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Weighted bidiagonal factorization

Given K, M, both SPD, there exist X, Y s.t.,
KY = XB, MX = YBT,

XTMX =1, YTKY =1,
and B bidiagonal.
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Golub-Kahan-Lanczos (GKL) algorithm
[Paige'74, Paige/Saunders'82] is based on

AV = UB, ATU = VBT

uru =1, Vv =1.
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Golub-Kahan-Lanczos (GKL) algorithm
[Paige'74, Paige/Saunders'82] is based on

AV = UB, ATU = VBT

uru =1, Vv =1.
Llet K=LLT, M=RRT. U=R™X, V=LTY.

A VvV = U B AT U = V BT

L4 1 L |

RTL LY = R'™X B, LR R'X = LY BT
¢

KY =XB, MX=YB', X"MX=1I, YTKY=1.

g;)
)
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Generalized GKL algorithm [Arioli'13] is based on
AY = MXB, ATX = KYBT

XTMX =1, YTKY = I.
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Generalized GKL algorithm [Arioli'13] is based on
AY = MXB, ATX = KYBT

XTMX =1, YTKY = I.
Let A= MK.

MKY = MXB, KMX = KYBT

4
KY =XB, MX=YB', X"MX=1I YTKY=1.
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A weighted GKL algorithm

KY =XB, MX=YB", X"MX=YTKY =1,

let
aq 51
X:[X]_ Xo ... Xn] N
. B= ’
Y:[yl Yo ... y,,] o Baa
ap
Ky, = agxq Mxy = a1yr + Bry»
Ky, = Bix1 + aaxo Mxy = coys + [oys
Ky; = Bi—1xj-1 + ;X Mx; = ajy; + Bjyj+1
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o = |Ky; —
= | Mx; —

Ix|m = vVxT Mx,

Bi-ixi-ilm, x5 =

ayilk, Y=

Iyl = VyTKy.

(Ky; —
(Mx; —

Bi-1xj-1)/ oy
;y;)/ B;-

WGKL Algorithm Choose y; (|y1|x = 1). Set fp =1,

xo =0, go = Kn1

Forj=1,2...
sj = gj-1/Bj—1 — Bj-1xj—1
fi = Ms;
aj=/s'f, X =si/a;,
tj = fi/oj — jy;
gj = Kt
Bi=1\/tT g, Yi1=1/0

End
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sz[xl Xp ... xk] a1 B
Ye=[n v - w],Bi= 2 )
Bk
Bi= [ Be DBrex | Xk
Then
KY, = X«By,

MX, = YkB/Z-+ﬁkYk+le/Z— = Yk+1ékT
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Approximations of eigenpairs of MK (KM)

MKYi = YiB/! Bk + axBeyri1el ,
KMX) = XkékékT + Oék+15ka+1ekT

SVD: Bk [ vV ... Vg } = [ M1 Mk ]diag(al,...,ak)
BiBi[vi ... we|=[w ... v ]diag(o3,...,0%)
Matrix B By: Ritz-value: o2 >... >0
R-Ritz vector:  Yiui, ..., Yivk (K-orth.)

L-Ritz vector:  Xyp1, ..., Xipx (M-orth.)
[((MK — a21) Vil k = |ef vilou B,

(KM — a7 D) Xipijlm = & 118/ B7 + iy
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MK: E-value: )\% > ... > >\%, Aj>0
R-E-vector:  &;,...,&, (K-orth.)
L-E-vector:  ny,...,m, (7 = %Kfj, M-orth.)
Theorem 1[Convergence theory|

i) o

0< X —0? < (AN — A

n

=1 2 _ )2

: gj n
with mj i = | [ 53 k(0. §) = arccos |y K¢l and
=1 ! J
~; = >‘J2 — >\J2+1
;=
)‘12+1 B )‘%

T
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sin HK(Y/(VJ', fj)

2 2

gj .2 0j

=/ (Z O (X)) +1— (2
\/()\j) sin Oua (Xt 1)) + ()\j>

miy/ 1+ (Be)? /37
<
T G4 29))

sinfk(y1,&)) (2)

with

& = min |\? —
m¥n| o? H
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7 xtan i)\
0<0? = X4y < (- X)) (m on O € kﬂ))

Ga(1+2%)

with
n
. of =\
e I -
J» 2 2 '
o — \ .
i=n—ktj+1 n—k+j
and ) )
o >‘n—k+j—1 - /\n—k-i-j_
V= 2 _ )2 '
1 n—k+j—1
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sinfk (Yivj, En—k+j)
0j ? 2 0j ?
= (—) sin Oy (Xittj, Mn—itj) +1 — (—)
)\n—k—l-j )\n_k_H'
_ 7~Tj\/1 + (ufi)?/0?
T Ga(l+2%)

sin Ok (y1, En—ktj)

. 22— )2

~_ H 2 2 ~ i 1
=min N =il B= ]l

A5 — A ,
i=n—k+j+1 n—k+j
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Linear response eigenvalue problem

[Bai&Li/12,13] Compute extreme positive eigenvalues of

0 M . .
H= [ K 0 } , M, K positive definite.

KY =XB, MX=YB™ =
HX = XB, X'KX =1,

Y 0 0o BT K 0
R S B

<
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Let B = ®AVT A = diag()y,. ..

x:x[

et |:Xi’—

M-orth. L-E-vectors: y; =

v 0
0 ¢

An), P
~ ~[ A 0
HX =X, _/\}7
1 [ &
P=
} V2 m -
X, Xy X, |
£ _ 1
V2
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KYi = XiBi,  MXi = YiB] + Biyisrey -
Yo 0] _ | Y O 0 B/ Vi1 | T
H[ 0 Xk}_{ 0 XkHBk 0 | A To |
Let Bk [ %1 1% } = [ M1 k ]diag(al,. .. ,O'k).
Ritz-values: +o;
R-Ritz-vectors: vf = % [ i\;éy/{o } (K-orthonormal)
kHj
L-Ritz-vectors: u;* = \l@ [ i\i@;ﬂj } (M-orthonormal)
kVj

[Hv — 0w [« = [Huf — ojuf |m

5J|ek /1’J|
V2
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Theorem 2 [Convergence theory for H]

22— X2 (s ctan Ok (v, )\ 2
0< \i—oi = (—oi) — (—\;) < 21 n(J, ,J)
shme=a) = A) S N+ \ Cy(1+27)

sin Ok (v}—L, ,xf) = sinOw (Uﬁyji)

1 \/Wf(l + (oBe)?/67)

~ cos g; Gz (1 +2y)

sin2 QK()/]_, 5]) — sin2 0j

_ 20 Ait30;.
where cos 0j = Nto;! sin g; = \/(Aj - Uj) Ntaj !
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0 < 05— Noktj = (—Anktj) — (=)
< )\% —/\% <7"rj7ktan 9K(Y17§n—k+j))2_
- )‘n—k-i-j + o; Cj_l(]. + 2’%) '

sin Ok (vj?—L, xf_kﬂ-) = sinfu (Uf, yn:t—k-&-j)

o A1+ (aufi)?/02)
< \/sm2 0j + cos? 0j ! CJ-2_1(1 T 2%) .- sin? Ok (y1, §n—k+j);

S i+ An_kij _ \/(‘71 n—k+j)(30j+An— k+J)
20;

where g; = arcco , Singj = 20,
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Numerical Example

Example 1 [Davis/Hu'l1l, Teng/Li'13] K, M are 9604 x 9604.
Largest E-values: 9.8, 9.75 (k = 20)

Relative eigenvalue errors

10
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10t g

10° f 1

10° | g
—%— e(cw) by WGKLU

~10
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10 — e(cw) by Alg-Full |
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Smallest E-values: 1.15, 1.17 (k = 200)

Relative eigenvalue errors

10°F E
—k— (
102l (c,,_,) by WGKLU |
—<— e(o,) by Alg-Full
W e(s,_,) by Alg-Full
107 L ]
0 P e(cn) by Alg-TL
O e(Gn 1) by Alg-TL
10° — ' .
0 50 100 150 200

Lanczos step k
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Connection with CG

Mz = b, M positive definite.

Let zy be an initial guess, rp = b — Mz,.
Take y1 = ro/||ro]k in WGKL:

KYi = XiBi, MXi = YiB] + Biyiniel = YenB/.
Let z, = zy + Xwy be the minimizer of

min (z, — z)"M(z, — 2), z, = M~ 'b.

z=zp+ X w
Zk = Zk—1 t+ ©rXk, e = —BrPrYr+1-
Bk 1
P Pk Bo =1, wo = —|r|«.

T
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Define
2 2
Pk—1 = Qi PkXk, Po = aypix1 = Krg.

We have the weighted CG (standard CG if K = [):

Zk = Zk—1+ Vk—1Pk-1
T
r,_ Kl’k,1
re = re1— Y—1Mpi_1, -1 = le
Pk 1 VIPk—1
r] Kr,
pe = Kro+U_1pr-1, 19k—1:Tk—
I’k_lKrk,1
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Thank you
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