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The problem

Consider a finite population of haploid individuals which reproduce
asexually evolving stochastically in time.

Fabio Chalub / UNL Wright-Fisher Dynamics 9/6/2016 2/17



The problem

Consider a finite population of haploid individuals which reproduce
asexually evolving stochastically in time.

N I N
L4

Fabio Chalub / UNL Wright-Fisher Dynamics 9/6/2016 2/17



The problem

Consider a finite population of haploid individuals which reproduce
asexually evolving stochastically in time.

h 4

h 4

Fabio Chalub / UNL

Wright-Fisher Dynamics



The problem

Consider a finite population of haploid individuals which reproduce
asexually evolving stochastically in time.

- N - N
Q0 [—FH 00O | —F7 00O [----- >
Q909 ' 09 ' Q909
\‘ "
A L4
A L4
A L4

~, 4

Update rule

Fabio Chalub / UNL Wright-Fisher Dynamics 9/6/2016 2/17



The problem

The update rule attributes probabilities for all possible outcomes...

* - N [ N~ N+
00 09 - 00
Q00 00 Q00 Q00
* - N %/. ’\% %@/ \M‘ (* N~ N+
* 2= N My " " * )
00 - N * )
(* N N* ) Q09
we "L
* 2N N @/
900 00 00 009
LA 00 Q00 Q09

Fabio Chalub / UNL Wright-Fisher Dynamics



The problem

The update rule attributes probabilities for all possible outcomes...

...from all initial conditions
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The problem

If there are no mutations in the population, then, after a sufficiently long
time, the population will be homogeneous. We say that one type fixate,
while the all the others were extinct.
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The problem

If there are no mutations in the population, then, after a sufficiently long
time, the population will be homogeneous. We say that one type fixate,
while the all the others were extinct.

A mutant gene which appeared in a finite population will
eventually either be lost from the population or fixed
(established) in it. Motoo Kimura.
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The problem

Questions:

Given a certain initial condition, what is the probability that a given
type eventually dominates the entire population?
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The problem

Questions:

Given a certain initial condition, what is the probability that a given
type eventually dominates the entire population?

How the fixation probability behaves with respect to the initial
condition?

What changes if reproduction is time-dependent?
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The Wright-Fisher model

We start by studying a population of fixed size N composed by individuals
of two types, A and B.
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The Wright-Fisher model

We start by studying a population of fixed size N composed by individuals
of two types, A and B.

Let p; is the probability to select an individual of type A in a population
with /i individuals of type A and N — i individuals of type B.

po =0, pi€(0,1)fori=1...,N—1, py = 1.
We call p = (po, p1,- - -, pn) the type selection probability vector.

Fabio Chalub / UNL Wright-Fisher Dynamics 9/6/2016 6 /17
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We start by studying a population of fixed size N composed by individuals
of two types, A and B.

Let p; is the probability to select an individual of type A in a population
with /i individuals of type A and N — i individuals of type B.
po =0, pi€(0,1)fori=1...,N—1, py = 1.
We call p = (po, p1,- - -, pn) the type selection probability vector.
The transition matrix of the Wright-Fisher process is given by

N 1 = 0
MU:(i)pjl'(]'_pj)N—’7’.’./':07""/\/7 M=10 M 0
0 *x 1

with M > 0 (i.e., My >0 fori,j=1,...,N—1).
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The Wright-Fisher model

We define F;, the fixation probability of type A given an initial condition
with J individuals of type A.
Fo=0, Fie(0,1)fori=1,...,N—1, Fy=1.

We have to solve
WL
i
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The Wright-Fisher model

We define F;, the fixation probability of type A given an initial condition
with J individuals of type A.
Fo=0, Fie(0,1)fori=1,...,N—1, Fy=1.

We have to solve
WL
i

We define the fixation probability vector F = (Fo, F1, ..., Fy) and then.

F is the unique solution of F=FM, Fy=0,Fy=1.

We say that a vector is a = (ag, a1, . .., an) is increasing
ifag<ar<ap<---<ay.
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The Wright-Fisher model

Remember: | M; = (’}’)pj’f(l —p)V-"and F=FM, Fo=0,Fy=1.
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The Wright-Fisher model

Remember: | M; = (’)’)pj’(l —p)V-"and F=FM, Fo=0,Fy=1.

R F =i
Neutral evolution: Pi=n =< . N
i=0,...,N .

Main results

F is increasing if and only if p is increasing.

If My and My are two Wright-Fisher matrices such that the associated
fixation vectors are increasing, then the fixation vector of the matrices
MiM; and uM; + (1 — u)My are increasing.
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Regularity in the Wright-Fisher process

F is increasing if and only if p is increasing.
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Regularity in the Wright-Fisher process

F is increasing if and only if p is increasing.

— We define
N N\ . .
Te(p) = Fi( I.)p’(l —p)V 7.
i—0

Te(0) =0, Tg(1) =1, Tg is continuous and increasing. Furthermore
Te(pi) = Fi, ie, pi= 'T‘,?l(F,-) is increasing.
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Regularity in the Wright-Fisher process

F is increasing if and only if p is increasing.

— We define
N N\ . .
Te(p) = Fi( I.>P'(1 —p)V 7.
i—0

Te(0) =0, Tg(1) =1, Tg is continuous and increasing. Furthermore
Te(pi) = Fi, e, pi= T;l(F,-) is increasing.

—— We define h,(p) = SN, (II\.I)pi(l —p)N=i. ho(p) =1 and for
pe(0,1), n>1, Hy(p) > 0. Therefore SN My = ha(p;) > hn(pj_1),
and the matrix M is strictly stochastically ordered.

A matrix A is strictly stochastically ordered if Z,N:n Aj > Z,N:n Ajj—1 for
all n > 1. Products and convex combinations of strictly stochastically
ordered matrices are strictly stochastically ordered?.

?Keilson, J. and Kester, A. (1977). Stoch. Proc. Appl., 5(3):231-241
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Regularity in the Wright-Fisher process

We finish the proof with a lemma:

Lemma

If the matrix M s strictly stochastically ordered, then F is increasing.
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Regularity in the Wright-Fisher process

We finish the proof with a lemma:

Lemma

If the matrix M s strictly stochastically ordered, then F is increasing.

Note that the fact that M" is strictly stochastically ordered for every k € N
proves only that F is non-decreasing.
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Examples of WF processes

If p; = i/N (neutral case), then p and F are increasing.
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If pi = ri/(ri+ N — i) (constant case), then p and F are increasing.
If p; = i () /(A () + (N — HWE)(§), with affine WAB) (two

player game theory), then p and F are increasing.

If p; = i (N /(W) + (N — YWE)(i)), with quadratic W(AE)
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Examples of WF processes

If p; = i/N (neutral case), then p and F are increasing.

If pi = ri/(ri+ N — i) (constant case), then p and F are increasing.

If p; = i () /(A () + (N — HWE)(§), with affine WAB) (two
player game theory), then p and F are increasing.
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Observations

Any fixation vector F is realized by at least one Wright-Fisher process
(i.e., at least one vector p). If F is increasing, then p is unique.
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Observations

Any fixation vector F is realized by at least one Wright-Fisher process
(i.e., at least one vector p). If F is increasing, then p is unique.

All Birth-Death processes are regular. In this case, the matrix M is

tri-diagonal, and
Zk i—1 Mj_1

i=111j=1 M
Fk — J+1,J

i=11L=1 Mp,
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Time inhomogeneous Wright-Fisher process

Let us assume two transition matrices, M1 and M». Consider two static
environment: ---M1M; (summer) and - - - MMy (winter).
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Time inhomogeneous Wright-Fisher process

Let us assume two transition matrices, M1 and M». Consider two static
environment: --- MMy (summer) and - -- MoMy (winter).

Consider the vector of fixation probabilities associated to these two
environments.

Now consider an oscillating environment M = M;Mj. Is it possible that
the fixation probability is increasing in both static environment, but not in
the switching environment?

In general, the answer is YES!, but

Theorem

If M1 and My are two Wright-Fisher matrices such that the associated
fixation vectors are increasing, then the fixation vector of the matrices
MM, and uM; + (1 — )My are increasing.
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Parrondo’s paradox

A combination of losing strategies becomes a winning strategy1

'Parrondo, J. M. R. et al (2000). Phys. Rev. Lett., 85(24):5226-5229.
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Parrondo’s paradox

A combination of losing strategies becomes a winning strategy1 ‘

Assume the following Birth-Death (in fact, Moran) processes:
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'Parrondo, J. M. R. et al (2000). Phys. Rev. Lett., 85(24):5226-5229.
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Parrondo’s paradox

A combination of losing strategies becomes a winning strategy1 ‘

Assume the following Birth-Death (in fact, Moran) processes:

1 2 0 0 1 L 0 0

0o B 2 ¢ 0 B 2 g
M, — q 2 and M, = I %

00 2 1 0 0 5 1
1 2 5 0

et  Ms=MiMp=| % 4 I,
4%1142431

0 25 a7 1

'Parrondo, J. M. R. et al (2000). Phys. Rev. Lett., 85(24):5226-5229.
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Parrondo’s paradox

A combination of losing strategies becomes a winning strategy1 ‘

Assume the following Birth-Death (in fact, Moran) processes:

1 2 00 1 X 00
0 é 2 9 0 E 4 0
M, = od and M, = 4§
0 31 § 0 0 = 2—11 0
0 O z 1 0 O 31 1
1 2 & 0
Let  Ms=MiM>=| % 1% /|,
0 5 147 1
1 T _ 12 13 1\T _ 244 241 \T
F1:(0535%71) ) FZ_(Oaﬁ)Eal) ) F3_(07m)m71) .

'Parrondo, J. M. R. et al (2000). Phys. Rev. Lett., 85(24):5226-5229.
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Parrondo’s paradox

A combination of losing strategies becomes a winning strategy1 ‘

Assume the following Birth-Death (in fact, Moran) processes:

1 2 0 0 1 L 0 0
’ 1
0¥ 2 o0 0 % 4 0
M; = 0 P 13 0 and M, = 0 4 g 0
21 21 7 2
00 2 1 0 0 & 1
23 8
1 %7 a5 O
0 7590 =2 0
Let M3:M]_M2: 0 ﬁ ﬁ ol
4%11 42431
0 5 =2 1
Fl = (0’ %’ %71)T7 F2 = (0’ %7%51)1-5 F3 - (O,%,%,l)T .

Hence M3 is not regular despite the fact that M; and My are regular.

'Parrondo, J. M. R. et al (2000). Phys. Rev. Lett., 85(24):5226-5229.
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Conclusions & open questions

o\We show that there are situations, that are by no means exceptional,
where an increase in the initial presence of a type can lead to a decrease in
the fixation probability of this type in the Wright-Fisher process. Note that
this is not possible in any Birth-Death process.

fixation probability

1p------------ regular
non-regular

|
|
|
|
|
|
|
|
|
l
|
i initial presence
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Is this related to discontinuities in the fossil record?
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Conclusions & open questions

ePeriodic environment may result in fixation patterns completely different
from the fixation pattern of any instantaneous environment. This may
happen for the Moran process but not for the Wright-Fisher process.

Figure 3. Accumulation of Products Predicted from the Stochastic Model: (a) Condition I alone; (b)
Condition II alone; (c) Cycling between Conditions I and 1T

)

Condition | Condition Il Cyclic Conditions

E

1000

i | P
600

400
200
0 -

oI -
1101 201 301 401 §01 601 701 801 901 1 101 201 301 401 501 601 701 801 801
Interactions
Interactions Interactions

Accumulation of
Product

A et
» e

1101 201 301 401 601 601 701 801 901

Accumulation of Product
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Is there any example in nature that species A drives B to extinction in any
static environment, but B drives A to extinction if the environment
oscillates in time?
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The end

This talk was a summary/case study based on the work:
On the stochastic evolution of finite populations,
Chalub, Fabio A. C. C.; Souza, Max O. http://arxiv.org/abs/1602.00478.

(...) Our aim is three fold: to identify the algebraic structures associated
to time-homogeneous processes; to study the monotonicity properties of
the fixation probability, with respect to the initial condition(...); to
understand time-inhomogeneous processes in a more systematic way. In

addition, we also discuss. . ..
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