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Weighted bidiagonal factorization

Given K ,M , both SPD, there exist X ,Y s.t.,

KY = XB , MX = YBT ,

XTMX = I , Y TKY = I ,

and B bidiagonal.
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Golub-Kahan-Lanczos (GKL) algorithm
[Paige’74, Paige/Saunders’82] is based on

AV = UB , ATU = VBT

UTU = I , V TV = I .

Let K = LLT , M = RRT . U = RTX , V = LTY .

A V = U B ,
↓ ↓ ↓

RTL LTY = RTX B ,

AT U = V BT

↓ ↓ ↓
LTR RTX = LTY BT

⇓

KY = XB , MX = YBT , XTMX = I , Y TKY = I .
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Generalized GKL algorithm [Arioli’13] is based on

AY = MXB , ATX = KYBT

XTMX = I , Y TKY = I .

Let A = MK .

MKY = MXB , KMX = KYBT

⇓

KY = XB , MX = YBT , XTMX = I , Y TKY = I .
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A weighted GKL algorithm

KY = XB , MX = YBT , XTMX = Y TKY = I ,

let

X =
[
x1 x2 . . . xn

]
Y =

[
y1 y2 . . . yn

] , B =


α1 β1

α2
. . .
. . . βn−1

αn

 .
Ky1 = α1x1 Mx1 = α1y1 + β1y2

Ky2 = β1x1 + α2x2 Mx2 = α2y2 + β2y3
...

Kyj = βj−1xj−1 + αjxj Mxj = αjyj + βjyj+1
...H. Zhong, H. Xu—
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αj = ||Kyj − βj−1xj−1||M , xj = (Kyj − βj−1xj−1)/αj

βj = ||Mxj − αjyj ||K , yj+1 = (Mxj − αjyj)/βj .

||x ||M =
√
xTMx , ||y ||K =

√
yTKy .

WGKL Algorithm Choose y1 (||y1||K = 1). Set β0 = 1,
x0 = 0, g0 = Ky1

For j = 1, 2 . . .
sj = gj−1/βj−1 − βj−1xj−1
fj = Msj

αj =
√
sTj fj , xj = sj/αj ,

tj = fj/αj − αjyj
gj = Ktj

βj =
√

tTj gj , yj+1 = tj/βj

End
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Xk =
[
x1 x2 . . . xk

]
Yk =

[
y1 y2 . . . yk

]
B̂k =

[
Bk βkek

] , Bk =


α1 β1

α2
. . .
. . . βk−1

αk

 ,
Then

KYk = XkBk ,

MXk = YkB
T
k + βkyk+1e

T
k = Yk+1B̂

T
k
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Approximations of eigenpairs of MK (KM)

MKYk = YkB
T
k Bk + αkβkyk+1e

T
k ,

KMXk = XkB̂kB̂
T
k + αk+1βkxk+1e

T
k

SVD: Bk

[
ν1 . . . νk

]
=
[
µ1 . . . µk

]
diag(σ1, . . . , σk)

BT
k Bk

[
ν1 . . . νk

]
=
[
ν1 . . . νk

]
diag(σ2

1, . . . , σ
2
k)

Matrix BT
k Bk : Ritz-value: σ2

1 ≥ . . . ≥ σ2
k

R-Ritz vector: Ykν1, . . . ,Ykνk (K -orth.)
L-Ritz vector: Xkµ1, . . . ,Xkµk (M-orth.)

||(MK − σ2
j I )Ykνj ||K = |eTk νj |αkβk ,

||(KM − σ2
j I )Xkµj ||M = |eTk µj |βk

√
β2
k + α2

k+1.
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MK : E-value: λ21 ≥ . . . ≥ λ2n, λj > 0
R-E-vector: ξ1, . . . , ξn (K -orth.)
L-E-vector: η1, . . . , ηn (ηj = 1

λj
Kξj , M-orth.)

Theorem 1[Convergence theory]

0 ≤ λ2j − σ2
j ≤ (λ21 − λ2n)

(
πj ,k tan θK (y1, ξj)

Ck−j(1 + 2γj)

)2

(1)

with πj ,k =

j−1∏
i=1

σ2
i − λ2n
σ2
i − λ2j

, θK (y1, ξj) = arccos |yT
1 Kξj |. and

γj =
λ2j − λ2j+1

λ2j+1 − λ2n
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sin θK (Ykνj , ξj)

=

√(
σj
λj

)2

sin2 θM(Xkµj , ηj) + 1−
(
σj
λj

)2

≤
πj
√

1 + (αkβk)2/δ2j

Ck−j(1 + 2γj)
sin θK (y1, ξj) (2)

with

δj = min
i 6=j
|λ2j − σ2

i |, πj =

j−1∏
i=1

λ2i − λ2n
λ2i − λ2j

.
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0 ≤ σ2
j − λ2n−k+j ≤ (λ21 − λ2n)

(
π̃j ,k tan θK (y1, ξn−k+j)

Cj−1(1 + 2γ̃j)

)2

with

π̃j ,k =
n∏

i=n−k+j+1

σ2
i − λ21

σ2
i − λ2n−k+j

;

and

γ̃j =
λ2n−k+j−1 − λ2n−k+j

λ21 − λ2n−k+j−1
;
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sinθK (Ykνj , ξn−k+j)

=

√(
σj

λn−k+j

)2

sin2 θM(Xkµj , ηn−k+j) + 1−
(

σj
λn−k+j

)2

≤
π̃j

√
1 + (αkβk)2/δ̃2j

Cj−1(1 + 2γ̃j)
sin θK (y1, ξn−k+j)

with

δ̃j = min
i 6=j
|λ2n−k+j − σ2

i |, π̃j =
n∏

i=n−k+j+1

λ2i − λ21
λ2i − λ2n−k+j

.
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Linear response eigenvalue problem

[Bai&Li/12,13] Compute extreme positive eigenvalues of

H =

[
0 M
K 0

]
, M ,K positive definite.

KY = XB , MX = YBT ⇒

HX = XB, XTKX = I,

X =

[
Y 0
0 X

]
, B =

[
0 BT

B 0

]
, K =

[
K 0
0 M

]
.
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Let B = ΦΛΨT , Λ = diag(λ1, . . . , λn), P =
1√
2

[
I I
I −I

]
.

HX̃ = X̃

[
Λ 0
0 −Λ

]
,

X̃ = X

[
Ψ 0
0 Φ

]
P =

1√
2

[
ξ1 . . . ξn ξ1 . . . ξn
η1 . . . ηn −η1 . . . −ηn

]
=

[
x+1 . . . x+n x−1 . . . x−n

]
M-orth. L-E-vectors: y±j = 1√

2

[
±ηj
ξj

]
, M =

[
M 0
0 K

]
.

H. Zhong, H. Xu—
NL2A, Luminy, Oct. 22-28, 2016 15 / 23
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KYk = XkBk , MXk = YkB
T
k + βkyk+1e

T
k .

H

[
Yk 0
0 Xk

]
=

[
Yk 0
0 Xk

] [
0 BT

k

Bk 0

]
+ βk

[
yk+1

0

]
eT2k .

Let Bk

[
ν1 . . . νk

]
=
[
µ1 . . . µk

]
diag(σ1, . . . , σk).

Ritz-values: ±σj
R-Ritz-vectors: v±j = 1√

2

[
Ykνj
±Xkµj

]
(K-orthonormal)

L-Ritz-vectors: uj
± = 1√

2

[
±Xkµj

Ykνj

]
(M-orthonormal)

||Hv+j − σjv
+
j ||K = ||HTu+

j − σju
+
j ||M =

βj |eTk µj |√
2

.
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Theorem 2 [Convergence theory for H]

0 ≤ λj −σj = (−σj)− (−λj) ≤
λ21 − λ2n
λj + σj

(
πj ,k tan θK (y1, ξj)

Ck−j(1 + 2γj)

)2

sin θK
(
v±j , , x

±
j

)
= sin θM

(
u±j , y

±
j

)
≤ 1

cos %j

√
π2
j (1 + (αkβk)2/δ2j )

C 2
k−j(1 + 2γj)

sin2 θK (y1, ξj)− sin2 %j

where cos %j =
2σj
λj+σj

, sin %j =
√

(λj − σj)λj+3σj
λj+σj

;
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0 ≤ σj − λn−k+j = (−λn−k+j)− (−σj)

≤ λ21 − λ2n
λn−k+j + σj

(
π̃j ,k tan θK (y1, ξn−k+j)

Cj−1(1 + 2γ̃j)

)2

;

sin θK
(
v±j , x

±
n−k+j

)
= sin θM

(
u±j , y

±
n−k+j

)
≤

√
sin2 %̃j + cos2 %̃j

π̃2
j (1 + (αkβk)2/δ̃2j )

C 2
j−1(1 + 2γ̃j)

sin2 θK (y1, ξn−k+j),

where %̃j = arccos
σj+λn−k+j

2σj
, sin %̃j =

√
(σj−λn−k+j )(3σj+λn−k+j )

2σj
.
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Numerical Example
Example 1 [Davis/Hu’11,Teng/Li’13] K ,M are 9604× 9604.
Largest E-values: 9.8, 9.75 (k = 20)
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Smallest E-values: 1.15, 1.17 (k = 200)
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Connection with CG

Mz = b, M positive definite.

Let z0 be an initial guess, r0 = b −Mz0.
Take y1 = r0/||r0||K in WGKL:

KYk = XkBk , MXk = YkB
T
k + βkyk+1e

T
k = Yk+1B̂

T
k .

Let zk = z0 + Xkwk be the minimizer of

min
z=z0+Xkw

(z∗ − z)TM(z∗ − z), z∗ = M−1b.

zk = zk−1 + ϕkxk , rk = −βkϕkyk+1.

ϕk = −βk−1
αk

ϕk−1; β0 = 1, ϕ0 = −||r0||K .
H. Zhong, H. Xu—
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Define
pk−1 = α2

kϕkxk , p0 = α2
1ϕ1x1 = Kr0.

We have the weighted CG (standard CG if K = I ):

zk = zk−1 + γk−1pk−1

rk = rk−1 − γk−1Mpk−1, γk−1 =
rTk−1Krk−1

pTk−1Mpk−1

pk = Krk + ϑk−1pk−1, ϑk−1 =
rTk Krk

rTk−1Krk−1
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Thank you

H. Zhong, H. Xu—
NL2A, Luminy, Oct. 22-28, 2016 23 / 23


