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Introduction

Definition

• For a DFA D, We denote the set of states of D by QD .
• For a state q ∈ QD , we define δD(q, w) to be the state in
QD at which we end if we start reading w from q.

• Assuming the start state of D is q0 ∈ QD , we define
δD(w) = δD(q0, w).
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Introduction

Definition
We say a DFA D separates two distinct words w, x ∈ Σ∗, if it
accepts w but rejects x. Furthermore, we let sep(w, x) be the
minimum number of states required for a DFA to separate w

and x.

Remark

• If D separates w and x, then δD(w) ̸= δD(x).
• sep(w, x) = sep(x,w).
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The Separating Words Problem

• Good upper and lower bounds on

S(n) := max
w ̸=x∧|w|,|x|≤n

sep(w, x)?

• S(n) = O(n2/5 (log n)3/5)

• S(n) = Ω(log n)
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Remarks on Separating Words

In 2011, Demaine, Eisenstat, Shallit, and Wilson published a
paper titled “Remarks on Separating Words” that surveys the
latest results about this problem, and while proving several
new theorems, they also introduced three new open problems.
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The Problem

Must sep(wR, xR) = sep(w, x)? No, for w = 1000, x = 0010, we
have

sep(w, x) = 3

but
sep(wR, xR) = 2.
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The Problem

Problem
Is

∣∣sep(w, x)− sep(wR, xR)
∣∣ unbounded?
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The Proof



Preliminaries

Lemma
∀u, v, w, x ∈ Σ∗ : sep(uwv, uxv) ≥ sep(w, x)

Proof.

1. sep(wv, xv) ≥ sep(w, x)

2. sep(uwv, uxv) ≥ sep(wv, xv)

• Must sep(uwv, uxv) = sep(w, x)? No, we have
sep(100, 001) = 2 but sep(1000, 0010) = 3.
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Preliminaries

• Let fn = 0n, gn = 0n+(2n+1)!.
• sep(fn, gn) = n+ 2.

• By the previous lemma, we have

sep(ufnv, ugnv) ≥ n+ 2.
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The Basic Idea

For all k ∈ N, we will construct two words

wk = ukfnvk,

xk = ukgnvk,

for some n ∈ N and uk, vk ∈ { 0, 1, 2 }+, s.t.

sep(w, x)− sep(wR, xR)

approaches infinity as k approaches infinity.
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The Function Cn

Lemma
∀n ∈ N, w0 ∈ Σ+ : ∃w ∈ w0(0+w0)∗ s.t.

sep(wfnw,wgnw) ≥ 2n+ 2.

We denote the w corresponding to w0 by Cn(w0).
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The Regular Language Gk

Definition
For k ∈ N, we define

Lk :=
{
12i2 | i ∈ N ∧ i ≤ k

}
∪{ 1i121i22 · · · 21is−121is2 | s, i1, . . . , is ∈ N

∧ i1 + i2 + · · ·+ is = 2k + 1
∧ i1, i2, . . . , is−1 ≡ 0 (mod 2) }.

Also, we define Gk := L∗
k .
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The Regular Language Gk

Definition
For a regular language L ⊆ Σ∗, we define sc(L) to be the
minimum number of states needed for a DFA to accept L.

Lemma
∀k ∈ N :

sc(Gk) ≥ 2k ∧ sc(GR
k ) ≤ 5k + 3

Lemma
∃zk ∈ (Gk − { ϵ }) s.t.

sep(zk, { 1, 2 }∗ −Gk) ≥ 2k
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Mapping { 0, 1, 2 }∗ to { 0, 1 }∗

Definition
tl : { 0, 1, 2 }∗ −→ { 0, 1 }∗

• 0→ 0
• 1→ 11
• 2→ 01
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Mapping { 0, 1, 2 }∗ to { 0, 1 }∗

Lemma
sep(tl(w), tl(x)) ≥ sep(w, x)

Proof.
Let D be a DFA that separates tl(w) and tl(x). We construct a
new DFA E with QE = QD that separates w and x. For all
q ∈ QE , we set

δE(q, 0) = δD(q, 0), δE(q, 1) = δD(q, 11), δE(q, 2) = δD(q, 01).
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The Main Result

Theorem
For all k, n ∈ N, there exist two distinct words w, x ∈ { 0, 1 }∗

such that
sep(w, x) ≥ min(2n+ 2, 2k/2),

but
sep(wR, xR) ≤ n+ 10k + 10.
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The Main Result

Theorem
The difference ∣∣sep(w, x)− sep(wR, xR)

∣∣
is unbounded.
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The Main Result

Proof.
Let k ∈ N. We set n = 2k/2−1 − 1. By the previous theorem,
there exist w, x ∈ Σ∗ such that

sep(w, x) ≥ min(2n+ 2, 2k/2) = 2k/2,

and

sep(wR, xR) ≤ n+ 10k + 10 = (2k/2−1 − 1) + 10k + 10.

Hence

sep(w, x)− sep(wR, xR) ≥ 2k/2 −
(
2k/2−1 + 10k + 9

)
= 2k/2−1 − 10k − 9,

which tends to infinity as k tends to infinity. 17



Conclusion

Open Problem
Is

sep(w, x)/ sep(wR, xR)

unbounded?
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Questions?
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Thank you!
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