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State set: Q = {1, 2, 3, 4}. Number of states: n = 4.

Set of symbols: Σ = {a, b}. Words: e.g. abba.

Transitions: e.g. 1a = 2, 1abba = 3 and {1, 4} b = 1.
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Power automaton for C4

...1 .. 2

.

.

3.

.

4

. a.b .

a

. b.

a

.

b

.

a

.

b

State set: Q = {1, 2, 3, 4}. Number of states: n = 4.

Set of symbols: Σ = {a, b}. Words: e.g. abba.

Transitions: e.g. 1a = 2, 1abba = 3 and {1, 4} b = 1.

3 / 29 Henk Don, Radboud University The Černý conjecture and 1-contracting automata
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Definition (Synchronizing word)

A DFA is synchronizing if there exists a word w ∈ Σ∗ and a
state qs ∈ Q such that qw = qs for all q ∈ Q.

The word w is called a synchronizing word.

Idea: wherever you start, following the path labelled by w leads to
the fixed state qs . Word w acts as reset button.
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Claim: w = baaabaaab is synchronizing.

Let’s check: read w starting from all states simultaneously.
Green means occupied.
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...1 .. 2

.

.

3.

.

4

. a.b .

a

. b.

a

.

b

.

a

.

b

Synchronizing word: baaabaaab.

8 / 29 Henk Don, Radboud University The Černý conjecture and 1-contracting automata
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Černý conjecture

1-contracting automata
Main results

Deterministic finite automata
Synchronization
Example by Černý: C4
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. . . . . .

Introduction
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Synchronizing word: w = baaabaaab, since qw = 1 for all
q = 1, 2, 3, 4.

Is there a shorter synchronizing word?
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...1 .. 2

.

.

3.

.

4

. a.b .

a

. b.

a

.

b

.

a

.

b

Synchronizing word: w = baaabaaab, since qw = 1 for all
q = 1, 2, 3, 4.

Is there a shorter synchronizing word?

14 / 29 Henk Don, Radboud University The Černý conjecture and 1-contracting automata
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Path from Q to singleton corresponds to synchronizing word.
Shortest synchronizing word: baaabaaab. Length: 9.
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. . . . . .

Introduction
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Worst case?
Known results

Question: Worst case? How long can a shortest synchronizing
word be?

Conjecture (Černý, 1964)

If a DFA is synchronizing, then the shortest synchronizing word has
length at most (n − 1)2.

Conjecture still open. Best upper bound is cubic in n.
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Worst case?
Known results

Partial results:

Easy upper bound: 2n − n − 1 (Černý, 1964).

Best known upper bound: n3−n
6 (Pin, Frankl, 1983).

Sequence Cn reaches (n − 1)2.

Conjecture settled for certain subclasses, e.g. cyclic automata.
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Černý conjecture

1-contracting automata
Main results

Worst case?
Known results

Partial results:

Easy upper bound: 2n − n − 1 (Černý, 1964).
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All sets of size n − 1 are reachable.

1-deficient words: b, ba, baa, baaa, . . . and many more.
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Definition (1-deficient word)

A word is called 1-deficient if |Qw | = n − 1.

Definition (1-contracting automaton)

A DFA is called 1-contracting if for all q ∈ Q there exists wq ∈ Σ∗

such that Qwq = Q \ {q}.

Equivalent: all (n − 1)-sets are reachable. Note: wq can be chosen
to have length at most n.
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Example:
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This DFA is 1-contracting:

Qc = {2, 3, 4}
Qca = {1, 3, 4}
Qcb = {1, 2, 3}
Qcab = {1, 2, 4}
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Another way to see it is 1-contracting:
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Qc = Q \ {1}
Qca = Q \ {2}

Qcb = Q \ {4}
Qcab = Q \ {3}
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Černý conjecture

1-contracting automata
Main results

Definition and example
Synchronizing or not?
Excluded and contracting states
The state map

Are 1-contracting automata synchronizing?

Concatenation of 1-deficient words?
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c
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c

This DFA is 1-contracting, as
we have seen.

Not synchronizing! For instance {1, 2} can not be synchronized.
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Černý conjecture

1-contracting automata
Main results

Definition and example
Synchronizing or not?
Excluded and contracting states
The state map

Properties of 1-deficient word w :

Unique excluded state: not reached by w .

Unique contracting state: reached twice by w .
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Additional structure needed for synchronization.

Definition (1-contracting collection of words)

A collection of 1-deficient words W is called 1-contracting if for
every q ∈ Q there is exactly one wq ∈ W excluding q.

Now the following map is well-defined:

Definition (state map)

Let W be a 1-contracting collection. The state map σW : Q → Q
induced by W is defined by

σW (q) = qc

if qc is the contracting state for the word excluding q.
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W = {c , ca, cb, cab} is a 1-contracting collection. State map:

σW (1) = 3

σW (2) = 4

σW (3) = 1

σW (4) = 2.

25 / 29 Henk Don, Radboud University The Černý conjecture and 1-contracting automata
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Theorem

Let A = (Q,Σ, δ) be a DFA with 1-contracting collection W . If
σW is a cyclic permutation on Q, then

1 A is completely reachable.

2 In particular, A is synchronizing.

Idea of proof:

Suppose S ⊆ Q contains green, but not red.
Then there exists T ⊆ Q and w ∈ W such that |T | = |S + 1|
and Tw = S .

In fact, if S is a subset of Q of size k , then S is reachable by
concatenating n − k words from W .

In the previous example, the state map clearly is not a cyclic
permutation.
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Theorem

Let A = (Q,Σ, δ) be a DFA with 1-contracting collection W . If
σW is a cyclic permutation on Q and |w | ≤ n for all w ∈ W, then

1 If S ⊆ Q has size 1 ≤ k ≤ n, then S is reachable by a word of
length at most n(n − k).

2 A has a synchronizing word of length at most (n − 1)2.
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Open questions:

Words in a 1-contracting collection can always be chosen to
have length at most n. Is this still true if we require the state
map to be a cyclic permutation?

Weaker conditions? Can idea of the state map be generalized?
(Yes! Recent work by Bondar, Volkov)

Conjecture

Let A = (Q,Σ, δ) be an n-state DFA. If S ⊆ Q, |S | = k and there
exists a word w ∈ Σ∗ such that Qw = S, then there exists a word
with this property of length at most n(n − k).

This would imply Černý’s conjecture.
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Černý conjecture

1-contracting automata
Main results

Complete reachability
Word lengths
Further research

Open questions:

Words in a 1-contracting collection can always be chosen to
have length at most n. Is this still true if we require the state
map to be a cyclic permutation?

Weaker conditions? Can idea of the state map be generalized?
(Yes! Recent work by Bondar, Volkov)

Conjecture

Let A = (Q,Σ, δ) be an n-state DFA. If S ⊆ Q, |S | = k and there
exists a word w ∈ Σ∗ such that Qw = S, then there exists a word
with this property of length at most n(n − k).

This would imply Černý’s conjecture.
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Černý conjecture

1-contracting automata
Main results

Complete reachability
Word lengths
Further research

Open questions:

Words in a 1-contracting collection can always be chosen to
have length at most n. Is this still true if we require the state
map to be a cyclic permutation?

Weaker conditions? Can idea of the state map be generalized?
(Yes! Recent work by Bondar, Volkov)

Conjecture

Let A = (Q,Σ, δ) be an n-state DFA. If S ⊆ Q, |S | = k and there
exists a word w ∈ Σ∗ such that Qw = S, then there exists a word
with this property of length at most n(n − k).

This would imply Černý’s conjecture.
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