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Rectangular parking functions

Dyck paths

Dyck paths
(square n x n)

Dyck paths
(rational a x b)
(anb=1)

Catalan numbers

n—]|-—1 (2nn)

Rational
Catalan numbers
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Dyck paths
(in a rectangle m x n)

(m,n) = (ad,bd), anb=1
Dm.n set of (rectangular) Dyck paths m x n.
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Rectangular parking functions
(m x n)

Pm.n set of (rectangular) parking functions m x n

[Papl=a""" (anb=1)

|Pn+1,n = (n+ 1)n_1
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Rectangular parking functions

Rectangular parking functions
(m x n)

no

Pm.n set of (rectangular) parking functions m x n

L, set of parking functions with (Dyck) path «

[Pasl = a1 (anb=1)

Pasrnl = (n+1)""
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Symmetric functions

Symmetric functions
X = X1,X2,...

pk(x) = Z Xik

i>1

A:()‘lv)Qa"'v)‘f)
Pr = Px Pao o P,

Pr(x+y) = px(x) + px(y)
Pi[2x] = p(x + x) = 2 p(x)
pr[mx] = m pi(x)
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Complete symmetric functions

h, complete symmetric function of degree k

1
Dt =117

k>0 i>1

hy = hy, by, - hy,

ha(x) = X2 + x2 + -+ + x1x0 + x1X3 + XoX3 + - - -
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Complete symmetric functions

h, complete symmetric function of degree k

1
Dt =117

k>0 i>1
hy = hy, hy, -+ hy,
ha(X) = X2 + X3 + -+ x1x2 + x1x3 + Xox3 + - - -

ha(x +y) = ha(x) + h2(y) + h1(x) h1(y)
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k>0 i>1

hy = hy, hy, -+ hy,
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Complete symmetric functions

h, complete symmetric function of degree k

1
Dt =117

k>0 i>1

hy = hy, hy, -+ hy,
ha(X) = X2 + X3 + -+ x1x2 + x1x3 + Xox3 + - - -
ha(x +y) = ha(x) + hao(y) + hi(x) hi(y)
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Symmetric functions

Complete symmetric functions

h, complete symmetric function of degree k

1
Dt =117

k>0 i>1
hy = hy, hy, - by,
ha(X) = X2 + X3 + -+ x1x2 + x1x3 + Xox3 + - - -
ha(x +y) = ha(x) + hao(y) + hi(x) hi(y)
ha[2x] = ha(x + x) = 2 hp(x) + h11(x)

hg[mx] = mhg(x) + (g’) h11(x)

Jean-Christophe Aval Rectangular Parking Functions CIRM - 31/08/2016 10 / 29



Symmetric functions

Complete symmetric functions

Jean-Christophe Aval Rectangular Parking Functions



Symmetric functions

Complete symmetric functions

ha[mx] =

Jean-Christophe Aval Rectangular Parking Functions



Symmetric functions

Complete symmetric functions

hp[mx] = Yo hu()) hy(x) - hu,(x)

uitu2+-+um=n

Jean-Christophe Aval Rectangular Parking Functions



Symmetric functions

Complete symmetric functions

hp[mx] = Yo hu()) hy(x) - hu,(x)

uitu2+-+um=n

(0,0,0,2,3,0,1,0,0)

Jean-Christophe Aval Rectangular Parking Functions CIRM - 31/08/2016

11 / 29



Symmetric functions

Complete symmetric functions

hp[mx] = Yo hu()) hy(x) - hu,(x)

uitu2+-+um=n

(0,0,0,2,3,0,1,0,0)

Bm,n set of rectangular paths m x n (with last step = East)

Jean-Christophe Aval Rectangular Parking Functions CIRM - 31/08/2016

11 / 29



Symmetric functions

Complete symmetric functions

hp[mx] = Yo hu()) hy(x) - hu,(x)

uitu2+-+um=n

(0,0,0,2,3,0,1,0,0)

Bm,n set of rectangular paths m x n (with last step = East)

m+n—1
= (")

Jean-Christophe Aval Rectangular Parking Functions CIRM - 31/08/2016

11 / 29



Symmetric functions

Complete symmetric functions

hp[mx] = Yo hu()) hy(x) - hu,(x)

uitu2+-+um=n
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Symmetric functions

Complete symmetric functions

hp[mx] = Yo hu()) hy(x) - hu,(x)

uitu2+-+um=n

= > hyp(x) (ho=1)

YEBm,n

(0,0,0,2,3,0,1,0,0)

v E Bm,n p(rY) = (37 2, 1)

Bm,n set of rectangular paths m x n (with last step = East)

m+n—1
= (")
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Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O=0102 - Op
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Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O=0102 - Op
2
5
1
T
v E Bm,n

L., increasing labellings of

I1£y] = (p(nv))
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Frobenius characteristic

Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O=0102 - Op
2
5
1
T
v E Bm,n

L., increasing labellings of

14| = (p(r;)) =#|,,| for p(v) = (n,r2,..., 1)
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Symmetric group action
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Frobenius characteristic

Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O=0102 - Op
2
5
1
T
3
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L., increasing labellings of
|L| = (p(nv)) =#'n, for p(v) = (r,r2,...,11)

Z Ly =m"
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0c=425631

Transitive action on orbit = L,

Stabilizer of 7 € E,y =8 xS3x 81
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Symmetric group action

Sy acts on L., by permuting the labels

2

0c=425631

Transitive action on orbit = L,

Stabilizer of 7 € E,y =8 xS3x 81
=8, XS, x - xSy, for p(v) = (r1,r2,...,1)

— Trivial action of §;; x S,, x --- x &, induced on S,
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Frobenius characteristic

Frobenius characteristic

Action of S, with character x

Cyclic type 0 =425631 =(1,4,6)(2)(3,5) o) =(3,2,1)

Frob(x) = — Z X(@)Pr(o) (%)

’ g€Sp
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Frobenius characteristic

Frob(x) = — Z X(@)Pr(o)(x)

’ g€Sp

e Frob is an isomorphism
e Frob(x) = s (Schur)
e Frob(n,) = h,
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Frobenius characteristic

Frob(x) = — Z X(0)Pa() (%)

" 0ESh

e Frob is an isomorphism
e Frob(x) = sy (Schur)

o Frob(nn) = hn 1x = IndS] s, g X X Ty,
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Frobenius characteristic

Frobenius characteristic

Frob(x) = — Z X(0)Pa() (%)

" 0ESh

e Frob is an isomorphism

e Frob(x) = sy (Schur)

o Frob(nn) = hy mx = '"dgilx‘-.xsxé My X - Xy, Frob(ny) =
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Frobenius characteristic

Frob(x) = — Z X(0)Pa() (%)

’ g€Sp
e Frob is an isomorphism
e Frob(x) = sy (Schur)

o Frob(n,) = hy 1y = |nd§;lxmx% Nag X -+ X 1, Frob(nmy) = hy

Thus for v € B p

Frob(ﬁv) = hp(fy)
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Frobenius characteristic

Frobenius characteristic

Frob(x) = — Z X(0)Pa() (%)

" 0ESh

e Frob is an isomorphism
e Frob(x) = sy (Schur)

o Frob(n,) = hy 1y = |ndgglxmx% Nag X -+ X 1, Frob(nmy) = hy

Thus for v € B p

Frob(ﬁv) = hp(fy)
> Frob(Ly) = > hyy = ha[mx]
YEBm,n YEBm,n
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The formula

Z Frob (Pad,bd) z9 = exp Z ik hpi[ak x] zk
d>0 o1 2
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Proof of the main result

Y € Bmn 2 low points (1 <t <d)
9
718
6
4|5
213
Rotation !
7 8
6
415
213
911
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Y € Bmn 2 low points (1 <t <d)
9
718
6
4|5
213
Rotation !
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415 415
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911 911
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Proof of the main result

Y € Bmn 2 low points (1 <t <d)
9
718
6
4|5
213
Rotation !
7 8 7 6
6 6 415
415 415 213
213 213 911
911 911
718
8
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Proof of the main result

Properties of the rotation

e for 4/ image of v by rotation :

p(7') = p(7)
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Proof of the main result

Properties of the rotation

e for 4/ image of v by rotation :

p(v')=p(y) = Frob(L,) = Frob(L,)
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Proof of the main result

Properties of the rotation
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e the number t of low points is preserved
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Proof of the main result

> Frob(La) xm= Y Frob(L,) x t

€D, , 7EBY,
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Proof of the main result

> Frob(La) = Y Frob(L)) x t

aGD,t,,,,, ’YeBm,n

dL(x) == ZaeDEa,bd Frob(Ls) a and b fixed
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Proof of the main result

> Frob(La) = Y Frob(L)) x t

a€DE, YEBL, A
dL(x) == Zaeptd g Frob(Ls) a and b fixed
¢¢11(X) = Zaepad,bd FrOb('Ca)
primitive
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Proof of the main result

Z Frob(L Z Frob(L-)

a€DE, YEBL, A

dL(x) := Zaeptd y Frob(L,) a and b fixed
®L(X) = Y aeDay bq Frob(La)

primitive

PRELHE

t>0
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Proof of the main result

Z Frob(L Z Frob(L-)

QED,t,,’,, ’YGBEn,n
dL(x) := Zaeptd y Frob(L,) a and b fixed
®L(X) = Y aeDay bq Frob(La)
primitive
Z L 04(x) Z Z o)
t>0 t>0 YEBL,
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Proof of the main result

Z Frob(L Z Frob(L-)

QED,t,,’,, ’YGBEn,n
dL(x) := Zaeptd y Frob(L,) a and b fixed
¢g,(x) = Zaepad,bd FrOb(ﬁa) (m = ad)
primitive
S o) = oo > Z ho)
t>0 t>0 YEBL,
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Proof of the main result

Z Frob(L Z Frob(L-)

QED,t,,’,, ’YGBfn,n
dL(x) := Zaeptd y Frob(L,) a and b fixed
(Dgl(x) = Zaepad,bd FrOb(ﬁa) (m = ad)
primitive
Z —®a(x) Z Z hoyy = dhbd[ad x|
t>0 t>0 YEBL,
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Proof of the main result

Z Frob(L Z Frob(L-)

QED,tn’,, ’YGBrtn,n
dL(x) := ZaeD;d,bd Frob(L,) a and b fixed
(Dgl(x) = Zaepad,bd FrOb(ﬁa) (m = ad)
primitive
Z —®a(x) Z Z hoyy = dhbd[ad x|
t>0 t>0 YEBL,
L) = Y () dg(x) - DL(x)

C1,C2,...,ct>0
1+t tce=d
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Proof of the main result

1 1
> 2®a(x) = —hvalad ]

t>0

hx) = Y L (x)dg(x) - DL(x)
C1,C2,...,ct>0
a+ct-tca=d
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Proof of the main result

1 1
> 2®a(x) = —hvalad ]

t>0

hx) = Y L (x)dg(x) - DL(x)
C1,C2,...,ct>0
a+ct-tca=d

P(xiz) = 320 ®j(x) 2/
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Proof of the main result

1 1
> 2®a(x) = —hvalad ]

t>0

dg(x) = > g, (x) b, (x) - b (x)
€1,C2,...,ct>0
c+ct-tcr=d

P(x; z) := Zj>0 CD}(x) z

dY(x) = (P(x:2))"

2d
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Proof of the main result

1 1
> 2®a(x) = —hvalad ]

t>0

dg(x) = > g, (x) b, (x) - b (x)
€1,C2,...,ct>0
c1t+cot-tc=d

P(x; z) := Zj>0 CD}(x) z

dY(x) = (P(x:2))"

2d

%hbd[adx] == (_ |Og(1 - 'D(X; Z)))

2d

Jean-Christophe Aval Rectangular Parking Functions CIRM - 31/08/2016

22 /29



Proof of the main result

P(x;z) =1—exp ( - Z aikhbk[akx] zk>
k>0
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Proof of the main result

P(x;z) =1—exp ( - Z aikhbk[akx] zk)
k>0

o%(x) = (P(x;2))"

2d
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Proof of the main result

P(x;z) =1—exp ( - Z aikhbk[ak x] zk)
k>0

O4x) = (P 2)"| = ¢d(x>=2¢z(x)=<%(x;z))

t>0

2d

2d
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Proof of the main result

P(x;z) =1—exp ( - Z aikhbk[ak x] zk>
k>0

oh(x) = (P(x; 2))"

2d

= 4(x) = Y Oh(x) = (%(x))

t>0

2d

Z<Dd(x) 729 = ﬁ(xz) = exp (Z ihbk[akx] zk>

d>0 k>0
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P(x;z) =1—exp ( - Z ihbk[ak x] zk>
' ak

k>0

oh(x) = (P(x; 2))"

2d

= Py(x) =) Oh(x) = <%(xz)>

t>0

2d

Z<Dd(x) 729 = ﬁ(xz) = exp (Z ihbk[akx] zk>

d>0 k>0

Z Frob Pad. bd z9 = exp (Z a—lk hpi[ak x] zk>

d>0 k>1
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Consequences

Z Frob (Pad,bd) z9 = exp Z ik hpk[ak x| z
d>0 o1 2
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Consequences

Z Frob (Pad,bd) z9 = exp Z ik hpk[ak x] z
d>0 o1 2
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Consequences

Z Frob (Pad,bd) z9 = exp (Z a_lk hpk[ak x] zk)

d>0 k>1

Z |Pad ba| 2% = exp (Z a_lk (ak)P zk)

d>0 k>1
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Consequences

Z Frob (Pad’bd) 29 = exp Z 1 hpk[ak x] zk
d>0 12

Z ‘Pad,bd} z9 = exp Z i (ak)Pk 2

d>0 k>1

= exp Z (ak)bk—zl z~
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Consequences

1
Z Frob (Pad’bd) 29 = exp (Z P hpk[ak x] zk)

d>0 k>1

Z Pad ba| 27 = exp (Z i (ak)P zk)

d>0 k>1
= exp (2:(ak)bk_:l zk>
k>1
1 [ak+ bk —1
d_ k
Z‘Dad,bd‘z —eXP<Z;< bk )Z )
d>0 k>1
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Consequences

1
Z Frob (Pad,bd) 29 = exp (Z P hpk[ak x] zk)

d>0 k>1

Z Pad ba| 27 = exp (Z i (ak)P zk)

d>0 k>1
= exp (Z(ak)bk—zl zk>
k>1
1 [ak +bk—1
Z ‘Dad,bd‘ zd = exp <Z ; ( bk > zk)
d>0 k>1
_eXp<k2>:1ak+bk ( bk >z >
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Consequences

Z Frob (Pad,bd) z9 = exp Z ik hpk[ak x| z
d>0 o1 2
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Consequences

Z Frob (Pad,bd) z9 = exp (Z a_lk hpk[ak x| zk)

d>0 k>1

1
Frob (Pad.ed) = Y —H3/"(x)
e my!
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Consequences

Z Frob (Pad,bd) z9 = exp (Z a_lk hpk[ak x| zk)

d>0 k>1

1
Frob (Pad.ed) = Y —H3/"(x)
e my!

M:(MlaﬂZ?"'auf):(lmlazmza"')
my,! :H mj!
b
Hi P(x) = TTi=y 22 haps[bii x]
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Consequences

d>0 k>1

1
Frob (Pa.ea) = D — H/*(x)
uHd ,u
n= (MlaﬂZ?"'auf) = (1m1’2m2"“)
my! = H mj!
b
Hi P(x) = TTi=y 22 haps[bii x]

Z Frob (Pad,bd) z9 = exp (Z a_lk hpk[ak x| zk)

1 1/1 2
Frob (7323,21,) = 2—ah2b[2ax] + 5 <5hb[a x])
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1
Z Frob (Pad,bd) Zd = exp (Z ; hbk[ak X] Zk)
d>0 k>1

1
Frob (Pa.ea) = D — H/*(x)
uHd w

n= (MlaﬂZ?"'auf) = (1m1’2m2"“)
my! = H mj!
Hi P (%) = TTi=1 55 b [bri x]
1 1/1 2
Frob (7323,21,) = 2—ah2b[2ax] + = —hb[a x]

Frob (Ps,.35) :$h3b[3ax]+<2—lah2b[2ax]> ( hb[ax]) 1 ( hb[aX]>3
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1
Z Frob (Pad,bd) Zd = exp (Z ; hbk[ak X] Zk)
d>0 k>1

1
Frob (Pa.ea) = D — H/*(x)
uHd w

M:(MlaﬂZv"'auf):(lmlazmza"')
my,! —H m;!
b
Hi P(x) = TTi=y 22 haps[bii x]

1 2a+2b 1/ 1 [a+hb\\?
‘Dza’%‘ - <2a+2b( 2a )) + 2 ( ( a ))
‘D ‘ B 1 3a+3b 1 /[a+b 1 2a+2b
3a3b1 = \ 3343\ 3a +b\ a 2a+2b\ 2a
1 1 a+b
5 (el ))
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1
Z Frob (Pad,bd) Zd = exp (Z ; hbk[ak X] Zk)
d>0 k>1

1
Frob (Pa.ea) = D — H/*(x)
uHd w

M:(MlaﬂZ?"'auf):(lmlazmza"')
my,! —H m;!
b
Hi P(x) = TTi=y 22 haps[bii x]

1 2a+2b 1/ 1 [a+hb\\?
[P2a s = <2a+2b< 2a )) +§ ( ( a ))
‘D ‘ B 1 3a+3b 1 /[a+b 1 2a+2b
3a3b1 = \ 3343\ 3a +b\ a 2a+2b\ 2a

1 1 [a+b
Tl larsl . [Bizley 1954]
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Generalization (Schréder)

Generalization - Schroder parking functions

Jean-Christophe Aval Rectangular Parking Functions



Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions
(m x n)
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions
(m x n)
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions

(m x n)

Sm,,,(k) set of (rectangular) Schréder parking functions m x n
with k diagonal steps
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions

(m x n)

Sm,,,(k) set of (rectangular) Schréder parking functions m x n
with k diagonal steps

Z Frob S,(,f),,(x) yk

k>0
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions

(m x n)

Sm,,,(k) set of (rectangular) Schréder parking functions m x n
with k diagonal steps

Z Frob S,(,f),,(x) y* = Frob Pmn(x+y)
k>0
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