ate
méti
cas

Uniqueness of solution of systems of generalized
Sylvester and x-Sylvester equations

Fernando De Teran

Departamento de Mateméticas
Universidad Carlos Il de Madrid
(Spain)

Bruno lannazzo
Joint work with: Federico Poloni  m::
Leonardo Rabol

NL2A, Luminy
Oct 25, 2016

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution NL2A 1/31



Outline

0 Introduction

Q Reduction to periodic systems

e A characterization using formal products
@ The matrix pencil approach

© Main ideas

@ Conclusions

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution

NL2A

1/31



Introduction

Outline

Q Introduction

Systems of generalized Sylvester egs: unique solution



Generalized Sylvester equations

AXB—CXD=E (generalized Sylvester)
AXB-CX*D=E (generalized *-Sylvester) *=T,*
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Generalized Sylvester equations

AXB—CXD=E (generalized Sylvester)
AXB-CX*D=E (generalized *-Sylvester) *=T,*

Particular cases:
AX—-XD=E (Sylvester)

AX-X*D=E (x-Sylvester)
IF” We are interested in:

Systems of all previous equations (coupled):

Ai)(jBl'fcl'XkADl':Eia iajak A:17*
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Generalized Sylvester equations

AXB—CXD=E (generalized Sylvester)
AXB-CX*D=E (generalized *-Sylvester) *=T,*
Particular cases:
AX—-XD=E (Sylvester)
AX-X*D=E  (xSylvester) | All €™ matrices

I¥" We are interested in:

Systems of all previous equations (coupled):

Ai)(jBl'fcl'XkADl':Eia iajak A:17*
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Introduction

Main goals

=—=v | When does

A,‘XjB,‘—C,‘Xk‘D,‘ZE,', i,j,k A=1x%

have unique solution for any right-hand side E;?
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Main goals

=—=v | When does

A,‘XjB,‘—C,‘Xk‘D,‘ZE,', i,j,k A=1x%

have unique solution for any right-hand side E;?

Provide an O(n®) algorithm to compute the (unique) solution.

m:
CIll
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The vec approach

vec (AXB— CX4D) = vec(E) leads to
o[a=1] [BT®A-(C®DT)]vec(X) = vec(E)
o[a=T| [BT@A-N(C&D")]vec(X) = vec(E)

o [a=x] (BT ®@A)vec(X)—N(C®D")vec(X) = vec(E)
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vec (AXB— CX4D) = vec(E) leads to
o[a=1] [BT®A-(C®DT)]vec(X) = vec(E)
o[a=T| [BT@A-N(C&D")]vec(X) = vec(E)

Linear over IF v/

o [a=x] (BT ®@A)vec(X)—N(C®D")vec(X) = vec(E)
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The vec approach

vec (AXB— CX4D) = vec(E) leads to
o[a=1] [BT®A-(C®DT)]vec(X) = vec(E)
o[a=T| [BT@A-N(C&D")]vec(X) = vec(E)

Linear over IF v/

o [a=x] (BT ®@A)vec(X)—N(C®D")vec(X) = vec(E)

Not linear over C~~ vec(X) = [vec (Re X); vec (Im X)]
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The vec approach

vec (AXB— CX4D) = vec(E) leads to
o[a=1] [BT®A-(C®DT)]vec(X) = vec(E)
o[a=T| [BT@A-N(C&D")]vec(X) = vec(E)

Linear over IF v/

o [a=x] (BT ®@A)vec(X)—N(C®D")vec(X) = vec(E)
Linear over R v~ vec(X) = [vec (Re X); vec (Im X)]
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The vec approach

vec (AXB— CX4D) = vec(E) leads to
o[a=1] [BT®A-(C®DT)]vec(X) = vec(E)
o[a=T| [BT@A-N(C&D")]vec(X) = vec(E)
Linear over I v
o [a=x] (BT ®@A)vec(X)—N(C®D")vec(X) = vec(E)
Linear over R v~ vec(X) = [vec (Re X); vec (Im X)]

I"AXB — CXAD = E can be written as a linear system MY = b:

| vec(X), if A =T,1
_{ [vec(Re X); vec(ImX)], if A =x

Fernando De Teran (UC3M)

Systems of generalized Sylvester egs: unique solution
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Introduction

The vec approach (cont.)

|AXB—CXAD=E & MY =b)|

e FPx? i A =1,T,
REACP) if g = ¢
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Introduction

The vec approach (cont.)

|AXB—CXAD=E & MY =b)|

2

el FTTL o ita=tT,
RCPX@P)  if o —

® Too large!
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Introduction

The vec approach (cont.)

|AXB—CXAD=E & MY =b)|

2

el FTTL o ita=tT,
RCPX@P)  if o —

® Too large!

® Not easy to handle with
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Introduction

The vec approach (cont.)

|AXB—CXAD=E & MY =b)|

2

el FTTL o ita=tT,
REACP)if & = ¢

® Too large!
® Not easy to handle with

I¥" Combined with:

@ Appropriate permutation of rows/columns.
@ Periodic Schur decomposition (F =R, C).

® It will be useful!!
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Linearity and uniqueness of solution

A,')(jI.B,'fc,'XkAiD,': E,‘ < MY =>b
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Linearity and uniqueness of solution

A,')(jI.B,'fc,'XkAiD,': E,‘ < MY =>b

» Unique solution for any b = M square.
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Linearity and uniqueness of solution
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» Unique solution for any b = M square.
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Linearity and uniqueness of solution

A,‘)(jI.B,'fc,'XkAiD,': E,‘ < MY =>b

» Unique solution for any b = M square.

» If M is square:

AiX; B — C,-Xk‘i D; = E; has a unigue solution

AiX;. B — C,-Xk‘,, D; = 0 has a unique solution
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Linearity and uniqueness of solution

A,‘)(jI.B,'fc,'XkAiD,': E,‘ < MY =>b

» Unique solution for any b = M square.

» If M is square:

AiX; B — C,-Xk‘i D; = E; has a unigue solution

AiX;. B — C,-Xk‘,, D; = 0 has a unique solution

5" We only need to look at the homogeneous equation!
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Introduction

Related work

@ Systems of generalized Sylvester equations:
@ Uniqueness (periodic systems): [Byers-Rhee'95]
e Consistency, uniqueness (structured coefficients/solutions/equations,
matrices over other sets, ...): [Wang-Sun-Li'02], [Lee-Vu'12], [He-etal'16], ...

@ Systems of coupled generalized Sylvester and x-Sylvester equations:

o lterative methods (structured coefficients and solution): [Dehghan-Hajarian’11],
[Song-Chen-Zhao'11], [Wu-etal’'11], [Wu-etal’11], [Beik-etal'13], [Song-etal'14], ...

o Consistency: [Dmytryshyn-Kagstrom'16]

e Uniqueness: 2??
mi::

[l
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Introduction

Related work

@ Systems of generalized Sylvester equations:
@ Uniqueness (periodic systems): [Byers-Rhee'95]

e Consistency, uniqueness (structured coefficients/solutions/equations,
matrices over other sets, ...): [Wang-Sun-Li'02], [Lee-Vu'12], [He-etal'16], ...

@ Systems of coupled generalized Sylvester and x-Sylvester equations:

o lterative methods (structured coefficients and solution): [Dehghan-Hajarian’11],
[Song-Chen-Zhao'11], [Wu-etal’'11], [Wu-etal’11], [Beik-etal'13], [Song-etal'14], ...

o Consistency: [Dmytryshyn-Kagstrom'16]

Most general setting !!!

e Uniqueness: This talk <’
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Introduction

Motivation: the case r = 1

Theorem [chus7]

AXB — CXD = 0 has only the trivial solution iff A—AC and D — AB are regular
and have disjoint spectra.

Theorem [DT-lannazo’16]

AXB— CX*D = 0 has only the trivial solution iff

2(0) = { AD*  B* }

-A AC

is regular and
[ =x]: Lid; # 1 (A;,4; e-vals of 2).
[« =T 4 #1 (A, # +1 e-vals of 2) and A = +1

have multiplicity < 1.
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Reduction to periodic systems

Outline

e Reduction to periodic systems
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Reduction to periodic systems

Most general setting

‘A,-X,-B,- —CXADi=E;,  ijk

@ r (matrix) equations and s (matrix) unknowns.
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‘A,-X,-B,- —CXADi=E;,  ijk

@ r (matrix) equations and s (matrix) unknowns.

@ The unknowns X;, X can be equal or different.
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Reduction to periodic systems

Most general setting

‘A,-X,-B,- —CXADi=E;,  ijk

@ r (matrix) equations and s (matrix) unknowns.
@ The unknowns X;, X can be equal or different.

@ A=1x notboth x and T can appear !!
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Reduction to periodic systems

Most general setting

‘A,-X,-B,- —CXADi=E;,  ijk

@ r (matrix) equations and s (matrix) unknowns.
@ The unknowns X;, X can be equal or different.
@ A=1x notboth x and T can appear !!

@ Msquare=r=s
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Reduction to periodic systems

Irreducible systems

S: a system of (matrix) equations. Then

S=S1USU---USy
Sq,...,S, irreducible

@ S has a unique solution iff S; has a unique solution, forall i=1,... ¢.

@ If S has a unique solution, then S; has the same number of equations and
unknowns.

5" We can focus on irreducible systems.

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution NL2A 10/31



Reduction to periodic systems

All unknowns appear exactly twice

If some X; appears just once in S (with unique solution), say in
Aj)(/Bj + Cij‘ Dj =0, then
@ A;,B; are invertible.
—1 —1
Xj=—A CiXxpe DB

@ Sis equivalent to: {
r—1

@ S,_1 irreducible with r — 1 equations in the r — 1 unknowns
X17...,)(/',1,)(/‘+1,...,Xr
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If some X; appears just once in S (with unique solution), say in
Aj)(/Bj + Cij‘ Dj =0, then
@ A;,B; are invertible.
—1 —1
Xj=—A CiXxpe DB

@ Sis equivalent to: {
r—1

@ S,_1 irreducible with r — 1 equations in the r — 1 unknowns
X17...,)(/',1,)(/‘+1,...,Xr

5" We can remove the equations corresponding to unknowns appearing just
once.
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Reduction to periodic systems

All unknowns appear exactly twice

If some X; appears just once in S (with unique solution), say in
Aj)(/Bj + Cij‘ Dj =0, then
@ A;,B; are invertible.
—1 —1
Xj=—A CiXxpe DB

@ Sis equivalent to: {
r—1

@ S,_1 irreducible with r — 1 equations in the r — 1 unknowns
X17...,)(/',1,)(/‘+1,...,Xr

5" We can remove the equations corresponding to unknowns appearing just
once.

I5” In the new system, all unknowns appear exactly twice.
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Reduction to periodic systems

Reduction to a periodic system with at most one «

Given the irreducible system

A,‘)(jB,'—I-C,'Xk‘D,':E;, i,j,k, A:1,*

with each unknown appearing exactly twice.

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution NL2A



Reduction to periodic systems

Reduction to a periodic system with at most one «

Given the irreducible system

AiX;Bi+ Ci X D; = E;, ij,k, A=1x
with each unknown appearing exactly twice.

@ There is an equivalent system (periodic)

7\,-X,-§,-+5,-Xi§r15,- = E,‘, i:1,...,f,

(Relabelling the variables and applying *, if necessary)
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Reduction to periodic systems

Reduction to a periodic system with at most one «

Given the irreducible system

AiX;Bi+ Ci X D; = E;, ij,k, A=1x
with each unknown appearing exactly twice.

@ There is an equivalent system (periodic)

AiXiB;j+CiX 4D = E, i=1,..r,
Xr+1 = X1 .
(Relabelling the variables and applying *, if necessary)

@ There is an equivalent system (periodic)

AXB+CX,+1D = E, i=1,..,r-1,
ArXrBr+CrX Dr - Er.

(Applying %, and changing variables X; — X7, if necessary)
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Reduction to periodic systems

Reduction to a periodic system with at most one «

Given the irreducible system

AiX;Bi+ Ci X D; = E;, ij, K, A=1x
with each unknown appearing exactly twice.
@ There is an equivalent system (periodic)
AXBi+CXA,Di = E, i=1,..r,
Xr i1 = X.
(Relabelling the variables and applying *, if necessary)

@ There is an equivalent system (periodic)

AiXiBj+ CiXi1Dp = Ej, =1
ArXrBr + CfX‘]A Dr - Er.

N Ll
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A characterization using formal products

Outline

e A characterization using formal products
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The periodic Schur decomposition

Theorem [Bojanzyck-Golub-VanDooren’92]

Given My, Nx € C™" k=1,...,r. There are Qx,Z unitary, for k =1,... r,
such that

(Periodic Schur

QuMiZic=Ti,  QNiZicr1 = Ri decomposition)

where Ty, Ry are upper triangular and Z,, 1 = Z;.

m:
CIll
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Eigenvalues of formal products

Given the formal product
N=N"MN_" M _4---N; "My
through the periodic Schur decomposition of M;, N;,
QM Zi = Tx,  QjNkZis1 = Rx,
we define its eigenvalues

r .
po= Wi iy 5 )

IR GAT
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Eigenvalues of formal products

Given the formal product
N=N"MN_" M _4---N; "My
through the periodic Schur decomposition of M;, N;,
QM Zi = Tx,  QjNkZis1 = Rx,
we define its eigenvalues

2= [Te—1 (Ti)i

(Z;'Nzy=R'"T, R\ T, 1R 'Ty)
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Eigenvalues of formal products

Given the formal product
N=N"MN_" M _4---N; "My
through the periodic Schur decomposition of M;, N;,
QM Zi = Tx,  QjNkZis1 = Rx,
we define its eigenvalues

1, = M (TWi
" Mkt (R’

Definition: M is singular if:  [T;_¢(Tx)i = [Tx_4(R«)ii =0, for some
ie€{1,2,...,n} (and regular otherwise).

i=1,2,...,n.
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A characterization using formal products

Eigenvalues of formal products

Given the formal product

N=N"MN_" M _4---N; "My
through the periodic Schur decomposition of M;, N;,
QuMZc =Ty, QkNikZiy1 = R,
we define its eigenvalues

_ It (Tiii
[Th—1 (Rk)ii’

Definition: M is singular if:  [T;_¢(Tx)i = [Tx_4(R«)ii =0, for some
ie€{1,2,...,n} (and regular otherwise).

7L,‘ i:1,2,...,n.

» Considered by several authors: [Bojanzyck-Golub-VanDooren'92],

[Benner-Mehrmann-Xu’02], [Granat-Kagstrom’'06a—b], [Granat-Kagstrom-Kressner'07a—b], ...

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution

NL2A



A characterization using formal products

Main result (first formulation). The case A =1

Theorem
The system

AkaBk—Cka_HDk:O, k=1,....r—1
ArXrBr - CrX1 Dr E 0

has only the trivial solution iff
C,'A.C LA 1--C;'Ay and DB 'D B .. DB’

are regular and have no common e-vals.
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A characterization using formal products

Main result (first formulation). The case A = *

Theorem
The system

AcXiBi— CkXis 1Dk =0,  k=1,...
ArXrBr — CrX‘TDr = 0

has only the trivial solution iff
N=D,*B;D,*B;_y---D*B{C; 'A.C. 1 A _1---C A
is regular and
[x=x*]: LiA; # 1 (A, A e-vals of ).
[x =T Ay #1 (4,4 # —1 e-vals of M), and 1 = —1 has

multiplicity < 1.
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The matrix pencil approach

@ The matrix pencil approach

Systems of generalized Sylvester egs: unique solution



The case A = %

AkaBk—Cka_HDk:O, k:1,...,f—1,

The system AX:B, — CX; D, = 0. has only the
trivial solution iff the matrix pencil
[2A;  Cy i
)LA( Cr
2(A) = Ao
- Dy
-D; AB; |

is regular and
Z A/Ij #*1 (l/,)«j e-vals of Q)
: Aidj # 1 (Aj # A; e-vals of 2) and A2" = —1 for any A e-val of 2.

4

=

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution NL2A 17/31



The case A =1

Theorem [Byers-Rhee'95]

The system

AkaBk—Cka+1Dk:O, k:1,...,r—1,
ArXrBr - CrX1 Dr S 0

has only the trivial solution iff the matrix pencils

LA, Gy AD; By
AAs and ADs
o Crq B4
Cf 2'Af Br )uDr
are regular and have no common e-vals.
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Main ideas

Outline

© Main ideas
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Main ideas

Two basic ideas (o =1, T)

2" Main procedure:

@ Get an equivalent system with A;, C; upper triangular and
B;, Dj lower triangular (using the periodic Schur).

© Rearrange the equations / unknowns of the big linear system
to get a block-diagonal matrix.
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Main ideas

Two basic ideas (o =1, T)

2" Main procedure:

@ Get an equivalent system with A;, C; upper triangular and
B;, Dj lower triangular (using the periodic Schur).

© Rearrange the equations / unknowns of the big linear system
to get a block-diagonal matrix. How???
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Main ideas

Two basic ideas (o =1, T)

2" Main procedure:

@ Get an equivalent system with A;, C; upper triangular and
B;, Dj lower triangular (using the periodic Schur).

© Rearrange the equations / unknowns of the big linear system
to get a block-diagonal matrix.

Choose an appropriate ordering!!
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Main ideas

An equivalent system with triangular coeffs. (Ao = 1)

QiAZi = Ax, QiCkZis1 = Cx,

Ay, Cx upper triangular ~ periodic Schur form of C; 'A,.C-\ A, 1---C; A
QBZx=B;, QiDjZx,1=D;

E;, 5; upper triangular ~ periodic Schur form of D, *B;D,*B; ,---D;"Bj

r—1=r-1
Then
AxXkBk — CkXkr1Dk=Ex  (k=1,....r)

is equivalent to:
A X By — Ci X1 Dy = Qi Ak Zk X Zii Bk Qk — Qi Ch Zic 1 Xk 11251 Dk Ok
— QiEcQy = Ex.
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Main ideas

An equivalent system with triangular coeffs. (A = T)
QiAZi = Ay, Qi CkZi+1 = Ci, Zori1 =4y,

T BT T AT
Q;J,-kBkZFI»k:Bk? Q;-k+kaZr+k+1:Dk, k:1,2,...,l’,

(Z\k, ?;k., B;, ﬁ; upper triangular) ~ periodic Schur form of
D, "BD,\B/ Dy TB{C,TAC, Ay Cy T Ay
Then
AkakaCkaHDk:Ek (k: 1,...,[’71)
ArXrBr - CrX1 Dr = Er
is equivalent to:
AXiBi — CicXi 11Dk = QpAkZk Xk Z, 1 B Qr ik — Qp CuZi i1 Xk 112, 11 Dk Q-
= Qi (AxXk Bk — Ck X1 Dk ) Qv k
= Q4ExQryx = Ex,
2\r)A(rEr — Lr 1ﬁr = Q;FArZr)A(rZQTrBrézr - Q;k CrZ,+1 )A(1TZ1TDrC?2r
= Q; (A X;B— C:X{ D;)Qu,
= QEQ =E. (el

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution NL2A 21/31



Main ideas

Choosing an appropriate ordering (l)

The left-angle property
(foranorderon {1,2,...,n} x{1,2,...,n}):

O O o X
O O O O
O O O O O o X
o O 0 O 0O O O
O O 0 0O 0 O O
O O 0 O 0 O O

O O O O

= nxn
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Main ideas

Choosing an appropriate ordering (l)

The left-angle property
(foranorderon {1,2,...,n} x{1,2,...,n}):

O O O X
O O O O
O O O O
O O O O O o X
0O O 0O O O O O
O O 0 O 0O O O
0O O 0 O 0O O O

= nxn

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution
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Main ideas

Choosing an appropriate ordering (l)

The left-angle property
(foranorderon {1,2,...,n} x{1,2,...,n}):

X O (@] (e)
e x<o

(@] O (@] (e}

O (@] O (o] .. L.

X o o o o0 o0 o O(I,j)and.(j,l)(x)are

consecutive.
(o] (@] O O (@] O (@]
(@] (@] O O (@] O (@]
L (@] (@] O O (@] O (@]

= nxn
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Main ideas

Choosing an appropriate ordering (ll)

(ij.K): { (i,)) entry of X ~ 9/ (unknowns)
7 e (AkXk Bk — CikXik1Dk)ej = (Ex)j ~ & (equations)

If <is an order on both % and & satisfying:
(i,j,k) < (1',j/,K") whenever (i,j) <o (1,]),

with <, satisfying the left-angle property, then:
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7 e (AkXk Bk — CikXik1Dk)ej = (Ex)j ~ & (equations)

If <is an order on both % and & satisfying:
(i,j,k) < (1',j/,K") whenever (i,j) <o (1,]),

with <, satisfying the left-angle property, then:

M is block-diagonal with r x r and (2r) x (2r) diagonal blocks.
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Main ideas

Choosing an appropriate ordering (ll)

(ij.K): { (i,)) entry of X ~ 9/ (unknowns)
7 e (AkXk Bk — CikXik1Dk)ej = (Ex)j ~ & (equations)

If <is an order on both % and & satisfying:
(i,j,k) < (1',j/,K") whenever (i,j) <o (1,]),

with <, satisfying the left-angle property, then:

M is block-diagonal with r x r and (2r) x (2r) diagonal blocks. |

e r x r blocks: Correspond to (Xji)1,...,(Xji)r-
e (2r) x (2r) blocks: Correspond to (Xj)1, ..., (Xj)r, i # J.
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Main ideas

Some particular orderings

Foreach1<k<r:

X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X

<cR: Column-row ordering <s: Squaring ordering < a: Anti-diagonal ordering
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X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X
X X x x x K X X x x x K][Ix x x x x KX
x x x x K K|l|x x x x K K|[x x x x K K

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Main ideas

Some particular orderings

Foreach1<k<r:

X X X X X X
X X X X X X
X X X X X X
XX X X X X
XX X X X X
XX NMKX X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
XX X X X X
XX X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
XX X X X X
XXX X X X

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Main ideas

Some particular orderings

Foreach1<k<r:

X X X X X X
X X X X X X
X X X X X X
K X X X X X
X X X X X X
XXXKX X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
KX x X X X
XX KX X X
X X X X X X
X X X X X X
X X X X X X
K X X X X X
KX x X X X
XXX X X X

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

X X X X X X
X X X X X X
XX X X X X
K X X X X X
K X X X X X
XNXKXKKX X
X X X X X X
X X X X X X
X X X X X X
KX X X X X
XXX X X X
XXX X X X
X X X X X X
X X X X X X
X X X X X X
KX X X X X
KX X X X X
XNXKX X X

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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KX X X X X
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X X X X X X
XX X X X X
KKK KX KX
X X X X X X
X X X X X X
X X X X X X
XX KX X X
XXX X X X
XXX X X X
X X X X X X
X X X X X X
KX X X X X
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XX KX X X
XXX X X

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Main ideas

Some particular orderings

Foreach1<k<r:

XX X X X X
KX X X X X
KX X X X X
X X X X X X
XX X X X X
XXX KX KX
X X X X X X
X X X X X X
KX X X X X
XXX X X X
XXX X X X
XXX X X
X X X X X X
X X X X X X
XX X X X X
XXX X X X
XXX X X X
XXXX X X

<cr: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XX X X X X
KX X X X X
KX X X X X
XX X X X X
XXX X X X
XXX XX
X X X X X X
X X X X X X
KX X X X X
XXX X X X
XXXX X X
XXX X X
X X X X X X
XX X X X X
KX X X X X
XX X X X X
XXXX X X
XX XXX X

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XX X X X X
KX X X X X
XXX X X X
XX X X X X
XXX X X
KX XXX KX
X X X X X X
X X X X X X
XXX X X X
XXXX X X
XXX X X
XXX X X
X X X X X X
XX X X X X
KX X X X X
XXX X X X
XXXX X X
XX XXX X

<cr: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XX X X X X
KX X X X X
XXX X X X
XX X X X X
XX XXX X
KX XKKX KX
X X X X X X
X X X X X X
XXXX X X
XXX X X
XXX X X
XXX X X
X X X X X X
XX X X X X
KX X X X X
XKXKKX X X
XXX X X
MK XXX X

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XX X X X X
KX X X X X
XXX X X X
XX X X X X
XXX X X
KKK XKKX KX
X X X X X X
X X X X X X
KX XKKX X X
MK XK X X
XXXX X X
XXX X X
X X X X X X
XX X X X X
KX X X X X
KKK X X X
X XXX X X
XX XXX

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XX X X X X
KX X X X X
XXX X X X
XX KX X X
XXX XX
KKK XKKX KX
X X X X X X
XX X X X X
KX XKK X X
MK XK X X
XXXX X X
XXX X X
X X X X X X
XX X X X X
XXX X X X
XXXX X X
XKXKXRX KX X
X XXX KX

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

X x x x K K|[[|x x x x X X X x xXx x K KX
x x x x K K|l [|x x x K K K|[x x x x K K
x x x X K KMKl|x x K K K K|l[x x x K X K
x x X K X K| |Ix X X KK X |x x KK KX K
X X X X X K|l[x ¥ XK KX KXKIIK KK X X KX
X X X X X KX|l[Ix ¥ X XKXKIKKXKKKXKXK X X KX

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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x x x XK XK Kfl|ix X K XK K Kl[x x x KX KX
x XN X K XK X |Ix X X KX X |Ix XX KX K
X X X X X K|l|Ix ¥ XK KXKIIKKK X X KX
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Some particular orderings

Foreach1<k<r:

KX KX X X
KXKXX X X
XKXKX X X
MK XXX KX
X XKXKXKX
X XKXKKXKX
X X X X X X
KXNXKX KX X
XXNXKXKX X
XNXNXKXKX X
XXNXKXKX X
KXNXKXKX X
KX X X X X
KXKXKX X X
KX KXKX X X
XXKXKX KX X
XX XXX X
XX KXKXKX

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XXX X X X
XXX X X X
KKK X X X
XXX XK
XXX XK
XX XX KX
X X X X X X
XXX X X
XXXXRX X
XXX K X
KX XXX X
XX XX KX
XXX X X X
XXX X X X
XXXRKX X X
XXX KXKX
KX XX K
XXX XK

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XXX X X X
X XXX X X
KX XXX X
XXX XK
XXX XK
XX XX KX
KX X X X X
XXX X X
XXXXRX X
XXX K X
XX XX KX
XXX XK
KKK X X X
XXX X X
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KX XX K
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Some particular orderings

Foreach1<k<r:

XXX X X X
XXX X X
KKK KX
XXX XK
XXX XK
XX XX KX
XXX X X X
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XXXXRX X
KKK KX
XXX XK
XXX XK
XXX X X
KX XK X X
XXX KX KX
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Some particular orderings

Foreach1<k<r:

XXX X X
XXX X X
KK KKK
XX XX K
XXX XK
XX XX KX
XXX X X
XXX RX X
XXX KXKX
KX KKK
XXX XK
XX XX KX
XXX X X
XX XXX X
XX XX KX
XX XXX
KX XK K
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<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XXX KX X
KX XXX KX
KK KKK
XXX XK
XXX XK
XX XX KX
XX XXX X
XXX KX KX
XX XXX
XXX K
XXX XK
XXX XK
XXX X X
XXX KX KX
XX XX KX
XX XXX
KX XX K
XXX XK

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XXX KX KX
XX XXX
KKK KK
XXX XK
XXX XK
XX XXX
XX XX KX
XX XXX
XX XXX
KX KKK
XXX XK
XXX XK
XX XX KX
XXX XK
XX XXX
XX XXX
KX XX K
XXX XK

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering
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Some particular orderings

Foreach1<k<r:

XXX KX KX
XX XXX
KKK KK
XXX XK
XXX XK
XX XXX
XX XX KX
XX XXX
XX XXX
KX KKK
XXX XK
XXX XK
XX XX KX
XXX XK
XX XXX
XX XXX
KX XX K
XXX XK

<cR: Column-row ordering <g: Squaring ordering < a: Anti-diagonal ordering

» We choose an ordering < on (i.j, k) such that (i,j,k) < (i,j,k") for k <K’
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Main ideas

Diagonal blocks: A =1

With any of these orderings, the diagonal blocks are:

(A)ii(B1)i - —(C1)i(Dy)ii

M;; := -
(Ar—1)ii(Br=1)ii —(Cr=1)ii(Dr-1)ii
—(Cr)ii(Dr)ii (An)ii(Br)ii
and
(A)i(B1)j  —(C1)i(D1)j
M,‘j = . i
(Ar-1)i(Br-1)j  —(Cr-1)i(Dr-1)j
_(Cr)ii(Dr)jj (Ar)ii(Bf)jj
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Main ideas

Diagonal blocks: A =1

With any of these orderings, the diagonal blocks are:

(A)ii(B1)i - —(C1)i(Dy)ii

M;; := -
(Ar=1)i(Br=1)i —(Cr—1)i(Dr-1)ii
—(Cr)ii(Dr)ii (An)ii(Br)ii
det M = [Tk (Ax)i(Bx)ii — ITk—1(Ck)ii( Dx)ii
and
(A)i(B1)j  —(C1)i(D1)j
M,‘j = . i
(Ar-1)i(Br-1)j  —(Cr-1)i(Dr-1)j
_(Cr)ii(Dr)jj (Ar)ii(Bf)jj
det M = [Tk (Ak)ii(Bk)jj — ITk—1 (Ck)ii( Dx)j m::
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Diagonal blocks: A =T

With these orderings, the diagonal blocks are:

M — [ B —(Cr)ii(Dr)jjereT]
T [=(C)ji(Dyiverey B ’

where

(A)ii(By)j  —(C1)ii(Dy);

—(Cr-1)ii(Dr-1)ji .
(Ar)ii(Br)jj

(Mj; as for A =1)
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Diagonal blocks: A =T

With these orderings, the diagonal blocks are:

M — [ B —(Cr)ii(Dr)jjereT]
T [=(C)ji(Dyiverey B ’

where

(A)ii(By)j  —(C1)ii(Dy);

ﬂij = .
—(Cr—1)ii(Dr-1)j
(Ar)ii(Br)jj

det Mj; = [Tx_1 (Ak)ii(Bx)ii(Ax)ji( Bk)j — k=1 (Ck)ii(Dk)ii(Ck);i( Dk)jj

(Mj; as for A =1)
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The pencil approach: idea of the proof

@ det2(A) =TI (A2 TTj_1 (Ax)i(Bg)ii + ks (Ci)ii( Dy)i)

Q |\ (2)= Y7 |, where

Fernando De Teran (UC3M) Systems of generalized Sylvester egs: unique solution NL2A 27/31



The case A = %

Lemma

The system

(1) AkaBk_Cka+1Dk:0’ k:1,...,f—1,
ArXrBr - CrX1* Dr = 0

has a unique solution if and only if the system

AkaBk—Cka+1Dk=O, k:1,...,r—1,

(2) ArXrBr - CrXr+1 Dr - 07
B; Xk Ar — Di Xriks1Cp =0, k=1,...,r—1,

Bt Xo, At — DX, C; =0

has a unique solution.
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The case A = %

Lemma
The system

(1) { AkaBk_Cka+1Dk:O, k:1,...,f—1,

ArXrBr - CrX1* Dr = 0
has a unique solution if and only if the system
AkaBk—Cka+1Dk=0, k:1,...,r—1,
(2) ArXrBr - CrXrJr1 Dr = 07
B Xr kA — D Xrik41C =0, k=1,...,r—1,
Bi XorA; — DrX1CF =0

has a unique solution.

Proof (Xj,...,Xr) # 0 solution of (1) = (Xi,..., X, X},..., X}) # 0 solution of (2).
(X4, Xr, X 11, .., Xor) nonzero solution of (2) = (X; + X/ 4,..., Xr + X5,) solution of
(M- F (X + X, X+ X5,) =0, then X,y j = —X/, fori=1,....r, and i(X1,...,X,)[r51;l;l

is a nonzero solution of (1). O
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The case A = %

Lemma

The system

(1) AkaBk_Cka+1Dk:0’ k:1,...,f—1,
ArXrBr - CrX1* Dr = 0

has a unique solution if and only if the system

AkaBk—Cka+1Dk=O, k:1,...,r—1,

(2) ArXrBr - CrXr+1 Dr - 07
B; Xk Ar — Di Xriks1Cp =0, k=1,...,r—1,

Bt Xo, At — DX, C; =0

has a unique solution.

Not true for T instead of x !!!

Counterexample: x; +x; =2x;=0  vs { Z1+2=0

Z1+2=0 mi:
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Main ideas

The case A = x (ctd.)

The results for Ao = x follow from the ones for A = 1:
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Main ideas

The case A = x (ctd.)

The results for Ao = x follow from the ones for A = 1:

Ak Xk Bk — CiXi1-1 Dk = 0,
ArXrBr - CrX1* Dr = 0

unique
sol.

Fernando De Teran (UC3M)

Ak Xk Bk — Cx Xy11Dx =0,
ArXrBr - CrXr+1 Dr = 07

Bi Xo, At — DX Ci =0

Bi Xy kAk — DiXr ki1 Ci =0,

Systems of generalized Sylvester egs: unique solution

unique
sol.
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Main ideas

The case A = x (ctd.)

The results for Ao = x follow from the ones for A = 1:

Ay Xy Bk — Cic X1 D =0,

A X, By — Cka+1 Dy =0, |unique o A X, By — CrXr+1 D, =0, unique
ArX;Br — C:X; Dy =0 sol. B; X, 4 As — DXk 1CL =0, | sol.

Bi Xo, At — DX Ci =0

Applying the result for A =1, this is equivalent to:
My=D;*B;D,*B;_y Dy *B{C, A C, Ay - Cy 1 A

and
Ak Ak Ak —x% * A—* —1 —1 —1
Mp=CiA "C;_4A % ---C{A"DrB, 'D,r_1B,---D1 B,
are regular and have no common eigenvalues.
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Main ideas

The case A = x (ctd.)

The results for Ao = x follow from the ones for A = 1:

A Xk Bk — Cy X1 Dk = 0,
A X, By — Cka+1 Dy =0, |unique o A X, By — CrXr+1 D, =0, unique
ArXBy — /XDy =0 sol. B; X, 4 As — DXk 1CL =0, | sol.

Bi Xo, At — DX Ci =0

Applying the result for A =1, this is equivalent to:
My=D;*B;D,*B;_y Dy *B{C, A C, Ay - Cy 1 A

and
Ak Ak Ak —x% * A—* —1 —1 —1
Mp=CiA "C;_4A % ---C{A"DrB, 'D,r_1B,---D1 B,
are regular and have no common eigenvalues.

IF” g-vals of My: {Aq ,2,2, e 7A.n} :>E-Va|S of Mo: {(IA] )71 ,(12)71 RN (In)71 },
so they are disjoint if and only if 4;4; # 1.
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Main ideas

An O(rn3) algorithm

o Compute the periodic Schur decomposition ~ O(rn3)
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Main ideas

An O(rn3) algorithm

o Compute the periodic Schur decomposition ~ O(rn3)

o Solve the block diagonal equations: O(r) (each) ~ O(rn?)
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Main ideas

An O(rn3) algorithm

o Compute the periodic Schur decomposition ~ O(rn3)
o Solve the block diagonal equations: O(r) (each) ~ O(rn?)

o Compute the right-hand side: O(rn) (each) ~ O(rn®)
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Conclusions

e Characterization for the uniqueness of solution of general
systems of coupled generalized Sylvester and x-Sylvester
equation.
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Conclusions
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e In terms of spectral properties of formal products.
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Conclusions

e Characterization for the uniqueness of solution of general
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