Representosons of p-adic ofeops and Hecke odgebros
&1 Groyps

F locally compac+ complete valued Pield with +he associated
nototion from Vincent’s +alk

O2f & =0O/P residue dield q:#k P =chark

t o uniformizer : P= +0O

v: F— Z0 i) valuation , v()=1

-y (x)

| x| = q i x#0

G o reducHve P-adic groop", le. +e group ol F-rationo

poin+s od o connecied reductive group dedined over F .

Examples: @ GLn (F)

@ ngp‘eC-H'C group Spgh (F\

G is a -tcpo!oaic:oi group With +he +qpology coming from F.
I+ is roo.ﬂxd compaG , totolly discnnected .

G has mony Compact open Subgraups (cosq) - +hey Jorm
o fundomental System of neighbourhoods of Hhe identity.




EX&Mp\eS :
@ F* o 0" is Compoct open

21+P" , rvo
{L+P lr>o0d is o Piltrosion o O
® GLn(F) . The moxmal cosg’s are conjugate o GLn(0)
K= Ko =GLCO) hos o Rliration (K )ryo , where
Ke= L+ Moten (P™ ), re Rso
Pot Kp = UKs = L + Movtu,..(Pw“) for ryo

sOor

Proper-ﬁes:
® (& | reRyet is o fund. sys. of nbhds of L
'Q“ Kre = £1]

@ The Commutador grogp CKr,ksD CKras dor r,s>0
© Kr / K+ obelion for r>O
[ In foct. l@/Kw:{ L , i rEZ
Motmnn (k) , if re Zse |
® {rc R ] Kr 2KemY is discrete in Roe

We ge+ an exact Sequence :
L — Kot — Ko = GL.(O) T.' GlLal(k) —= L

reducsion mod p



The inverse imoge in Ko of o parabolic subgraup is called a

porohoric _subgroup ; +he inverse image of o Borel subgroup
is colled an Twehori Subgroup .

o*. ©

So an Twohori Subgroup S Conjugate +o \ P '0’3

and o parahoric @ K:(@. S ) é&n;:h
e ’IGL.\.LQ))

Paraoric SubgroueS have Qiﬂﬂa-ﬁms C Kﬂr» with nice proper-Hes
(@ -@ obove)

Mortaun () q
Kot = 1 + _—|

P e,

We ge+ an exact sequence .

e
L\ — Ko‘* — Ko —QTFGLM('(\'—"J.
—/ u J=t B
ro-vnipotens K reductive quosient of K.
P mdicﬁe A

In generod, we have :

» Twahori sibgroups , which are minimal
« Parahoric subgroups K = Ko, whidh hove fittrations (Krdss with

Ko/l(s* a finite conneced reducHve 9roup.



Example (@ In Spen (F) +here are (n#1) conjugacy classes of
maximol. Parcbolic subgroops, represenied by

oo [e-
K? = i C [& N SP’,‘(F3 Por O<ign
¢ le lo

i eh-1)

(i {h]

1 — Ko — Ko —— Spai (K)x Sps.tn-‘n(‘a —

P o (o
1+ e P (O f Sp,_,.(F-)
¢ le IP

e W-'L,q,—o
i aln-1)

§2 Representations

G o closed subgrop of o reductive p-sdic group
C o fxed olg.closed Riddd of chor 8.

Def" A smooth representasion of G is o pair (w,V) with
Va C-vector space , T: G — Auvt (V) is & homomorphism

sx. YveV Sieh(v) 1s open.




Equwdlently , writing

VP= {veV | mCh)v=u ¥he H]

V is smooth iR

V = KCE)%VK

Wrire

R(G) -+he coveqory of smooth represertadions of G
Tr(G)-+he se+ of closses of irred . smooth rep® of G

Prep. P G is compact and 0=0 ,+hen R(G) is Semisimple .

Examples :
(1) A guosi-characier X : F*—= C* is smooth i#d Ker (x)

Contains L+ P" for rv70.

() G = GLn (F) . Suppose T & Tir(G) is finite - dimensional .
14 B is o basis Por Vir ,+hen Ker (M 2 () Stobg (v) IS open,
o contashs Kr = L + Mady,, (P") #o:u;:ve r>a
Bo+ everny unipoient el+ of GL.(F) is conjugsie +o an
elemen+ of Kr , S0 is corwained in Ker(m.
Since St (F) is aererated by unipotent elts , ker (M) DSLa(F)
and T foctors +Hrough det: GLn (F) —F*. Since F* is

obelion and T is irred., T = x-det for some % as in (1) ,|L-dim




Schur's Lemma - Suppose T e Trr(G) . If either C is
uhcoonteble or T is admissible [ V¥ is #in.dim' ¥ cosq K],
+hen End, om = C.

Ques+ion : Whar plays +he role of +he grovp alge\:m?

Por R(B)Y=C.(6) = iﬁocaﬂ!d cons+ant 4 : G— C with
compact SOpPpoOrs g
L sopp®= { g€ 6] 2egr#0]

Eg I# VYis open-dosed ond Compoct (eg. & coser oPaCosS'S
then Ay = char. Luoncrion & Y is in R(G)

G octs by led+ (or r(shﬂ tronslotion on #H(G) .
For K cosq (G /K= K -bi-invoriant unctions In R(Q) T
has basis iuksk | KgK e KN\G/KY
and AR = L H(G/K)
K sq
To dedine & convolotion on ¥ (G) we need a messure

A led+ Haar measure in G is o non-zer Qinesr Lorm

p: K(B)Y — € which is invarian+ uhder led+ 4ransladion.
Write pc£)=J£(9d3 ard for Y CG, p) = p (4y)
6



Rmk There is o Haar messure becwuse L#p , bot you @n get
Cosgs ol measure O eq.in GLa (F) iR qu"-]. , +hen
N (GL.(O)) =06 .

Now,if £,07¢ #(G),deline £x& ¢ (A by
P+ 27(h) = { (g £'1g7h) dq

G

R(G) is +he (glosal) Hecke algebra.

H(G) hos o uni+, bot lows of idemporents
eq.id K is compcc+ open and p(K) #0,
then €y : = _) I 1's idempotent

and  @x %(G\ ex = H(GI/K)

Def” An H(B)-module is smooth ¥ M= UEKM

K cos

K (B) -Mod = +he careqory of smooth H(G) - n»oc?ules.

Thm “There is an eq.of codegories
RCGY — H(G)-Mod
(r,V)r—s V with Ay v = p(iImgyv for ve V©
(r,MY<— M with T(gIm = pKTm dor meaM



&3 AdjuncHons & H-C theory

H is o closed subspof G
The restriction duncror Res; hes a right odjeint Indi
i.e., Hom (Pses:"n',p3 = Hom, (r, 'InoJ:P\
Indﬁp IS gjiven {33 +the riah-t reqular ocHon ol G on
{3 : 6 _’\/P 'P(h33=.p(l'\')=913) Por he H )9 € 6
3 cosg K s+ 4(gk)=F(9) for ge G, ke K

G .
Tnd, is exac+ ond trorsivive.

When H is alse open in 6, Resy, has a ledt adjoint indﬁ
(compact induction)

’m&: [ given by e rish& regu[or OCHON  onh

1Pe Inclflp \ sopp(#) is compacr medulo H 3

ey. i.ncl;: 1=12: F*/0*— C with dinise support § = CTX,x*]
Z=<t7
has infinite leng+h , with quotiends every g-chor x:F*— C*

which is wriviod on ©* (unromidied q-chqu) but ho irre&.Subrepns

Rmk 1# H is o parabolic sbgp of reductve p-adic G, +then
H\G is compac+, so Ind, ond ndi coincide.



Intlation
I His closed and normol in G
Qq. unipolent radical in a parabolic
Kot in K
pro-unipoient rodical Parahoric
then In-!l:m hos o ledt adjoint given by +oling co-invoriants..

For (m\) o smeoth reg of G,
Vi:= V/V(H) where V(H) =<t(hlv-v |he H,ve V Y
lorgest quotent on which H oas +rivially .

1# His +he union of s Compac Subgrovps . Lp
*

— eq. +he unipoteht radicel of o parobolic U=\»o 1) ﬁk%,gc’ L )

then Vi— VUn iS exact.

Parobolic induction & restichion
P = LU porabolic subgtoup

Levi 7R unipoten+ radicol ¢ hormoli zed

. /—K) parobolic

We dedine doncrors RV ~ , R(G) inducsion)
s res+ricHon

[ (p)= Iné: ]}\4?0:_ (pe 8?) where & is the
re ()= (Resi‘rr\u@ 5. modulus choracier




For G o closad sbgp of & p-adic groop

¥ - 6 — C* dedined bj
Sc (g) = (gKa*:oKa'NK) g any cosg K.
(K:gl(s'*ﬂk)

Eg. % =4 id G is compoct
« G is reduchve p-adic
* *)
eq. B=\ox C GLo(F)

o b
S8 Lo d/= lad™]

Parabolic induocvion ond restricHon are 4ransitve, exact

preserve dinite (ergth

~ Ge+ potvions of cuspidod ord ol cuspidol pair
\r:(n")=o L(L,P) ) P o cusPido.Lo-Q-L

Thm (Harish - Chandra) For ahy T € Tre (G) , 4here are
o Levi sbgp L ond o cuspidok rep” p of L such+hat
T L—,Qg (P\ for some Poro.bob'c P=LU.

Moreover , CL,p) is unique up 4o G-Ccn_iosacg.
CL,p) (or s Conjugacy closs) is called the cuspidal suppor+ of Tr.




€4 Bernsiein decomposiﬂ'on

Eef" Two Cospidold poirs ( L',pi) , (LQ,PQ are inerxolly equivallent
i? 3 q € G ond X:le —> C* +riviad on alf compac subsroupS,s.i-.
L =%L. ond [ =pi@X% - Such xis colled Unromidied .

ey. G= GLn(F) , +he unromidied ¢q-chars are Y. det ()
dor some unramidied quasi- choracter y:F*— C* |

Write LL,p:)G Por +he equiv. dass of (L,P\
B(G) = +he se+ of inertial equiv.classes

Ded” For Se B(G), dedine R°(G) +o be +the fold Subcategory
o4 R(G) with objeas +hose reps all off whose ired . s/quorients

hove cusp. Support jn S -

Thm CBernSu.in) 1=0
R(G) = T R°(G) isa block decomposiHon

Se BC6)
i.e.,

any V decomposes V= EB\/s with V% in R*(G)
Hom, (V,W) = T Hom, (v, we)
ond each R® CG) is Indecomposasble .



Poblem For each S, find an olgebm #s s+. R*(G)
IS equiv. to s -Mod .

€5 Theory ol types L avers

Fom now on , 1=0.
Se BCG).

Def” A pair (K,2) with Ka (osg of 6 and < € Trr(K)
is colled an S-ype il for e Irr(6),

Hom, (7, T) # O <« Cusp. sopport of Tis in S .
Gven (K,z) sxch o poir dedine the sphericol Hecke algebro
H(G,2) = Er\de(ind:t)

H(G.7) L»{{?:G—ft‘ndc(\/ﬂ ? (Kgk") =Tk Plg)T(K") k,k'eK,geG}

sopp (#) compac+

¢ =P¢: q — (vi— Q(‘R)(g\) where
Tv e indiz IS given by T(h\:{t(h’)v iPhelk
O otherwise
Then supp(¢) = Sopp (f5) iS o dinite union o (K, K)-double coses
ord supp H(6,x)= 29 € G | Hom,,, (*z, ) %0} .



eg. ¥ =, then (G, M) = R(E/K)
I# K is an Twahori subgrovp,+hen +his is +he offine T-H olgebra

Thm (Bushrelt -Kurzko) £ (K,z) is an s-type , then we get
an eguivolence ol Cawcaories R*C6) —— $(6,2)-Mod
T — HﬁmKﬁ‘c,‘lﬂ
Hom, (indy, z,Tr)

New swategy : For each S, #ind an S-type (K,z) and compuie H(G,2)
How does +his it wih H-C +heory 2

Covers

Given o Quspidod. pair (L,P) we get
s=LCL,pd, on inertiol class in &(G)
St= LL,pIe ” in B(L)
Soppose we have@ an Si-—type (K, o)

e 6261 CPL - (") ep-(T75), pen
Then KL- 6") ord To =l weson CL,pJu-tupe

(o*ex) (s. J(G" 6")(1 0

=



Dep" A pair (K,z) is called o cover of (K, z.) if

© For P=LU parabolic with epposite P= LU
K= (KNT)KNL)(KNUW) «—— Twahori decomposiion
with KNL = Ku .

® z|y = T. and z istrviad on KNU ,KNU

(® There is an inversble element ¢ ¢ R(G,2) s+.
sopp (§) =KTK with Te Z(L) st. N T (KOU)T"=1{1]

strongly posiive N T(KNW)T = 1}

Y20

*'\nl- .
[n +he previous example , T = ( L ) will do

.. .
't.'\

(K,z) is a cover of (K¢, o)

Thm (Bushrel? - Kotzko)
Suppose (K,7) is a Cover of (Ke,ze) L an Sc-1ype -
Then (K,2) is an S-+ype and +here is an algebra embeddl'r'g
tp UL,z ) — RGO s+
@ (G) sy (6, -Mod

é( )prok re (-t,).( 1(":9)’

R P (k) -med



From nowon , C=C .

Exomple : G=SL(F) , p#
V|

L= § oX"),xeF"} F*o0"=KL ,Tu= 4L

(Ke, 2 is on [L, A -1upe

iz I-= (P o)(’\G » SLa(®) =K = T T T,

R I ao(0
g B(k) » SLa(k)
‘M(c-: 1) «— {4 sop (Y S KO T = UKD ) ~ HSLa (k) Daa)
T {2: SLaK)— € 12(bh¥") =2 (R bb’c—ﬁ(k) ety
with \ _Endg,, 0o Cind 559 0
sopp(T=Ts, T , T with sopp(T)=BH)S, B
(T4 (Ti-q)=0 (Ti+)(Ti-q) =0

T is invertible as q+#0 .
-y “
A\so T_"—-v(a f )f\G Ku):(* LBV\(“( L)’-IL\IS;I

By +he some arguments. 5"':(4: -’t"')
1((6, A D RKD L) = R(SL (O Aaoa)
Te. ¢ — Tz

with SUpp(-E.) =Tse T
(Te +0) (Tz-cﬂ =0



Now Pu-l- cP = -F—li . Then
Sopp () S TsIssT
= Ts.(Tnw)si's. (TNL) si'siSe S (TOUse T = Tsse T
\ J —

G ~

cTnu =TNL S ITNu

and S: SiSe.= (2 2”') which is S-l-ronglg -Posi-ri\le.
Hence ¢ S os required ond (I,4z) is & cover of (K..,A\Q.

Rmk  We can moke the Some Computawions with A reploced by
the tome QquodrawC charocter

co: F* —» F*/<t> 2 O — k™ — 1X1T non-triviod
Ke=0", e = wly,

T, 2 (28w 4 (2d)eT

The anly thing +howt Chonge is +he quadrodic relodions,
which become (Ti+N(Ti-1)=0.

In both coses we get o Hecue olgebra of +he form
< T, Te , (‘R—L)(’ﬁ-rc]f“) =0 7 wi+h aie Zro

Swotegy:@D Find cospidod 4ypes ,dor pairs LLpl.
® Find covers of +hese ypes .
@ Compue +he Hecke algebras and the embedding +p.
@ Inierpret +o ind irred . subquotients 6 parabolic inducsion.



Exomple: G= SLe(F), L = CL,4Ju, L2F*
Trrs (L) = § unromidied q -char of F* 3
od -l-hefl’—om X —> l:anls for some s € C/(':-;':’L)Z —
QuadraHc unromitied character Welax) = (-1)"™ = (x|Paq
A ';, flgx)=$2:L—C | £ (kxk) =3(x) for xe F*, k,k'e 0%, supp? Cpft]
Z =12 :F*/0* — C with finite soppor-t}
q';\q) =CCZ,%2*]J
RGAU2) = <T, R)(T+D(T-9d)=0> P=TT
R (6, l12) hos fowr L-dim* reps  given bg 1 +—-1,9
ahd +hese must be the irred. subquotients of the reducible
inductions coming fom Z +—> q*, -4,-1, q.

ie. For A unramidied
Ind(;)( is reducible &= A = [ or\ [ we

- —
ComposiHon Jociors semisimple leng-\-h 2
{IG ) StG

More. generall y?

Let e Trr(G) ond recol thot we have porol'oric Svbgraups
K=Ke with filtrations (K)reg,, , and Kp+ = sg.ll(s :

DQ;Q“ The deﬁ ol T is m’mi l'?/O' 'II'K"#:O dor some (Kr)r;o}
which is well -dedined.



Soppose T is depth zem & cuspidoh , K parahoric s+.
™™ 2 0

&)

Ke/Ket is o canonical finile redoctive grovp and

e T is cuspidal

e K iS a maximal parahoric

Exomple @: G = GLm(F) D K = GLn(O)
< +he inflation 4o Kot a cuspidal repn of GLm (k)
Exend 40 o repn T of F'K
Then - T = ind,, ¢ is irreducible end cospidal
» (K,2) is & L6,mle -+ype -

Bk Al Known cospidals (for all G) ore of the form
ind; 2 dor T an irred. rep" of o compoct - mod -centre
subgrovp K . O+her cuspidals dor GLn(F) come rom
o tgpe A = ? ® T

ari+hmetic magic tcuspidcx! rep” ol o finite reducnve group .

(7o)

E)‘Qmp'e@ . G: SP”\(F) - K = :ww nG ﬁ7SPQ,-.‘(k)"SPm‘Q(")
n g Ny

T is +he indlasion of o cuspidad representavion T @®tTe

-
Then T=ind, T is irred. & cuspidol .




Thm (GLm,Spm,...)

For each S +here 1S on S-iype which iS a cover.

GLm the Hecle algebra is a 4ensor product of abffine Hecke
algebras of type A with Known paramesers powers of g.
Spen [ L is a maximal , +hen 4he Heche algebra IS either
CommutaHve Or <"I],Tz ' CTi+1\(‘I’i-q:;\ =07

ord there iS o recipe 40 commu+e Ou,O0e.

Exomple: G = SPumn(F) D GLi(F) x Span(F) = L
p = Al @ T

(1}
. G
ind T

< indloted from T. @7Te

unipotent cuspidals

so hi = mi (Mi+A)

om;
The porometers are q M and

6 :
Ind, X®T is redocible e x =1 I or w,|
where ih,rz] = { Ma+mg +4, m;-m:}

|



