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Young graph Y =
⊔

n≥1Yn

· · ·

what is the Martin boundary of this graph?

goal: study S∞ =
⋃

n≥1Sn,
the group of �nitary permutations π : N→ N
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paths in Young graph ←→ tableaux

· · ·

Λ1 Λ2 Λ3 Λ4

in�nite path in Young graph

in�nite tableau

T := set of in�nite tableaux / set of in�nite paths
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paths in Young graph ←→ tableaux

· · ·

Λ1 Λ2 Λ3 Λ4

in�nite path in Young graph

1 2

3

4

5
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9

11
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15 21 24

· · ·

· · ·

...
...

in�nite tableau

T := set of in�nite tableaux / set of in�nite paths
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G is a discrete (in�nite) group,

χ : G → C is a character if
• χ is normalized: χ(e) = 1,
• χ is constant on each conjugacy class,
• χ is positively de�nite:

∀g1,...,gn∈G ∀z1,...,zn∈C
∑
i ,j

zi zj χ
(
gig
−1
j

)
≥ 0

example

if G is �nite and ρ is a representation,

χ(g) :=
1

dim ρ
Tr ρ(g)

is a character

goal: �nd all extremal characters of S∞
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character 7→ random Young diagrams

• given a character χ : S∞ → C, restrict it to Sn,

• the restriction is a convex combination
of irreducible characters:

χ
∣∣
Sn

=
∑
λ∈Yn

Pn(λ) χλ,

• coe�cients de�ne a probability measure on Yn

χ 7→ (P1,P2, . . . )

Pn(λ) =
∑
µ↖λ

Pn+1(µ)
dim ρλ
dim ρµ

harmonic function

extremal character χ ←→ extremal (P1,P2, . . . )
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character 7→ random in�nite tableau

• given a character χ : S∞ → C. . .
• take random Young diagram λ with n boxes
with probability distribution Pn,

• • take a random standard Young tableau with shape λ,
or, equivalently,

• take a random path in Young graph with endpoint λ,

• take n→∞,

χ 7→ harmonic probability measure P on T

harmonic=probability of each �nite path in Y
depends only on its endpoint

extremal character←→ extremal harmonic measure on T

−→Vershik&Kerov
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Young graph Y =
⊔

n≥1Yn

· · ·

{extremal characters} ←→ Martin boundary of Y
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example

extremal character of S∞

χreg(g) =

{
1 if g = e,

0 otherwise

Pn is the Plancherel measure on Yn

P is the Plancherel measure on T distribution
= Q(w1,w1, . . . ),

where w1,w1, . . . are iid U(0, 1) random variables
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Thoma simplex

Theorem (Thoma)

{extremal characters of S∞}

l

{
(α1, α2, . . . , β1, β2, . . . ) :

α1 ≥ α2 ≥ · · · ≥ 0, β1 ≥ β2 ≥ · · · ≥ 0,

α1 + α2 + · · ·+ β1 + β2 + · · · ≤ 1}

χreg corresponds to
(α1, α2, . . . ) = (0, 0, . . . ),
(β1, β2, . . . ) = (0, 0, . . . ),
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λ1 ≈ α1n

λ2 ≈ α2n

λ
′ 1
≈
β
1
n

λ
′ 2
≈
β
2
n

Vershik&Kerov:
take random Young diagram
with n boxes
corresponding to an extremal character;

then
λi
n
≈ αi ,

λ′i
n
≈ βi

key problem

how to generate
random in�nite tableaux
corresponding to a given
Thoma character?
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alphabets: the key example

A := Z+ ∪ (0, 1) ∪ Z− =

1 < 2 < 3 < · · ·︸ ︷︷ ︸
row letters

< · · · <

· · · < 0.1 < · · · < 0.9 < · · · <

< · · · < · · · < -3 < -2 < -1︸ ︷︷ ︸
column letters

,

P(1) = α1, P(2) = α2, · · ·

P(−1) = β1, P(−2) = β2, · · ·

P on (0, 1) is equal to (1− α1 − α2 − · · · − β1 − β2 − · · · ) · Lebesgue
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Vershik and Kerov 1985: RSK on steroids

1 1 1 2 2 3 0.1 0.8

2 3 3 0.5 0.6 -3 -2 -1

3 0.3 0.7 0.9 -3 -2 -1

0.2 0.4 -2

-3 -2

-3 -1

-3
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Theorem (Vershik&Kerov 1985)

let A be an arbitrary alphabet,

with the probabilities of atoms of row letters α1 ≥ α2 ≥ · · ·
and the probabilities of atoms of column letters β1 ≥ β2 ≥ · · ·

let χ be the corresponding Thoma character

if w = (w1,w2, . . . ) is a sequence of iid random letters from A
then Q(w) is a random in�nite tableau

with the distribution corresponding to χ

(A,P)N

(T , harmonic measure corresponding to χ)

Q
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1 2 3 10 15

4 5 7 19 22

6 9 12 23 25

8 13 18 32 39

11 16 24 53 60

jeu de taquin

À start with t ∈ T ,

Á remove corner box,
Â sliding,
Ã subtract 1 from all boxes

output:

• new tableau J(t),

• blue trajectory c(t) = (c1, c2, . . . )
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possible asymptotes Θ(t) for jdt trajectory

0.6 0.5

0.4

1

2

3

−1 −2 −3
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theorem, �niady 2014

if A is the key example alphabet

i.i.d. shift dynamical system
(
AN, S

)
(w1,w2, . . . ) (w2,w3, . . . ) · · ·

t1 t2 · · ·

w1 w2

J J

Θ Θ

Q Q

S S

inverse!

jeu de taquin dynamical system
(
T ,Pχ, J

)
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representation theory

asymptotic
representation

theory

probability
combinatorics
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