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Symmetric functions

Complete symmetric functions

hn[m xx] =

∑
u1+u2+···+um=n

hu1(xx) hu2(xx) · · · hum(xx)

=
∑

γ∈Bm,n

hρ(γ)(xx) (h0 = 1)

(0, 0, 0, 2, 3, 0, 1, 0, 0)

γ ∈ Bm,n ρ(γ) = (3, 2, 1)

Bm,n set of rectangular paths m × n (with last step = East)

|Bm,n| =

(
m + n − 1

n

)
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Sn acts on Lγ by permuting the labels

σ = 4 2 5 6 3 1
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Transitive action on orbit = Lγ

Stabilizer of π ∈ Lγ = S2 × S3 × S1
= Sr1 × Sr2 × · · · × Srl for ρ(γ) = (r1, r2, . . . , rl )

−→ Trivial action of Sr1 × Sr2 × · · · × Srl induced on Sn
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Frob(χ) =
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Proof of the main result

The formula

∑
d≥0

Frob
(
Pad ,bd

)
zd = exp

(∑
k≥1

1
ak

hbk [ak xx] zk

)
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Proof of the main result

Properties of the rotation

• for γ′ image of γ by rotation :

ρ(γ′) = ρ(γ) =⇒ Frob(Lγ′) = Frob(Lγ)

• the number t of low points is preserved

• bijection : Dt
m,n × [[1,m]] −→ Bt

m,n × [[1, t]]

←→
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Proof of the main result

∑
α∈Dt

m,n

Frob(Lα)×m =
∑

γ∈Bt
m,n

Frob(Lγ)× t

Φt
d (xx) :=

∑
α∈Dt

ad,bd
Frob(Lα) a and b fixed

Φ1
d (xx) =

∑
α∈Dad,bd
primitive

Frob(Lα) (m = ad)

∑
t>0

1
t

Φt
d (xx)

=
1
ad

∑
t>0

∑
γ∈Bt

m,n

hρ(γ) =
1
ad

hbd [ad xx]

Φt
d (xx) =

∑
c1,c2,...,ct>0

c1+c2+···+ct=d

Φ1
c1

(xx) Φ1
c2

(xx) · · · Φ1
ct (xx)
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P(xx; z) :=
∑

j>0 Φ1
j (xx) z j

Φt
d (xx) =

(
P(xx; z)

)t∣∣
zd

1
ad

hbd [ad xx] =
(
− log(1− P(xx; z))

)∣∣
zd
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Proof of the main result

P(xx; z) = 1− exp
(
−
∑
k>0

1
ak

hbk [ak xx] zk
)

Φt
d (xx) =

(
P(xx; z)

)t∣∣
zd

=⇒ Φd (xx) =
∑
t>0

Φt
d (xx) =

(
1

1− P(xx; z)

)
∣∣
zd

∑
d≥0

Φd (xx) zd =
1

1− P(xx; z)
= exp

(∑
k>0

1
ak

hbk [ak xx] zk
)

∑
d≥0

Frob
(
Pad ,bd

)
zd = exp

(∑
k≥1

1
ak

hbk [ak xx] zk

)
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Consequences

∑
d≥0

Frob
(
Pad ,bd

)
zd = exp

(∑
k≥1

1
ak

hbk [ak xx] zk

)

∑
d≥0

Frob
(
Pad ,bd

)
zd = exp

(∑
k≥1

1
ak

hbk [ak xx] zk

)

∑
d≥0

∣∣Pad ,bd
∣∣ zd = exp

(∑
k≥1

1
ak

(ak)bk zk

)

= exp

(∑
k≥1

(ak)bk−1 zk

)

∑
d≥0

∣∣Dad ,bd
∣∣ zd = exp

(∑
k≥1

1
ak

(
ak + bk − 1

bk

)
zk

)

= exp

(∑
k≥1

1
ak + bk

(
ak + bk

bk

)
zk

)
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Generalization (Schröder)

Generalization - Schröder parking functions

Rectangular Schröder parking functions
(m × n)

3

2

4

1

Sm,n
(k) set of (rectangular) Schröder parking functions m × n

with k diagonal steps

∑
k≥0

FrobS(k)m,n(xx) yk

= FrobPm,n(xx + y)
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