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Preconditioned GMRES

FibGMRES

Ax=b  AeR™ x beR" B=AM'! xeR" rn=>b—Ax J ——

GMRES

GMRES(m): a Krylov subspace method

] [Saad and Schultz 1986, Meurant's book 1999, Saad’s book 2003, Simoncini and Szyld 2007, Erhel 2011, ...]
— m—1
@ Km(B, r) = span{ro, Bro,...B" "ro}

o Find xm» € xo + M~ K (B, ro) such that
[[rmll2 = 11— Bxmll2 = Miney M—1p(8,10) 10 — Bxll2




Preconditioned GMRES

Ax=b, AcR™ x beR" B=AM'! xeR" rn=>b—Ax

GMRES(m): a Krylov subspace method
@ [Saad and Schultz 1986, Meurant's book 1999, Saad'’s book 2003, Simoncini and Szyld 2007, Erhel 2011,
o KCm(B, ro) = span{ro, Bro,...B™ *ro}
e Find x» € xo + M™'K,n(B, o) such that
[[rmll2 = 11— Bxmll2 = Miney M—1p(8,10) 10 — Bxll2

]

Building blocks of GMRES(m)

o Build an orthonormal basis Vi1 of the Krylov subspace Kxi1
get the Arnoldi-like relation BV = Vi Hi for k=1,...,m

@ Minimize the residual in the Krylov subspace
x = x0 + M~ Viy implies r = ro — BViy = Vit1(Ber — Hry)
Solve the least-squares problem: min, g« [|Ber — Hy||

@ Restart if not converged

Xo = Xo + M71 mem

FibGMRES



Arnoldi process

1 vi =ro/l[Iroll2
2: fi

or k =1, m do
3: p = By
4: for i =1: k do
5 hjk = V;TP
6: p=p— hyv;
7: end for
8 hiyik = |lpll2
9 Vit1 = P/ i1,k
10: end for

4

BV = Vimt1Hm

FibGMRES
DI&JE
GMRES
MSTEP

SGMRES
VGMRES
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GMRES ... practical issues

Arnoldi process

1:vi =ro/llroll2
2: for k =1, m do
p = Bv
for i =1: k do
hix = v p
p=p— hixv;

hy1,k = |lpll2
Vk+1 = P/ hk+1,k
: end for
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BV = Vipi1Hm J

FibGMRES
Preconditioning issues
DI&JE
=> use multilevel methods to deal with large systems
@ Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout GMRES

2010, Giraud+Haidar 2009, Smith et al’s book 1996,...]
@ Filtering and Schur complement [Li et al 2003, Grigori et al 2011]
@ Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, ...]




GMRES ... practical issues

Arnoldi process

1:vi =ro/llroll2
2: for k =1, m do

3:

4:

5:

6:

7:

8 hiyik = |lpll2

9 Vg1 = p/ i1k

10: end for )
4

BVim = Vimy1Hm }

Preconditioning issues

=> use multilevel methods to deal with large systems

@ Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout
2010, Giraud-+Haidar 2009, Smith et al's book 1996,...]

@ Filtering and Schur complement [Li et al 2003, Grigori et al 2011]

@ Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, ...]

i
Complexit; stagnation issues with restarted GMRES
=> Use deflation to recover possible loss of information
@ Deflation by preconditioning [Erhel et al 1996, Burrage et al 1998, Baglama et al
1998, ..]
@ Deflation by augmented basis [Morgan 1995, Morgan 2002,...]
v
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GMRES ... practical issues

2010, Giraud
Arnoldi process L
@ Filtering and Schur complement [Li et al 2003, Grigori et al 2011]

1vi =n/llnll2
2: for k =1, m do

Preconditioning issues

=> use multilevel methods to deal with large systems

@ Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout
Haidar 2009, Smith et al's book 1996,...]

@ Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, ...]

3: p = By
4: fori=1: k do
5: hie = vl p Complexity and stagnation issues with restarted GMRES
: 1
g: end ?or: P — hixv; => Use deflation to recover possible loss of information
8: hit1,k = llpll2 @ Deflation by preconditioning [Erhel et al 1996, Burrage et al 1998, Baglama et al
9: Vi41 = P/ btk 1998, ...]
10: end for J @ Deflation by augmented basis [Viorgan 1995, Morgan 2002, ]
y
4

BV = Vimi1Hm

Granularity issues in parallel algorithms

) = Communication-avoiding strategies

@ Generate the basis vectors [Reichel 1990, Bai et al 1994]
@ Orthogonalize the basis [De Sturler 1994, Erhel 1995, Sidje 1997]

@ Compute the basis block by block [Hoemmen 2010, Demmel et al 2011]
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GMRES ... practical issues

Preconditioning issues

=> use multilevel methods to deal with large systems

@ Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout
2010, Giraud+Haidar 2009, Smith et al's book 1996, ...]

Arnoldi process L
@ Filtering and Schur complement [Li et al 2003, Grigori et al 2011]

1:vi =ro/llroll2 @ Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, .. ]
2: for k =1, m do v
3: p = By
4: fori=1:kdo . - .
5: hix = V-Tp Complexity and stagnation issues with restarted GMRES(m)
: I
g: end ;;or: P — hixv; => Use deflation to recover possible loss of information
8: hit1,k = llpll2 @ Deflation by preconditioning [Erhel et al 1996, Burrage et al 1998, Baglama et al
9: Vi41 = P/ btk 1998, ...]
10: end for J @ Deflation by augmented basis [Viorgan 1995, Morgan 2002, ]
v

4

Granularity issues in parallel algorithms

BY =Vt
m J = Communication-avoiding strategies

@ Generate the basis vectors [Reichel 1990, Bai et al 1994]
@ Orthogonalize the basis [De Sturler 1994, Erhel 1995, Sidje 1997]

@ Compute the basis block by block [Hoemmen 2010, Demmel et al 2011]
v

Strategy

Combine 'communication-avoiding’ GMRES ... and Deflation ... and Domain Decomposition preconditioners

[Nuentsa Wakam 2011, Nuentsa Wakam+Erhel+Gropp 2013, Nuentsa Wakam-Pacull 2013, Nuentsa Wakam-Erhel 2014]

FibGMRES

DI&JE

GMRES
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Communication-avoiding strategies

FibGMRES

DI&JE

GMRES

Basis computation and orthogonalization

@ m-step GMRES(m)
o fixed s-step GMRES(m)
@ variable s-step GMRES(m)




m-step GMRES(m)

FibGMRES

DI&JE

Building blocks of m-step GMRES(m)

MSTEP




m-step GMRES(m)

FibGMRES

DI&JE

Building blocks of m-step GMRES(m)
@ Build a basis W,, of the Krylov subspace K,

MSTEP




m-step GMRES(m)

FibGMRES

DI&JE

Building blocks of m-step GMRES(m)
@ Build a basis W,, of the Krylov subspace K,

MSTEP
@ Build an orthonormal basis V11 of the Krylov subspace Kpi1

get the Arnoldi-like relations BW,, = Vi1 Hm and BV, = m+1HmR,;1




m-step GMRES(m)

FibGMRES
DI&JE

Building blocks of m-step GMRES(m)
@ Build a basis W,, of the Krylov subspace K,

MSTEP
@ Build an orthonormal basis V11 of the Krylov subspace Kpi1
get the Arnoldi-like relations BW,, = Vi1 Hm and BV, = m+1HmR,;1

@ Minimize the residual in the Krylov subspace
x = xo + M~ V,y implies r = rp — BVimy = Vimp1(Ber — HnRyty)
Solve the least-squares problem:

min ||Ber — HnRyy'y |
yeERmM




m-step GMRES(m)

Building blocks of m-step GMRES(m)
@ Build a basis W,, of the Krylov subspace K,

@ Build an orthonormal basis V11 of the Krylov subspace KCrt1
get the Arnoldi-like relations BW,, = Vi1 Hm and BV, = m+1HmR,;1
@ Minimize the residual in the Krylov subspace
x = xo + M~ V,y implies r = rp — BVimy = Vimp1(Ber — HnRyty)
Solve the least-squares problem:

min ||Ber — HnRyy'y |
yeERmM

@ Alternative to minimize the residual in the Krylov subspace
X = Xo + M_Ime implies r = rp — BWpy = Vimt1(Ber — Hmy)
Solve the least-squares problem:

Jmin [|5er — Hrmyl|

FibGMRES

DI&JE

MSTEP



m-step GMRES(m)

Building blocks of m-step GMRES(m)
@ Build a basis W,, of the Krylov subspace K,

@ Build an orthonormal basis V11 of the Krylov subspace Kpi1
get the Arnoldi-like relations BW,, = Vi1 Hm and BV, = m+1HmR,;1

@ Minimize the residual in the Krylov subspace
x = xo + M~ V,y implies r = rp — BVimy = Vimp1(Ber — HnRyty)
Solve the least-squares problem:

min ||Ber — H,,,R,;lyH
y€RM
@ Alternative to minimize the residual in the Krylov subspace

X = Xo + M_Ime implies r = rp — BWpy = Vimt1(Ber — Hmy)
Solve the least-squares problem:

Jmin [|5er — Hrmyl|

@ Restart if not converged

FibGMRES

DI&JE

MSTEP



Numerical experiment with m-step GMRES(m)

Relative Error

rices of size 1000

curves with random m

Sample of 100 random matrices A+2l of size 1000

1e+0

T T T T T

m=8 basis W
=8 basis V
=16 basis W

O m=16 basis V
~~ m=32basis W
O _m=32 basis V

L L
50 100 150 200 250 300
Number of Matvecs

350

FibGMRES
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MSTEP
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s-step SGMRES(m;s)

Fixed s step GMRES: SGMRES(m,s)
@ Build a basis W; of the Krylov subspace Ky for 1 < j < m/s

FibGMRES

DI&JE

SGMRES



s-step SGMRES(m,s)

Fixed s step GMRES: SGMRES(m,s)

@ Build a basis W4; of the Krylov subspace K for 1 < j < m/s

@ Build an orthonormal basis Vi1 of the Krylov subspace Kgjt1

get the Arnoldi-like relation BWs; =

sj+1 Hsj

FibGMRES

DI&JE

SGMRES



s-step SGMRES(m,s)

Fixed s step GMRES: SGMRES(m,s)
@ Build a basis W4; of the Krylov subspace K for 1 < j < m/s

@ Build an orthonormal basis Vi1 of the Krylov subspace Kgjt1
get the Arnoldi-like relation BWs; = Vi1 Hy;

@ Minimize the residual in the Krylov subspace
x=x+ M Wiy implies r = ro — BWsj = Vij11(Ber — Hsjy)
Solve the least-squares problem:

min ||Ber — Hy||
yERS/

Test convergence at each step j

FibGMRES

DI&JE

SGMRES



s-step SGMRES(m,s)

Fixed s step GMRES: SGMRES(m,s)
@ Build a basis W4; of the Krylov subspace K for 1 < j < m/s

@ Build an orthonormal basis Vi1 of the Krylov subspace Kgjt1
get the Arnoldi-like relation BWs; = Vi1 Hy;

@ Minimize the residual in the Krylov subspace
x=x+ M Wiy implies r = ro — BWsj = Vij11(Ber — Hsjy)
Solve the least-squares problem:

min ||Ber — Hy||
yERS/

Test convergence at each step j

@ Restart if not converged at step m/s

Xo = Xo + M71 mem

FibGMRES

DI&JE

SGMRES



Block computation and orthogonalization in SGMRES(m;s)

FibGMRES

Step j of SGMRES(m,s)
Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]

DI&JE

SGMRES




Block computation and orthogonalization in SGMRES(m;s)

FibGMRES

Step j of SGMRES(m,s)

Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]
Block j of size s, with 1 < j < m/s

DI&JE

SGMRES




Block computation and orthogonalization in SGMRES(m;s)

Step j of SGMRES(m,s) e
DI&JE
Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]
Block j of size s, with 1 < j < m/s
o First step: s matrix vector products SGMRES

Parallel preconditioning t = M~'u then parallel matrix-vector product At
Compute the blocks C; and BC; where

u=vyj_1y41, G = [u, Bu,..., Bs_lu]

Define the Krylov basis by
Wy = [Wej-1), G]




Block computation and orthogonalization in SGMRES(m;s)

Step j of SGMRES(m,s) e
DI&JE
Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]
Block j of size s, with 1 < j < m/s
o First step: s matrix vector products SGMRES

Parallel preconditioning t = M~'u then parallel matrix-vector product At
Compute the blocks C; and BC; where

u=vyj_1y41, G = [u, Bu,..., Bs_lu]
Define the Krylov basis by
Wy = [Waj-1), G
@ Second step: orthogonalization

BG = V415

RODDEC [Sidje 1997, Erhel 1995] OF TSQR [Demmel et al 2011]
By induction, get the Arnoldi-like relation

[V17 BWsj] = Vsj+1st+17 BWsj = sj+1Hsj




Numerical experiment with SGMRES(m;s)

FibGMRES
Symmetric matrix FV2 of size n = 9801 and nonzeros nz

DI&JE
Convergence curves with m = 48

Convergence with Krylov space size m=48 of fv2 matrix - s=12,16,24

- - *m-step GMRES(m) SGMRES
%~ SGMRES(m,24)
SGMRES(m, 16)
SGMRES(m,12)
—— GMRES(m

relative residual

L L L L L L L

L L
12 16 24 32 36 48 60 64 72 80 84 96
Number of Matvecs
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Numerical experiment with SGMRES(m;s)

FibGMRES
Symmetric matrix FV2 of size n = 9801 and nonzeros nz = 87025 DG
Condition number of AW with m = 48
Condition for size m=48 of fv2 matrix - s=12,16,24
—% SGMRES(m.24) ' "
SGMRES(m, 16) SGMRES
SGMRES(m, 12,
2 festOf 1
k]
8
g
8
tox00 A : L :
0 12 16 24 32 36 48
Krylov Size
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Numerical experiment with SGMRES(m;s)

FibGMRES
Symmetric matrix FV2 of size n = 9801 and nonzeros nz = 87025 e
Condition number of AW; with m = 96
Matrix fv2 m=96 s-step GMRES
1e+40 ' ' ' ‘ ' SGMRES

1e+30

1e+20

Condition Number of AW_{1}

1e+10

1e+00

24
s Parameter

11/25



Stability issues

FibGMRES

DI&JE

Condition number of BC; and BW; SGMRES

Wy =[G, G, .., G
K(BWsj) > max. k(BCxk)
w(BG) > cste | A1/ Ao

Idea: variable block size s;
increase gradually the size s; and cap at s




Variable s-step VGMRES(m,s)

FibGMRES

DI&JE

Variable s step GMRES: VGMRES(m,s)

Variable block size s; and Krylov size | = s1,[j = [j_1 +5j,j > 2

VGMRES




Variable s-step VGMRES(m,s)

FibGMRES

DI&JE

Variable s step GMRES: VGMRES(m,s)
Variable block size s; and Krylov size | = s1, [ = li—1 + sj,j > 2

@ Build a basis Wj; of the Krylov subspace K for 1 <j < J

VGMRES




Variable s-step VGMRES(m,s)

FibGMRES
DI&JE
Variable s step GMRES: VGMRES(m,s)
Variable block size s; and Krylov size | = s1, [ = li—1 + sj,j > 2
@ Build a basis Wj; of the Krylov subspace K for 1 <j < J
VGMRES

@ Build an orthonormal basis V.11 of the Krylov subspace KC;+1
get the Arnoldi-like relation BW), = V)11 Hj,




Variable s-step VGMRES(m,s)

Variable s step GMRES: VGMRES(m,s)
Variable block size s; and Krylov size | = s1, [ = li—1 + sj,j > 2
@ Build a basis Wj; of the Krylov subspace K for 1 <j < J
@ Build an orthonormal basis V.11 of the Krylov subspace KC;+1
get the Arnoldi-like relation BW), = V)11 Hj,
@ Minimize the residual in the Krylov subspace
X =X + I\/I_IVV/J.y implies r = ro — BW,;y = \//j+1(,8e1 — H/jy)
Solve the least-squares problem:

min | Bes — Hyy |
yERIj

Test convergence at each step j

FibGMRES

DI&JE

VGMRES



Variable s-step VGMRES(m,s)

Variable s step GMRES: VGMRES(m,s)
Variable block size s; and Krylov size | = s1, [ = li—1 + sj,j > 2
@ Build a basis Wj; of the Krylov subspace K for 1 <j < J

@ Build an orthonormal basis V.11 of the Krylov subspace KC;+1
get the Arnoldi-like relation BW), = V)11 Hj,

@ Minimize the residual in the Krylov subspace
X =X + I\/I_IVV/J.y implies r = ro — BW,;y = \//j+1(,8e1 — H/jy)
Solve the least-squares problem:

min ||Ber — Hyy||
yERIj

Test convergence at each step j

@ Restart if not converged at step J with [, = m

Xo = Xo + M_Imem

FibGMRES

DI&JE

VGMRES



Block computation and orthogonalization with VGMRES(m,s)

FibGMRES

Step j of VGMRES(m,s)
Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]

DI&JE

VGMRES




Block computation and orthogonalization with VGMRES(m,s)

FibGMRES

Step j of VGMRES(m,s)

Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]
Block j of size s;, with 1 < j < J

DI&JE

VGMRES




Block computation and orthogonalization with VGMRES(m,s)

FibGMRES

Step j of VGMRES(m,s)

Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]
Block j of size s;, with 1 < j < J

DI&JE

o First step: s; matrix vector products
Parallel preconditioning t = M~ then parallel matrix-vector product At VGMRES
Compute the blocks C; and BC; where

u=v,_11,G = [u, Bu,..., Bsf_lu}
Define the Krylov basis by

w,

J

= [V‘/’j—lvcf]




Block computation and orthogonalization with VGMRES(m,s)

FibGMRES

Step j of VGMRES(m,s)

Initialization: ro = b — Axo, 8 = ||rol|, v» = ro/B, Wo = 0, Vi = [w1]
Block j of size s;, with 1 < j < J

DI&JE

o First step: s; matrix vector products
Parallel preconditioning t = M~ then parallel matrix-vector product At VGMRES
Compute the blocks C; and BC; where

u=v,_11,G = [u, Bu,..., Bsf_lu}
Define the Krylov basis by
W, = [VVIJ'—17 CJ]
@ Second step: orthogonalization

BG = V115

RODDEC [Sidje 1997, Erhel 1995] OF TSQR [Demmel et al 2011]
By induction, get the Arnoldi-like relation

[vi, BW;] = VisaRysa, BW = Via Hy




Stability issues

FibGMRES

DI&JE

Condition number of BC; and BW,
VGMRES

W, =[G, G,..., ]
k(BW;,) > 1TE§_H(BC;()
<k<j

k(BG) > cste | A1/ x|

Objective: small condition numbers of the first blocks




Communication issues
FibGMRES

DI&JE

Volume of communication related to the number of steps j
Objective: reduce the number of steps VGMRES

Number of steps in SGMRES and VGMRES

SGMRES(m,s): m/s steps
VGMRES(m,s): J steps with [, = m
Idea: Fibonacci sequence capped at s

J=h+ b, b= O(m/S),Jl = O(|0g¢(5))

16 /25



FibGMRES(m,s) and Reverse FibGMRES(m,s)

Sequences with m = 48 and s = 16

j[1]2[3]4[5]6

7
si|1|23] 5 8 | 13| 16
L1136 (11|19 |32 | 48
Variable increasing block size for m = 48 and s = 16.
j| 1 2 3 4 5 6 7
sp| 16 | 13| 8 5 3 2 1
li | 16 | 29 | 37 | 42 | 45 | 47 | 48

Variable decreasing block size for m = 48 and s = 16.

FibGMRES

DI&JE

VGMRES



Numerical experiment with a small symmetric matrix

FibGMRES
DI&JE
Convergence curves with m = 48 and s = 16
Convergence with Krylov space size m=48 of fv2 matrix - s=16
1::? ‘ ‘ ' " [~ SGMRES(m,m)
AR ~©~SGMRES(m,16) VGMRES
Te2f\ “ FibGMRES(m, 16)
1e-3F -8 Reverse FibGMRES(m,16)
1e-4 — GMRES(m
_ 1e-5
;3" 1e-6
§ 1e-7 \\\
g Tle8) 1
T 1e9f " 1
2 te-10F 1
1e-11
1e-12
1e-13 N
1e-14
1e-15F X . 1
1e-16 : = S
19 48 67 9% 115 144
Number of Matvecs




Numerical experiment with a small symmetric matrix

FibGMRES
Symmetric matrix FV2 of size n = 9801 and nonzeros nz = 87025 DG
Condition numbers of AW with m =48 and s = 16
Condition for size m=48 of fv2 matrix - s=16
test2 b ] VGMRES
= 1e+09F 1
<
5
c
S
2 1e+06F 2 1
o
(6]
1e+03 F
-~ SGMRES(m,16)
X FibGMRES(m,16)
) ) —5 Reverse FibGMRES(m, 16)
1e+00%~
11 19 32 48
Krylov Size
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Numerical experiment with a large nonsymmetric matrix

FibGMRES

DI&JE

Sequences of FibGMRES(m,s) with m = 96

jT1[2[3[4][5][6]7[8]09]10
s [1]2|3| 5|8 |13]16] 16| 16 | 16
i (13611 |19 |32 48| 64 | 80 | 96

VGMRES

Variable increasing block size for m = 96 and s = 16

j (123456 ] 7]8]09
s | 1]2[3|5 | 8 [13] 1418 32
1T [3][6 11|19 |32 46 | 64 | 9

Variable increasing block size for m = 96 and s = 32




Numerical experiment with a large nonsymmetric matrix

Nonsymmetric matrix (PRO2R + 1000 |) with n = 161070 and nz = 8185136

Convergence curves with m = 96 and s = 16 or s = 32

Relative Residual

Convergence with Krylov space size m=96 of Modified PRO2R matrix - s=16,32

1e+0f

1e-1

1e-2

1e-3

1le-4

N

-~ SGMRES(m,m)
< SGMRES(m,16)
- SGMRES(m,32)
FibGMRES(m,16)
FibGMRES(m,32)
—— GMRES(m)

48 96 144 192 240

Number of Matvecs

288

FibGMRES

DI&JE

VGMRES
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Numerical experiment with a large nonsymmetric matrix

FibGMRES
Nonsymmetric matrix (PRO2R + 1000 I) with n = 161070 and nz = 8185136 e
Condition numbers of AW with m =96 and s = 16 or s = 32
Condition for size m=96 of Modified PRO2R matrix - s=16,32
1e+30 T T
,/—/*’kig’dx
VGMRES
1e+20 F i
=
<
o - -8
S B
2 g
c
Q a
[&] 4
1e+10F 1
7 = SGMRES(m, 16)
/g - SGMRES(m,32)
FibGMRES(m, 16)
‘ FibGMRES(m,32)
1e+00%
48 9%
Krylov Size




Numerical experiment with a large restarting parameter

FibGMRES
Nonsymmetric matrix (PRO2R + 1000 |) with n = 161070 and nz = 8185136 ——
Convergence curves with m =192 and s = 16 or s = 32
Convergence with Krylov space size m=192 of modified PRO2R matrix - s=16,32
1e+0 T T T T -
" “ SGMRES(m,16)
>~ SGMRES(m,32) VGMRES
fe-1f FibGMRES(m, 16)
FibGMRES(m,32)
ok —— GMRES(m)
_ fe- B VIV ILVIVIVIIVEVEIVII
©
3
‘@ 1e3f X ]
o s .
2
F tedf Fq E
na:) E!EE}D{}DBEIE!E!E!D
o5k \E&Eaeacﬂaaga ]
BEEHEEH:\DG
16} S
&
5
17 ‘ ‘ . ‘ ‘ ‘

96 192 288 384 480 576
Number of Matvecs
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Numerical experiment with a large restarting parameter

FibGMRES
Nonsymmetric matrix (PRO2R + 1000 I) with n = 161070 and nz = 8185136 e
Condition numbers of AW with m =192 and s = 16 or s = 32
Condition for size m=192 of modified PRO2R matrix - s=16,32
1e+30 T ] VGMRES
% 1e+20 1
s [T e S = S - 3
S e
%
c
o
o
1e+10 1
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Numerical experiment with stagnation

Large spectrum spread matrix

Convergence curves with m =192 and s = 10
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Conclusion

FibGMRES(m,s)

@ A variable block size seems to converge faster than a fixed size

o Convergence seems related to the condition number of the largest block

Adaptive variation of s

Blocks computed via a Newton basis

Schwarz preconditioning

Coarse grid correction or augmented basis (deflation)

Parallel computations
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