluation points are either
inside R or on its boundary.
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Matlab numerical results

Matlab numerical results

@ fA(x,y)=x2+2y

)= { (Vx2+y2—0.6)* se /x2+yZ2>06
0

f2
206y elsewhere

_ 2.2 062
@ fxy) =4 e YWENIOOT e @ E s 06
0 elsewhere
@ fu(x,y) = %(tanh(Qy —9x) +1)
__ 1.254cos (5.4y)
9 filxy) = 6(1+(3x—1)2)
81 2 1,2
D fo5(x,y) = %e—ﬁ((x_f) +y—3)%)
81 1,2 1,2
@ f(x,y) = %e*T((X*E) +y—3)%)
@ fxy)=1/6a—81((x— 12+ -1)2)-1
—1
@ fK(x,y) = (1 4 2¢—3(20Y X2+y275‘7)> 2
_ (5—10x)2 _ (5—10y)2 _(5-10x)2 (5—10y)2
9O fiolx,y)=e 2 +0.75e 2 40.75¢ z e 2
@ f11(x, y) = 2cos(10x) sin(10y) + sin(10xy)
_ —40)2 —a5)2
@ fa(x,y) = e 004V (80x—40)2+(90y—85)% (4 15, /(BOx — 40)2 + (90y — 45)2)
_ (y — x) se y > x
9 f3(ey) = { 0 elsewhere
_ Ix|]y se xy>0
O fialay) = { 0 elsewhere

u]
o)
I
i
it
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Matlab numerical results

l [ m=n ][ ESi(Xa,va) | ESF'(Xa, va) [[ ESi(0, Ya) [ ESTE(XG, Ya) |

2 8 3.90(-03) 1.11(-15) 3.91(-03) 0.71(-04)
16 9.76(-04) 8.88(-16) 0.77(-04) 2.43(-04)
32 2.44(-04) 8.88(-16) 2.44(-04) 6.07(-05)
64 6.10(-05) 8.88(-16) 6.10(-05) 4.80(-06)
128 1.52(-05) 6.66(-16) 1.53(-05) 8.88(-16)
A 8 1.19(-01) 2.80(-02) 1.16(-02) 3.62(-03)
16 2.94(-02) 2.54(-03) 3.58(-03) 1.06(-03)
32 7.33(-03) 1.90(-04) 1.02(-03) 2.78(-04)
64 1.83(-03) 1.89(-05) 2.55(-04) 2.41(-05)
128 7.23(-05) 2.48(-07) 6.37(-05) 2.48(-07)
A 8 1.90(-02) 1.58(-02) 1.00(-02) 1.63(-02)
16 5.95(-03) 3.72(-03) 5.95(-03) 4.06(-03)
32 1.63(-03) 4.81(-04) 1.63(-03) 6.08(-04)
64 4.17(-04) 3.15(-05) 4.17(-04) 4.56(-05)
128 1.05(-04) 1.74(-06) 1.05(-04) 1.74(-06)
A 8 1.28(-02) 2.48(-03) 1.28(-02) 2.48(-03)
16 3.25(-03) 3.22(-04) 3.25(-03) 3.22(-04)
32 8.17(-04) 1.99(-05) 8.17(-04) 4.59(-05)
64 2.05(-04) 2.94(-06) 2.05(-04) 4.23(-06)
128 5.12(-05) 3.81(-07) 5.12(-05) 3.81(-07)
o = = = =
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Matlab numerical results

S{p“)Lf =fif f(x,y) =1,x,y,xy for partitions Xz, Y>.
However ...

[m ] n] ES1?'4 [ m n | Es1?lf |
8 | 8 | 9.71(-04) 98 98 1.33(-15)
16 | 16 | 2.43(-04) 106 106 | 1.33(-15)
32 | 32 | 6.07(-05) 114 | 114 | 1.33(-15)
64 | 64 | 4.80(-06) 128 128 | 8.88(-16)
70 | 70 | 2.19(-06) 132 132 | 8.88(-16)
76 | 76 | 7.78(-07) 152 152 | 8.88(-16)
80 | 80 | 2.85(-07) 196 196 | 8.88(-16)
86 | 86 | 5.02(-09) 200 | 200 | 8.88(-16)
86 | 32 | 5.02(-09) 200 | 204 | 8.88(-16)
86 | 64 | 5.02(-09) 204 | 204 | 8.88(-16)
86 | 80 | 5.02(-09) 208 | 208 | 8.88(-16)
88 | 80 | 1.33(-15) 216 | 216 | 8.88(-16)
88 | 88 | 8.88(-16) 232 | 232 | 8.88(-16)
90 | 80 | 1.33(-15) 256 | 256 | 8.88(-16)
90 | 90 | 1.33(-15) 512 | 512 | 8.88(-16)
94 | 94 | 1.33(-15) || 1024 | 1024 | 8.88(-16)
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Matlab numerical results

l [ m=n ][ ESi(Xa,Ya) | ESFE(Xa, Y1) || ESi(Xe,Y2) | EST'(X2,Ya2) |

% B 1.43(-02) 1.67(-02) 7.25(-03) 2.00(-03)
16 3.42(-03) 2.66(-03) 2.21(-03) 6.13(-04)
32 8.46(-04) 5.55(-05) 6.62(-04) 1.82(-04)
64 2.11(-04) 3.12(-06) 1.65(-04) 1.61(-05)
128 5.27(-05) 2.19(-07) 4.11(-05) 1.73(-07)
10 8 5.24(-01) 7.89(-01) 5.24(-01) 4.89(-01)
16 1.43(-01) 8.20(-02) 1.43(-01) 8.20(-02)
32 3.67(-02) 6.15(-03) 3.67(-02) 6.15(-03)
64 9.43(-03) 4.76(-04) 9.43(-03) 4.76(-04)
128 2.36(-03) 5.54(-05) 2.36(-03) 5.54(-05)
i1 8 7.20(-01) 6.19(-01) 7.20(-01) 6.19(-01)
16 2.02(-01) 7.27(-02) 2.02(-01) 7.27(-02)
32 5.19(-02) 5.55(-03) 5.20(-02) 9.94(-03)
64 1.31(-02) 4.44(-04) 1.31(-02) 7.30(-04)
128 3.28(-03) 6.37(-05) 3.28(-03) 6.29(-05)
12 8 5.73(-01) 6.00(-01) 5.73(-01) 6.00(-01)
16 1.88(-01) 1.42(-01) 1.88(-01) 1.42(-01)
32 4.85(-02) 1.67(-02) 4.85(-02) 1.67(-02)
64 1.17(-02) 3.49(-04) 1.17(-02) 3.49(-04)
128 2.94(-03) 1.10(-04) 2.94(-03) 1.10(-04)
o = = = =
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Application to numerical integration

Let f € C(R).

I(F) = /R Aot 1) Ghecly
(3

1(QPHILF) = ZZZW(Q” F(P)

with
o QUL — 5(p+1)L 5(p+1)L W(p+1)L

o P ¢ Ags;, r=0,...,p, with PIS. ) = Ay, My;

as follows:

Paola Lamberti University of Torino
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@ partitions Xi, Yi:
W@ /
ij _ ij
:,'jﬂR
@ partitions X3, Ya:

NS (x, y)dxdy;
WI(Q’r) =

=L

Zjj
Nj = B;

(r)
N (x, y)dxdy,
with =j; support of jj-th either B-spline or fundamental function and

if Q=5,

Paola Lamberti

N,'J' = E,‘j, §,‘j

Nj = Bjj = bjjBjj + aj+1Bj+1,j + ¢i—1Bj-1
+3j41Bij+1 +¢j—1Bij1

it Q= W,

if Q=25,,
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(0
=X X WP X w
i=—Kj=—kK
RO

2(P 2)
+ > X

I=—K

(Qr) _ ()
Let w;; =w; .
H(QPTILE) = 1(QPF) + 1(QP~VALF) + 1(QPDAZ_f) + ...
+1(QPAL2F) + 1(QW AL + 1(Q@ A%F)
B+l F+e

)
FrE YRR R
1=K
+0

w.
i

(p—1)
20 S+

1
LY ALF(PPY)
j=—K
g+ gz +L
—2 2
PR ek 3 Y,
i=—Kj=—kK
o+ o+l
5 s o)+ S Sl atr(e)
i=—Kj=—kK i=—Kj=—kK
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By simmetry property of
and by w)

wii
ij

r=0,...,p
= k() = 4rcihk = 47w

I(Q(p+1)Lf) = Z Z WU(-O) (4”z;j(f(p)) + 4p_1z;J-(Apf(p_1))
i=o j=0

+ 4P 225(A2_, FPR)Y L 422;(A5 TR

+alzi(ABTFY 4°z,-j(A'ff(°)))
where 0 = 0(Q, X, ), T =7(Q, X;, Yi), i =1,2 and
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Application to numerical integration

(51, X1, Y1)

0 0 0 0 0 0
W(()o) Wgo) ng) Wgo) ng) Wgz)

1 7 33 1 5
Ehk 4—8hk Ehk ghk —hk | hk

= &
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Application to numerical integration

(51, X2, Y2)

0 0 0 0 0 0
Wt()o) Wgo) ng) Wgo) ng) Wgz)

1 5 1 2
Ehk th Ehk §hk —hk | hk
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Application to numerical integration
(S2, X1, Y1)

~(0) (0 (0 ~ (0 ~ (0 (0 (0
W1 Wl(),fl Wl()O) Wg,)fl Wgo) ng) Wé,ll
0 | sokhk | sohhk | sothk | Zhk | Blpk | Zlhk
~ (0 (0 (0 (0 ~ (0 (0 (0
Wgo) ng) Wgz) W.g.o) Wg1) Wgz) Wgs)
41 117 25 5 43 49
Sk | Uihk | Zhk | Shk | Bhk | Qhk | hk
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Application to numerical integration

(52, X2, Y2)

~(0 ~(0 ~0) | ~0) | ~(0 ~(0 ~0) | ~(0 ~(0 ~(0

W(()o) Wgo) W§1) Wgo) ng) Wgz) Wgo) ng) Wgz) w§3)

—ihk lhk ghk 1hk §hk ghk 1hk zhk 7—3hk hk
12 36 3 9 9 36 9 8 72

Paola Lamberti

erpolation and applic

on to numerical integration
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Application to numerical integration

0 AU &0 (0 (0 &0 &0 &0 0 &0

W_1,-1 Wo,—1 Woo Wi—1 Wio0 Wit Wy 1 Wag W1 W2
1 1 1 15 11 161 1 1 11

—mhk —ﬁhk —zhk —mhk —ﬁhk —mhk —ﬁhk —Ehk —ﬁhk —hk
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Application to numerical integration
(W2, X2, Y2)

~(0 ~(0) ~(0) ~(0) ~(0) ~(0)
Wt()o) Wio W11 W20 Wo1 W32
7 ° 11 2 5

_Tehk _Ehk —1—6hk —ghk _Ehk —hk

Paola Lamber
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Application to numerical integration

Comments

@ in case of partitions X1, Y1, the degree of precision is 3

@ Matlab numerical results show that numerical convergence
order is consistent with the theoretical one, obtained by results
on approximation

o f(x,y) =| x>+ y%? - 0.25|, fa(x,y) = y?sin(x)

(m,n) | E(I(5:f)) | E(I(Waf)) | E(I(WEEF)) | E(I(SEH))
A (86) | 111(-2) | 1.36(-2) 1.09(-4) 2.29(-4)
(10,10) | 5.12(-3) | 6.23(-3) 3.05(-4) 1.26(-4)
(20,20) | 3.18(-3) | 3.96(-3) 9.22(-5) 1.89(-5)
(40,30) | 4.38(-4) | 5.61(-4) 6.35(-5) 4.19(-6)
f | (86) | 289(-3) | 3.85(3) 3.16(-4) 5.25(-5)
(10,10) | 9.56(-4) | 1.27(-3) 1.20(-4) 1.18(-5)
(20,20) | 2.39(-4) | 3.19(-4) 4.13(-5) 7.36(-7)
(40,30) | 1.15(-4) | 1.54(-4) 2.31(-5) 8.43(-8)
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Application to numerical integration
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