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Young graph Y = | | ., Y,

H

I:I/
\’Dj
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A

what is the Martin boundary of this graph?

goal: study G = U,>1 Gn,
the group of finitary permutations 7: N — N
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paths in Young graph <— tableaux

Al N2 A3 A*
infinite path in Young graph

infinite tableau

T := set of infinite tableaux / set of infinite paths
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G is a discrete (infinite) group,

x: G — Cis a character if
e x is normalized: x(e) =1,
e Y is constant on each conjugacy class,
e x is positively definite:

vgl,...,gnEG v21,...,2,,6(13 Zzi Z X (gig:,'_l) >0
i

example

if G is finite and p is a representation,

1

= T
dm rp(g)

x(g):

is a character

goal: find all extremal characters of G,
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character — random Young diagrams

e given a character x : 6o, — C, restrict it to &,

e the restriction is a convex combination
of irreducible characters:

Xls, = D Pa(A) xa,

AEY,

e coefficients define a probability measure on Y,

X'—)(]P)l,PQ,...)

dim A\ . .
P harmonic function

IP)n()‘) = Z Ppia (N)

- dim p,

extremal character x <— extremal (Pq,P,,...)
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character — random infinite tableau

e given a character xy : 6 — C. ..

take random Young diagram A with n boxes

with probability distribution P,

e o take a random standard Young tableau with shape A,
or, equivalently,

e take a random path in Young graph with endpoint },

e take n — oo,

X > harmonic probability measure P on T

harmonic=probability of each finite path in Y
depends only on its endpoint

extremal character +— extremal harmonic measure on T

—VERSHIK&KEROV
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Young graph Y = | | ., Y,

H
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{extremal characters} «+— Martin boundary of Y
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example

extremal character of G4

1 ifg=e,

Xreg(8) = 0 otherwise

P, is the Plancherel measure on Y,
distribution
= Q(

P is the Plancherel measure on T wi, Wi, ... ),
where wy, wy, ... are iid U(0,1) random variables
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Thoma simplex

Theorem (THOMA)

{extremal characters of S}

!

{(Oq,OQ,..., 51,62,...):

a2 220, pr=>p>--- >0,
@ A~ @a oo B By eee £ 1L

v

Xreg corresponds to
(o1,0z,...)=(0,0,...),
(517627'~-): (0,0,...),
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= VERSHIK& KEROV:
? take random Young diagram
- with n boxes
g corresponding to an extremal character;

SaY

2 then \

= — =, — =~ B

)\2 ~ Qon

)\1 ~ Q1n
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Thoma characters
oe

VERSHIK& KEROV:
take random Young diagram
with n boxes

corresponding to an extremal character;

then

key problem

how to generate

random infinite tableaux
corresponding to a given

Thoma character?
\ \ \ | ~ -
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alphabets: the key example

row letters

<0l <o <09<--- <

I J |
<w<<|3 )< <[]
T il

column letters

P(1) =1, P(2)=ay,
P(-1) =61, P(-2)=p,

Pon (0,1)isequalto (1 —a; —ap—---— 1 — P2 —---) - Lebesgue

Jjeu de taquin conclusion commercials
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Vershik and Kerov 1985: RSK on steroids
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Theorem (VERSHIK&KEROV 1985)

let A be an arbitrary alphabet,
with the probabilities of atoms of row letters oy > ap > - - -
and the probabilities of atoms of column letters 5y > o > - --

let x be the corresponding Thoma character

ifw = (wy,wy,...) is a sequence of iid random letters from A
then Q(w) is a random infinite tableau
with the distribution corresponding to x

(A, P)

|

(T, harmonic measure corresponding to x)
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output:
e new tableau J(t),

e blue trajectory c(t) = (c1, ¢, .
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® remove corner box,

® sliding,

@ subtract 1 from all boxes

)
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possible asymptotes ©(t) for jdt trajectory
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i.i.d. shift dynamical system (AN, S)

S
(W1,W2,...) — (WQ,W3,..

Q [inverse!

t

©

w1

J
p———

Q

©

w2

)

)

jeu de taquin dynamical system (7, Py, J)

conclusion
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[§ Dan Romik, Piotr Sniady
Jeu de taquin dynamics on
infinite Young tableaux and
second class particles
Ann. Probab, Volume 43,
Number 2 (2015), 682-737
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Piotr Sniady
Robinson—Schensted—Knuth
algorithm, jeu de taquin and
Kerov—Vershik measures on
infinite tableaux.

SIAM J. Discrete Math. 28
(2014), no. 2, 598-630.
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