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 Computation of the Greatest Common Divisor (GCD) of polynomials. 

 
 It is linked with the computation of zeros of system representations. 

 

 Solution of polynomial (matrix) Diophantine equations and applications to 
control design problems, i.e. computation of stabilizing controllers. 
 

 Network theory, Communications, Computer Aided Design,  
 Image restoration, Signal processing. 

 

 Computation of the Least Common Multiple (LCM) of  polynomials. 

 
 It is linked with the derivation of minimal representations of rational models. 

 

 Integral part of algebraic synthesis methods in control design. 
• Squaring down problem. 
• Pole assignment by dynamic precompensation. 
• Approximate Pole –Zero cancelations in systems and almost zeros.  
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GCD and LCM of polynomials 
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GCD and LCM of polynomials 

Given a pair of real polynomials P = { p1(s), p2(s) } the GCD and LCM 

problems are naturally interlinked: 

 

p1(s) · p2(s)  =  gcd{P} · lcm{P} 

 

Fundamental differences: 

1. For an arbitrary set of polynomials the existence of a non-trivial GCD 

is not always guaranteed (non-generic property), but the LCM always 

exists (generic property). 

 

2. The degree of the GCD is always less than (or equal to) the minimum 

degree of the original polynomials, but the degree of the LCM is 

always greater than (or equal to) the maximum degree of the original 

polynomials. 
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Computation of the ALCM of polynomials 

Given a set of several real polynomials in one variable, we aim to: 

1. Provide a definition for the approximate LCM  (ALCM) of sets of several 

polynomials. 

 

2. Develop a method for the computation of the ALCM by avoiding root-

finding and GCD computations. 

 

3. Develop an efficient numerical procedure for the computation of the ALCM 

which allows the derivation of approximate solutions when inaccurate data 

are given. 

D. Christou, N. Karcanias, and M. Mitrouli, Approximate Least Common Multiple of 

several polynomials using the ERES Division algorithm, Linear Algebra and its 

Applications, 511, (2016), 141-175  
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Approximate LCM of polynomial sets 

We consider sets of many polynomials of the form: 

(1) 
Generic form 

d = sum of di 
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( ) 2 14 20,

( ) 2 22 36,
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Example: LCM matrix representation 

d=5, n=2  
ℓ(s) = α5s

5 + α4s
4 + α3s

3 + α2s
2 + α1s + α0 

(d+1)x(d+n+1) 

(di+1)x 

(d+n+1) 

di<n 
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Approximate LCM of polynomial sets 
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Approximate LCM of polynomial sets 
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Computation of the LCM without using the GCD 

          0i i i il s q s p s r s with r s   LCM: Remainder 

 

 

The current approach for the computation of the LCM involves:  

 

A. An appropriate transformation process (symbolic procedure) to formulate a 

system of linear equations derived from the polynomials of the original set. 

 

B. The formulation of an optimization problem (numerical procedure) to solve 

the above system of linear equations in the approximate sense (ALCM). 

The Hybrid LCM method 
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η=m-n+1 
ROW 

SWITCHING 
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Computation of the ALCM:   The ERES Division Algorithm 

The ERES Division algorithm* is developed 

mainly for the symbolic computation of the 

quotient and the remainder from the division 

of two polynomials in one variable. 

r (s),  q(s) 

qi 

SHIFTING 

LU 

FACTORIZATION 

 

D. Christou, N. Karcanias, and M. Mitrouli, Matrix representation of the shifting operation and numerical 

properties of the ERES method for computing the greatest common divisor of sets of many polynomials, J. 

Comput. Appl. Math. 260 (2014) 54-67.  

* 

DELETION 

OF ZERO 

COLUMNS  
P 
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Computation of the ALCM:   The ERES Division Algorithm 

Example: We consider two polynomials a(s) and b(s).  

The Extended-Row-Equivalence & Shifting (ERES) division algorithm is an 

iterative procedure which performs the division of two polynomials by using 

matrix transformations. 

According to the Euclidean identity, it holds: 

Their coefficients form a matrix P. 
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Computation of the ALCM:   The ERES Division Algorithm 

After η = m – n +1 iterations, the ERES division algorithm provides the 2×2 

matrix Qη of the quotient and the (m+1)×(n+1) matrix Sη which corresponds to 

the iterative application of the shifting operation to the initial matrix P and the 

deletion of the trailing zero columns. 

Then, the remainder of the division 

a(s)/b(s) is given by the last row of Rη 



CONFERENCE ON NUMERICAL LINEAR ALGEBRA AND APPLICATIONS, 24-28 OCTOBER 2016, CIRM, LUMINY, FRANCE 

13 

The Hybrid ALCM algorithm 

 Step 1 

 Form the LCM of the polynomial set       

     symbolically for the maximum degree d : 

 

 Step 2 

 Compute the remainders of the divisions: 

 

 

 

  

 by using the ERES Division algorithm: 

  

Given a set of univariate monic polynomials: 

SYMBOLIC IMPLEMENTATION 
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The Hybrid ALCM algorithm 

Every coefficient  rk
(i) is a linear combination of the coefficients αk of the LCM. 

ERES Division algorithm 
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The Hybrid ALCM algorithm 

 Step 3 

 Form a system of linear equations: 

 

 

 

 

 

 

 

 

 

 

 

d × (d+1) underdetermined 

homogeneous linear system 
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The Hybrid ALCM algorithm 

 Step 4  [NUMERICAL IMPLEMENTATION] 

     Compute the actual degree and the coefficients of the ALCM. 

     Let ρ(FP) and n(FP) denote the rank and the nullity of FP , respectively. 

 

 

 

 

 

 

 

The least degree solution will be obtained if we set: 
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Numerical computation of the ALCM 

d×(d+1)  

underdetermined 

homogeneous  

linear system 

d×ρ 

full-rank 

overdetermined 

linear system 
0 

The numerical computation of an approximate LCM can be obtained by solving: 

The above solution can be considered as an approximation in the least-squares sense. 

Leading coefficient of 

the LCM. 

rank(Fp) = ρ 

last ρ columns  
first d-ρ 

columns 
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Numerical computation of the ALCM 
using Least-Squares optimization 
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Example 2 

(9×10) 

Maximum degree of  LCM : 

εt -rank (FP ) = ρ = 7 
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Example 2 

(9×10) 
εt -rank (FP ) = ρ = 7 

Maximum degree of  LCM : 
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Example 2 

• Residual : 

 

 

• Relative error : 

 

 

• Exact solution: 



CONFERENCE ON NUMERICAL LINEAR ALGEBRA AND APPLICATIONS, 24-28 OCTOBER 2016, CIRM, LUMINY, FRANCE 

22 

Example 3 

Added Perturbation  ε = 10-7              

Coprime polynomials                

Degree of exact LCM = 9 

Rational  LCM  method * 

 

Degree of approximate GCD  =  2            

(Given by the Hybrid-ERES alg. for  εt = 10-4 ) 
 

Degree of approximate LCM  =  9-2 = 7 
 

Remainder norm : 
 

 

Hybrid LCM method: 

 

No GCD computation. 

 

Degree of approximate LCM  =  7            

(Given for  εt = 10-8 ) 
 

Residual : 

 

 
     2 2

u p s g s l s   =  1.296138 10-2 =  1.488148 10-10 

* 
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Computational complexity of the Hybrid-LCM algorithm 

Total number of floating-point operations: 

h = number of polynomials,  n = the maximum degree of the polynomials, 

ρ  = the computed degree of the LCM (rank of the system’s matrix). 

Total estimated time for symbolic operations: 
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Numerical  stability of the Hybrid LCM algorithm 
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Conclusions 

The Hybrid LCM method: 

  

 Combines  symbolic and numerical procedures to compute the ALCM of sets 

of several polynomials. 

  

 Forms an over-determined linear system and computes the ALCM without 

using any GCD method or root-finding procedures. The numerical rank of this 

linear system defines the degree of the ALCM. 

 

 The numerical computation of the ALCM is associated with a Least-Squares 

optimization problem which provides the appropriate approximate solution. 



Thank you for 
your attention! 
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