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Simple and Yet Powerful ldea (contd)

To accelerate X, 1 = f(X;) by computing X; for j = 2! only.
Make sense only if there is a cost-effective path X1 — Xoi.

No such a path guaranteed in general, unless f is linear:
f(X) = #X, and then

X2i - ¢2ixo — ¢2i_lX2i—1.
But still need to be able to square . efficiently.

Example (Discrete-time Algebraic Riccati Equation):
X = ATX(l + GX)~1A + H. Naturally

Xji1 = f(X;) :== ATX (I + GX))"*A+H, given Xp

It can be turned into a linear iteration of twice the dimensions
by Bernoulli substitution.

Anderson (1978) did just that.
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In the last 12 years also saw tremendous progresses in using
“doubling idea” to solve

three types nonlinear matrix equations (NMES)
and related applications.

Current developments: mostly equation-wise, somewhat
fragmented, not totally coherent.

This talk attempts to provide a coherent theory to go forward.
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XDX —AX —XB+C =0.

m CARE ATX 4+ XA — XGX + H = 0 from continuous-time
control system [...]

m M-matrix Algebraic Riccati equation (MARE)
XDX — AX — XB + C = 0 from transport theory of particles
[Juang (1995), C. Guo (2001), X. Guo, Lin, Xu (2006), ...]

m MARE XDX — AX — XB + C = 0 from Markov-modulated
fluid queue theory [Latouche & Taylor (2009), C. Guo (2001),
X. Guo, Lin, Xu (2006), ...]

m H*ARE from the Laplace transform inversion method in

Markov modulated fluid flow [Ahn & Ramaswami (2004), Liu &
Xue (2012), ...]
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Yet Another Type of Nonlinear Matrix Equation

X +BXtA=0Q.

m Solve Palindromic Quadratic Eigenvalue Problem (PQEP)
P(\)z = (\2AT + AQ + A)z = 0 from high speed trains
[Hilliges, Mehl, & V. Mehrmann (2004), ...]

m Compute Green function from quantum transport in nano
research [S. Datta (2000), Guo & Lin (2010), ...]

m Solve QEP P(A\)x = (A*B + AQ + A) x = 0 from Retarded
Time-Delay System (TDS) [Jarlebring (2008)]

m X + ATX 1A = Q from surface acoustic wave simulation in
telecommunication [Campbell (1998)]
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m
Let X be a solution to one of the equations. Then r: [ )I( } is basis

matrix of an eigenspace for of' — \%:

o[ =[hn A x] = [ B2 [x]m =2 [x]m

where M is m x m. As a consequence, eig(M) C eig(«, %).

Blockwise we have
A11 + AX = (Bi1 + BioX )M, Azp + AppX = (Ba1 + B2X)M.
Assume (B1;1 + B12X) is invertible to get

Axr + A X = (Bgl + BZZX) (Bll + BlZX)_l(All + A]_gX) .

M
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Commonality (contd)

o[x) = fae w [x] - [B2 82 [x]m=2[x|m

Azt + AzpX = (Ba1 + B2oX)(B11 + B12X) " H(Arr + ArX).

Case: # = Imin:
Azr + AnX = X(An1 + AxX)

gives
—XA12X + A X — XA11 + Ay =0.

This is “CARE”.
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Commonality (contd)

o [ = [ A ] = (B 8] [x]m =2 [x]m

Az1 + ApX = (Ba1 + BaoX)(Bix + B12X) " H(Arr + ApxX).

Case: A1 =0,A =1,B11 =1, and B,; =0, i.e.,

- A]_]_ 0 o I BlZ
M_[Am |]’ @_[O 822]'

We have Ay; + X = By X(I + B2 X) 1Ay, or equivalently
BooX (I +B1aX) 1Ay — Ay — X =0.

This is “DARE”.
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Commonality (contd)

o [ = [ A ] = (B 8] [x]m =2 [x]m

Az1 + ApX = (Ba1 + BaoX)(Bix + B12X) " H(Arr + ApxX).

Case:m=n,A12=0,A»n =1,B;1 =0,B1p =1, and Bo, = 0, i.e.,

_|Aa O [0 1
o=l 1 7l o]

We have Ay; + X = B3 X A4, or equivalently
X —BaX Ay = —Ag.

This is the NME.
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Key ingredients

Three ingredients to DA:
m doubling transformation theorem
m initial setups (two standard forms)
m doubling iterative kernel
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Doubling Transformation Theorem

Let o7 — A% € C** be a regular matrix pencil: det(.Z — A\%) # 0.
Let o7, B, € C*¢ such that
P
rank([;zﬁ,%L]) =/, [QQ{L,,%)L] |:—$27:| =0.

Define o = o\ o/ and B = P A. Then o — \Bis regular.
Let Z = R(Z) be an eigenspace, i.e., &Z = ZAZM. Then

o7 = BIM2.

m keep “doubling” to quickly arrive at some null space,
provided eig(M) € D_ (open unit disk);

m maintain special forms for «7- and %-matrices to find Z in
special form.
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I| _ [A1x Ag| [I| _ [Biax Biaf | _ I
o= R B =B 2 = e
But eig(M) may not be “favorable”, i.e., lying in D or even Dy_ (closed

unit disk).

1) Transform & — A% — &/’ — A%’ such that
o’ {)I(] =% [)I( M, eig(.#) c D_ or even eig(.#) C Do_.

One such a transformation is the Mébius transformation:
o | A e T R
A | A al ol | A

2) Perform oy — A%y = P (/' — \A') for preferable % — A\ %,.

3) Perform doubling iteration kernel.
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First standard form (SF1)

m n

m n
_m Eog O ~m I =Yy
(SF1) o= {—xo |]’ Po= | [0 FO]'

Essentially Gaussian elimination (assuming involved inversions
exist):

c oo [ XXX X X X|1 X
Ww]‘[x x‘x x]_)[x x‘x x]

_>XXIX_>XXIX
X X|0 X X 110 X
_}XOIX
X 110 X

in SF1
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Second standard form (SF2)

n n n n

_n Eq O ~n | Yo |
(SF2) = [—xo | ] o=, [ Fo o]‘
Essentially Gaussian elimination (assuming involved inversions
exist):

c oo [ XXX X X X|X X
Ww]‘[x x‘x x]_)[x |‘x x]

_>XOXX_>XOXI
X 1| X X X 1| X X
_}XOXI
X 1|X 0

in SF2



General Theory

m Doubling iterative kernel
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To keep in mind ...

To generate a sequence {./ — A%} such that
B maintain respective standard form, and
m at the same time satisfy

I I i )
o, [X] = B [X] M? fori=0,1,...

When the spectral radius p(.#) < 1, {//lzi} goesto 0
quadratically.

Guidance — doubling transformation theorem:

rank([o/, B.]) =, [, B.] [_ﬂ _o
o =\ A, B=RB B,
A7 = BIM = o Z = BIMZ.
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DA for SF1

To construct &% — \%; with

m n n

m
, m[ E O Com [ =Y
a=n | XV et F]

n

Enough to know how to go from step i to step i + 1.

To find o7 | , %, € C(M+nx(m+n) gych that
7
rank([vefu,%u]):m—kn, [ML,:@iJ_] o =0.

Can again perform Gaussian-like block eliminations

0 Fi {1, ]0 Fi L, |0 Fi |0 O | |0 -l
-E O - 0 —-EY; 0 -—-EY, - 0 O - 0 O
Xi =l 0 —ln+XY; 0 -l 0 —ly 0O O



DA for SF1 (cont'd)

Post-process the last m + n rows of L4LsL,L; to give

Ei(lm — YiX;) o] B - |:|m —Ei(Im — Yixi)_lYi] .

A= [—Fi(ln = XYi) X g 0 —Fi(lh —XY;)™



DA for SF1 (cont'd)

Post-process the last m + n rows of L4LsL,L; to give

S R S R R i o

Finally
A1 =, Bi1= BB

to give
Eij1 = Ei(lm — YiXi)'E;, (1a)
Fiir = Fi(ln — X Yi) " F, (1b)
Xiz1 = Xi + Fi(ln = X Yi)"XE;, (1c)

Yier = Yi +Ei(lm — YiXi)LYiFi. (1d)



DA for SF1 (cont'd)

Post-process the last m + n rows of L4LsL,L; to give

S R S R R i o

Finally
Gy = G 9, By = BB

to give
Eij1 = Ei(lm — YiXi)'E;, (1a)
Fiir = Fi(ln — X Yi) " F, (1b)
Xiz1 = Xi + Fi(ln = X Yi)"XE;, (1c)
Yizr =Yi+ Ei(lm — YiXi) " 1YiFi. (1d)

At convergence, X; goes to some solution X.
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DA for SF2

To construct &% — \%; with

n n n n
;N E, O N =-Y; |
Mﬁn [—Xi | ]’ gg'in |: Fi O:|'

Enough to know how to go from step i to step i + 1.

To find o7 | , %, e C(M+n)x(m+n) gych that

rank([e L, #.]) = m ., [y, P ] {_ﬁ] —o.



DA for SF2

To construct &% — \%; with

n

n E;
n =X

n

0
I

| -

n n

]

Enough to know how to go from step i to step i + 1.

To find o7 | , %, e C(M+n)x(m+n) gych that

rank([e L, #.]) = m ., [y, P ] {_ﬁ] —o.

Can again perform Gaussian-like block eliminations

In
0
0

In

L

Xi — Y;
Fi
Ei
_Xi

0
0
0

In

L

Ih O h O h O
FF O L 0 O L 0 Iy
Ei O 0 0 0 0
X Iy 0 Iy 0O O
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DA for SF2 (cont'd)

Post-process the last 2n rows of L4LsL,L; to give

i = [_Ei(xi - o] s [| Ei(%, —Yi)—l] |

Fi(Xi — Yi) | 0 —Fi(Xi — Yi)_l
Finally
A=A, Bi1= BB
to give
Eiv1 = Ei(X — Yi)'E, (2a)
Fipr = Fi(Yi — %) 'Fi, (2b)
Xip1 =X +Fi(Xi = Yi)'E, (2¢)

Yizr = Yi +Ei(Yi = X) 'R, (2d)



DA for SF2 (cont'd)

Post-process the last 2n rows of L4LsL,L; to give

i = [_Ei(xi - o] s [| Ei(%, —Yi)—l] |

Fi(Xi — Yi) | 0 —Fi(Xi — Yi)_l
Finally
A=A, Bi1= BB
to give
Eir1 =E(Xi —Yi)'Ei, (2a)
Fipr = Fi(Yi — %) 'Fi, (2b)
Xip1 =X +Fi(Xi = Yi)'E, (2¢)
Yizr = Yi +Ei(Yi = X) 'R, (2d)

At convergence, X; goes to some solution X.
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m The duals
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In a DA, X;, if it does, converges to a solution of “Primary
equation”. What about Y;? “Dual” (to the primary equation) is
the key for answering that.
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Primary and Dual

In a DA, X;, if it does, converges to a solution of “Primary
equation”. What about Y;? “Dual” (to the primary equation) is
the key for answering that.

Framework:
(dual) Ay M = By H N
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m
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(SF1) =" [—Xo I], Fo=" [0 FO].



m n m n
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GF) = [—xo |]’ %=, [o FO]‘
Define
%0 = Hr-lr;7n<@()ﬂm7n, %0 = Hr-lrjhn%nm’n
to give



m n

m
~m Eo O ~m I =Yy
s e [ 2 0] mn [0 ]

—Xg |
Define
%0 = Hr-g’n%oﬂm7n, %0 = H;’Ln%nm’n
to give
n m n m
5 N Fo O A~ I —Xp
%_m[—vo|]"@° m[o Eo]

reciprocal relationship in eigenvalues

If (A, z) is an eigenpair of o — A%y, then (1/X, II], ,Z) is an
eigenpair of % — A%, and vice versa.
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Case: SF1 (contd)

. | | A0l
(primary) <% {X] = %o {X] M, (dual) < [Y] = %o {Y} N
Plug in <% and %, to get

Eo = (I — YoX)#, X —Xo=FoX.4,
Fo=(1—-XoY)A, Y —Yo=EY.¥.



Case: SF1 (contd)

. | | A0l
(primary) <% {X] = %o {X] M, (dual) < [Y] = %o {Y} N
Plug in <% and %, to get

Eo = (I — YoX)#, X —Xo=FoX.4,
Fo=(1—-XoY)A, Y —Yo=EY.¥.

Eliminate .# and .4 to get

primary: X = Xo + FoX (I — YoX)*Eq,
dual: Y = Yo+ EoY (I = XoY ) *Fo.
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Case: SF2

n n n n
n Eob O _n | =Yg |
(SF2) = [—xo | ] %=, [ Fo o]'
Define
oty = I} \ Bo, Bo = I 1
to give



(SF2) %::[Eo 0]’ %Ozn[—Yo |].

—Xo | n Fo O
Define
oty = I} \ Bo, Bo = I 1
to give
n n n n
N . n Fo O Za o n —Xo I
%_n[—vo |]’ %o n[ EOO]

reciprocal relationship in eigenvalues

If (A,z) is an eigenpair of o — A\%o, then (1/A,z) is an
eigenpair of oy — A% and vice versa.
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Case: SF2 (contd)

(primary) % LI(] = %o {)I(] M (dual) [\I(] = %, {” N

Plug in <% and %, to get

EoZ(X—Yo)%, X —Xo =Fot,
Foz(Y—Xo),/V, Y — Yo =EqA.



Case: SF2 (contd)

(primary) % LI(] = %o {)I(] M (dual) [\I(] = %, {” N

Plug in <% and %, to get

Eo:(X—Yo)%, X —Xo =Fot,
Foz(Y—Xo),/V, Y — Yo =EqA.

Eliminate .# and .4 to get

primary: X = Xo + Fo(X — Yo)*Eq,
dual: Y = Yo+ Eo(Y — Xo) *Fo.



Case: SF2 (contd)

(primary) % LI(] = %y {)I(] M (dual) [” = %, {” N

Plug in <% and %, to get

Eo:(X—Yo)%, X —Xo =Fot,
Foz(Y—Xo)JV, Y — Yo =EqA.

Eliminate .# and .4 to get

primary: X = Xo + Fo(X — Yo) *Eo,
dual: Y = Yo+ Eo(Y — Xo) *Fo.

self-dual-ness
“primary” is “dual’”.
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DA on Primary and Dual

What happen if DA is applied to .« — A%y, generating
Xi, Yi, Ei, Fi
and to <% — A%, generating

Xi, Yi, Ei, F?

DA on primary and dual

Foralli > 0,

Xi =Y, Yi=X,

Ei=F, F=E.



General Theory

m Convergence analysis: regular case
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General

When a DA is applied to both o — A%y and % — A%, two
sequences {4 — A% }7°, and {4 — A%, }°, are produced, assuming
no breakdown occurs.

The sequences are essentially “identical”. Moreover,

~

o M y M Vi M ! M 4?7 fori=0,1,...

Certain conditions on p(.#) and p(.#") should be imposed.

DA computes special solutions X = ¢ and Y = ¥ to Primary and
Dual.



n
|
0



n m n m
_n Fi 0 - n | _xl
oom [ =Yi | } % = m { 0 FE

Ei = (I —YiQS)///z, D — X = F@//lzl,

Fi= (1= X0)A2, & =Y =EwA?.



m n m n
~om Ei O ~m I =Y;
w5 8] ann[d )

n m n m
s N FF O 5 I =X
i 58] A b )

Ei=(-Yi®)t?, &—X =Fdu?,
Fi= (1= X0)A2, & =Y =EwA?.

Convergence Theorem

Suppose that there are solutions X = ¢ and Y = ¥ to Primary and Dual such that
p(A) - p(/) < 1, and suppose that DA executes without any breakdown. Then X;
and Y; converge to ¢ and ¥ quadratically, and moreover,

limsup||X; — Y2 < p(A) - p(H), limsup|[Y; — &2 < p(t) - p(A).
i— oo

1—00






n n n
, N Ei O N =Y |
e - A B I
n n n n
s N FF O s =X |
e I R B |

Ei= (Y4, &—X =F.#?,
Fi=W—X)A4?, oY =EAN?.



Convergence Theorem

Suppose that there are solutions X = ¢ and Y = ¥ to Primary and Dual such that
p(A) - p(/) < 1, and suppose that DA executes without any breakdown. Then X;
and Y; converge to ¢ and ¥ quadratically, and moreover,

limsup||X; — Y2 < p(A) - p(H), limsup|[Y; — &2 < p(t) - p(A).
i— oo

1—00
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What if p(.#) - p(.#") = 1, the critical case?

Complicated but still possible to have linear convergence at the
respectable rate 1/2.



critical case

What if p(.#) - p(.#") = 1, the critical case?

Complicated but still possible to have linear convergence at the
respectable rate 1/2.

More to come ...



Case Studies



CARE: —XGX + AUX + XA+H =0

A = ANB = H — Ny = [_AH __A(i] — Alp,

JZ{/ I2n _7|2n:| [%]
= > 0),
[%I] [|2n Yl2n| |l2n (’y )

P(o' — \B') = oy — \Bo in SF1 and then apply DA.

(@ Alll —X;Y;and | —Y;X; are nonsingular;
(b)) 0=<Xo =X Xi 2 Xj4129,0>=Yo>Y; > Yip1 = ¥and
limsup || — Xi[[¥/ < p(.#)2, limsup |[& — Yi[*/? < p()?,

i—oo i—oo

where
p() = p((I = YoP)*Eo) = p(A) = p((I — Xo?) *ES);
(c) eig(A — G®) c C_, eig(—HY — A7) c C,, and

eig(#) = eig(A — G®) U eig(—Hw — AM).



MARE: XDX —AX —XB+C =0

Assume
W = B -D is a nonsingular or an irre-
= |l-c A g (3)
ducible singular M-matrix.

MARE with (3) has a unique minimal nonnegative solution &,
i.e.,

0 <@ <X for any other nonnegative solution X.



MARE: XDX —AX —XB+C =0

Assume
W = B -D is a nonsingular or an irre-
= |l-c A g (3)
ducible singular M-matrix.

MARE with (3) has a unique minimal nonnegative solution &,
i.e.,

0 <@ <X for any other nonnegative solution X.

Known in applied probability, stochastic fluid models, but rigorous matrix proof by C.
Guo (2000):



MARE: XDX —AX —XB+C =0

B -D
[C —AH] — Alman,

/ —
[%,] = [Imn ’B|m+n] [%] (a > maxAj, B > maxB;),
B Im+n almgn]| [Imsn i i

P(o' — \B') = oy — \Bo in SF1 and then apply DA.

A —NB = H — Npn =

(@ Alll = X;Y;and | — Y;X; are nonsingular M-matrices for all
i >0;
(b) 0 <Xp <X <Xi11<2,0<Yy<Y;<Yj;; <¥and
limsup @ — X [[¥/2 < p(#)?, limsup |[& — Y;|[Y/Z < p(h)?,
i—o0 i—00
where
p() = p((1 = Yo®) *Eq) = p(A) = p((1 — Xo¥?)*E{);
(c) eig(B —D®) c C_, eig(—A—oD) c C_, and

eig(s#) = eig(B — DP) Ueig(—A — #D).

Moreover ...
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Fast Train Eigenvalue Problem

P(\)z = (VAT +2Q + A)z = 0.
Framework of solvent approach:

Compute the stabilizing solution ¢ of the matrix equation
X +ATX~1A =Q. Then

P(A) = AT +0Q + A = DAT + X)X T(AX +A).

Solve the (linear) eigenvalue problems for matrix pencils
AT + X and AX + A.



Fast Train Eigenvalue Problem

k k k k
« [ Ho H] 1 S e
« | Hi Ho HTJ 1
e 0 ...0 0
Q=k Hi , A= .
CoHf «|0 ... 0 0
k| Hi Ho




Fast Train Eigenvalue Problem

k k k k
K H H HT k 0 0 H,
e «|o 0 0
Q=« Hq ) , A=
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k| Hi Ho |

Numerous notorious numerical difficulties:
m most eigenvalues are 0 and oo, 2(m — 1)k in all;
m problem size n can range from 10° to 10°
B most seriously, badly scaled finite eigenvalues:
10759 ~ 10°° or to an even greater extreme

m all finite nonzero eigenvalues and eigenvectors are to be
computed



Fast Train Eigenvalue Problem

k k k k
K H H HT k 0 0 H,
e «|o 0 0
Q=« Hq ) , A=
: . Hf «|0 ..0 0
k| Hi Ho |

Numerous notorious numerical difficulties:
m most eigenvalues are 0 and oo, 2(m — 1)k in all;
m problem size n can range from 10° to 10°
B most seriously, badly scaled finite eigenvalues:
10759 ~ 10°° or to an even greater extreme

m all finite nonzero eigenvalues and eigenvectors are to be
computed
Cleverly implemented solvent approach based on DA gets it
done!



Numerical Examples
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S
1 3

where £ > 0 is a parameter.



MARE: XDX —AX —XB+C =0

m n
m B -D
W:n[—c A]’

and W is a nonsingular or an irreducible singular M-matrix.

B — - cR™" C=2l,, A=¢B, D = £C,
o

-1 3

where £ > 0 is a parameter.

Quadratic convergence for £ # 1 and linear convergence
otherwise.



MARE £ =1 (contd)
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o —&— NRes
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Fast Train Eigenvalue Problem

P(\)z = (VAT +XQ +A)z =0, with

k k k k
k [ Ho HJ ] ko kok
k Hl HO HI 0 Hl
o k|0 0 0
Q — k Hl . . ) A: . .
: - Hf k| o 0 0
k| H; Hg ]

9 prove that it is equivalent to
P(A)y := (AH] + AHp + Hy)y = 0: A = A™.
P(\) = (\H] + )& ~1(Ad + H;) for a solution & of

X 4+ HX~*H; = Hg



Fast Train Eigenvalue Problem (contd)

(k,m)=(159,11) and different w
T




Fast Train Eigenvalue Problem (contd)

(k,m)=(705,51) and different w
T T T
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m Three types of nonlinear matrix equations (NMESs) from
various applications

m Eigen-connections of NMEs to matrix pencils o — \%#

m A coherent general theory of doubling algorithms, actively
researched in last decade or so

m Overwhelming favorable numerical evidences
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