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Notations: p-means of non-negative numbers

Let p € [-o0,4+o0] and i € (0, 1). Given two real numbers a > 0 and b > 0,
the quantity

max{a, b} p = 400
1 — )&l oo _

Mo(a, b; 1) = ;ﬁ_ﬂbﬁ)a +ub?)? 'gr:PO?é 00, 0, +00
min{a, b} p = —o0.

is the (u-weighted) p-mean of a and b.

For a,b > 0, we set My(a, b; ) =0 if ab= 0. J
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Notations: p-means of non-negative numbers

Let p € [-o0,4+o0] and i € (0, 1). Given two real numbers a > 0 and b > 0,

the quantity
max{a, b} p = +oo
1
.y = ) (1 —=pa® +ubP)p  for p# —o0,0,+00
Mo@bi1) =\ Gt p=0
min{a, b} p = —oo.

is the (u-weighted) p-mean of a and b.

For a,b > 0, we set My(a, b; ) =0 if ab= 0.

Monotonicity w.r.t. p: Mp(a, b; 1) < Mg(a, b; 1) if p < q
("="iffa=borab=0).
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The Borell-Brascamp-Lieb inequality

Let0 < A\ < 1,—‘3 < p < 0. Let up, uq, h be nonnegative integrable functions
defined on R”, satisfying

h((1 = X)x +Ay) = Mp(Uo(x), t1(y), A)  x,y € R”

Then
/ h(x) dx > My (/ Uo(X) dx,/ uq(x) dx, A)
RP R" RP
where
1/n p=+o0
g={ =L~ pe(-1/n+o0)
pn+1 ’
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The Borell-Brascamp-Lieb inequality

Let0 < A\ < 1,—‘3 < p < 0. Let up, uq, h be nonnegative integrable functions
defined on R”, satisfying

h((1 = X)x +Ay) = Mp(to(x), ui(y), A) X,y € R”

Then
/ h(x) dx > My (/ Uo(X) dx,/ uq(x) dx, A)
RP R" RP
where
1/n p=+o0
g={ =L~ pe(-1/n+o0)
pn+1 ’

Henstock-Macbeath (1953), Dinghas (1957)
Borell (1975), Brascamp-Lieb (1976)
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Thecase p=0

Prékopa-Leindler inequality

Let 0 < A < 1 and let ug, u; and h be nonnegative integrable functions on R”
satisfying
h((1 = X)x + Ay) > wo(x)' P us(y),

for all x,y € R". Then

IRnh(x) ax > (/nUO(X) dx>1_A (/nu1(x) dx>>\'

Prékopa, (1971 & 1973), Leindler (1972), Brascamp-Lieb (1975)

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016



Thecase p=0

Prékopa-Leindler inequality

Let 0 < A < 1 and let ug, u; and h be nonnegative integrable functions on R”
satisfying
h((1 = X)x + Ay) > wo(x)' P us(y),

for all x,y € R". Then

IRnh(x) ax > (/nUO(X) dx>1_A (/nu1(x) dx>>\'

Prékopa, (1971 & 1973), Leindler (1972), Brascamp-Lieb (1975)

Note:  log(h((1 —A)x +Ay)) = (1 — A)log(uo(x)) + Alog(us(y))

h((1 = A)x +Ay)P = (1 = Nwo(x)? + A (y)® (p>0)
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Thecase p=0

Prékopa-Leindler inequality

Let 0 < A < 1 and let ug, u; and h be nonnegative integrable functions on R”
satisfying

(1 = A)x +Ay) = uo(x)" s (y)*,
for all x,y € R". Then

IRnh(x) ax > (/nUO(X) dx>1_A (/nu1(x) dx>/\'

Prékopa, (1971 & 1973), Leindler (1972), Brascamp-Lieb (1975)
Note: log(h((1 — X)x + Ay)) > (1 — N log(uo(x)) + Mog(u1(y))
h((1 = X)x +Ay)P > (1 = Nuo(x)P + Aui(y)P  (p>0)

Reverse Holder????
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Thecase p=0

Prékopa-Leindler inequality

Let 0 < A < 1 and let ug, u; and h be nonnegative integrable functions on R”
satisfying

(1 = A)x +Ay) = uo(x)" s (y)*,
for all x,y € R". Then

IRnh(x) ax > (/nUO(X) dx>1_A (/nu1(x) dx>/\'

Prékopa, (1971 & 1973), Leindler (1972), Brascamp-Lieb (1975)
Note: log(h((1 — X)x + Ay)) > (1 — N log(uo(x)) + Mog(u1(y))

h((1 = A)x +Ay)P = (1 = Nwo(x)? + A (y)® (p>0)

Reverse Holder???7?
NOOO! We have a very strong assumption!
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The p-concave convolution

Let us define the function uj , as follows:
Up . (X) = sup{Mp(Uo(x0), u1(x1); A) © X = (1 — X)X + Ax1}

and call it p-concave convolution of uy and uy (with weight \).
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The p-concave convolution

Let us define the function uj , as follows:
Up . (X) = sup{Mp(Uo(X0), u1(x1); \) = x = (1= A)xo + Axq}
and call it p-concave convolution of uy and uy (with weight \).
When p = 1 it is the usual supremal convolution (from convex analysis) and,

geometrically, it simply corresponds to the function whose graph is the
Minkowski linear combination (in R"+") of the graphs of ug and uj.
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The p-concave convolution

Let us define the function uj , as follows:
Up . (X) = sup{Mp(to(xo), u1(x1); A) © X = (1 = A)Xo + Ax1 }

and call it p-concave convolution of uy and uy (with weight \).

When p = 1 it is the usual supremal convolution (from convex analysis) and,
geometrically, it simply corresponds to the function whose graph is the
Minkowski linear combination (in R"+") of the graphs of uy and uj.

For p > 0 it corresponds to make the sup-conv (that is the Minkowski
combination of the graphs) of ug and uf and then to raise to power 1/p.
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For p = 0 it corresponds to exp(sup-conv of log ug and log uy).
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geometrically, it simply corresponds to the function whose graph is the
Minkowski linear combination (in R"+") of the graphs of uy and uj.

For p > 0 it corresponds to make the sup-conv (that is the Minkowski
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The p-concave convolution

Let us define the function uj , as follows:
Up . (X) = sup{Mp(Uo(X0), u1(x1); \) = x = (1= A)xo + Axq}
and call it p-concave convolution of uy and uy (with weight \).
When p = 1 it is the usual supremal convolution (from convex analysis) and,

geometrically, it simply corresponds to the function whose graph is the
Minkowski linear combination (in R"+") of the graphs of ug and uj.

For p > 0 it corresponds to make the sup-conv (that is the Minkowski
combination of the graphs) of ug and uf and then to raise to power 1/p.

For p = 0 it corresponds to exp(sup-conv of log ug and log uy).

/ u;,A dx > My (/ Uo dx,/ Uy dx,>\>
Rn R7 Rn

Remark: for p > 0, only the case of compactly supported functions is
interesting...
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Analysis versus Geometry

BBL inequalities are functional versions of the Brunn-Minkowski inequality.

The Brunn-Minkowski inequality

Ko, Ki measurable sets, A € [0,1], Ky = (1 — A\)Kp + AK;j and + is the
Minkowski addition, then
1 n

[Ka| > My 0 (1Kol 1Kt [ A) = [(1 = ) |Kol7 + A|Ki| (0.1)
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Ko, Ki measurable sets, A € [0,1], Ky = (1 — A\)Kp + AK;j and + is the
Minkowski addition, then
1 n
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BM is equivalent to BBL (for any p).
Indeed, BM can be written in many different equivalent ways, for instance

Multiplicative form: |Ky| > |Ko|'~*|Ki |
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Analysis versus Geometry

BBL inequalities are functional versions of the Brunn-Minkowski inequality.

The Brunn-Minkowski inequality

Ko, Ki measurable sets, A € [0,1], Ky = (1 — A\)Kp + AK;j and + is the
Minkowski addition, then

1 n
n

[Ka| > My 0 (1Kol 1Kt [ A) = [(1 = ) |Kol7 + A|Ki| (0.1)

BM is equivalent to BBL (for any p).
Indeed, BM can be written in many different equivalent ways, for instance

Multiplicative form: |K,| > |Ko|"*|Ki|* «+— PL
The BM inequality has strong and unexpected relations with many other

fundamental analytic and geometric inequalities (for instance Isoperimeric
ineg. and Sobolev Ineq.).
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Analysis versus Geometry

BBL inequalities are functional versions of the Brunn-Minkowski inequality.

The Brunn-Minkowski inequality

Ko, Ki measurable sets, A € [0,1], Ky = (1 — A\)Kp + AK;j and + is the
Minkowski addition, then

1 n
n

[Ka| > My 0 (1Kol 1Kt [ A) = [(1 = ) |Kol7 + A|Ki| (0.1)

BM is equivalent to BBL (for any p).
Indeed, BM can be written in many different equivalent ways, for instance

Multiplicative form: |Ky| > |Ko|'~*|Ki|* +— PL

The BM inequality has strong and unexpected relations with many other
fundamental analytic and geometric inequalities (for instance Isoperimeric
ineq. and Sobolev Ineq.). For references and a nice presentation, see R. J. Gardner (2002)
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Rigidity

What happens if equality is achieved in one of the above mentioned
inequalities?
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Rigidity

What happens if equality is achieved in one of the above mentioned
inequalities?

Equality holds in BM if and only if Ky and K; are convex and homothetic. I
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Rigidity

What happens if equality is achieved in one of the above mentioned
inequalities?

Equality holds in BM if and only if Ky and K; are convex and homothetic.

Equality conditions in BBL - Dubuc (1977)
Equality holds in BBL for some p € [-1/n, c0) if and only if

h is p-concave

and there exist suitable A, B, m,n > 0 and xq, x, € R" such that

ug(x) = Ah(mx + xq), ui(x) = Bh(nx + x»).
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Power concave functions

Let Q be a convex set in R” and p € [—o0, oo]. A nonnegative function u
defined in Q is said p -concave if

u((1 = A)x +Ay) > Mp(u(x), u(y); A)

forall x, y e Qand X € (0,1). In the cases p =0 and p = —o, U is also said
log-concave and quasi-concave in €2, respectively.
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Power concave functions

Let Q be a convex set in R” and p € [—o0, oo]. A nonnegative function u
defined in Q is said p -concave if

u((1 = A)x +Ay) > Mp(u(x), u(y); A)

forall x, y e Qand X € (0,1). In the cases p =0 and p = —o, U is also said
log-concave and quasi-concave in €2, respectively.

In other words, a non-negative function u, with convex support €, is
p-concave if:

- it is a non-negative constant in €, for p = +o0;

- UP is concave in Q, for p > 0;

- log u is concave in Q, for p = 0;

- uPis convex in Q, for p < 0;

- it is quasi-concave, i.e. all of its superlevel sets are convex, for p = —cc.

For p = 1 corresponds to usual concavity.

From Jensen’s inequality it follows that if u is p-concave, then u is g-concave
for every g < p.
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Stability/Improvements

What happens if we are close to equality in one of the above mentioned
inequalities?

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016 10/36



Stability/Improvements

What happens if we are close to equality in one of the above mentioned

inequalities?Are the involved sets/functions close to be (convex/p-concave
and) homothetic?

Paolo Salani (DiMal - Universita di Firenze)

Stability of BBL

SOIFI - CIRM, 24/11/2016 10/36



Stability/Improvements

What happens if we are close to equality in one of the above mentioned
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What happens if we are close to equality in one of the above mentioned
inequalities?Are the involved sets/functions close to be (convex/p-concave
and) homothetic?In other words: is it possible to improve the above
mentioned inequality in terms of some distance from the "rigid situation"?

There are stability/quantitative results for the Brunn-Minkowski inequality for
convex sets.
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inequalities?Are the involved sets/functions close to be (convex/p-concave
and) homothetic?In other words: is it possible to improve the above
mentioned inequality in terms of some distance from the "rigid situation"?

There are stability/quantitative results for the Brunn-Minkowski inequality for
convex sets. See for instance: Diskant (1973), Groemer (1988), Schneider
(1993), Figalli-Maggi-Pratelli (2009-2010), Christ (2013), Figalli-Jerison
(2014). Not a complete list of course!
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mentioned inequality in terms of some distance from the "rigid situation"?

There are stability/quantitative results for the Brunn-Minkowski inequality for
convex sets. See for instance: Diskant (1973), Groemer (1988), Schneider
(1993), Figalli-Maggi-Pratelli (2009-2010), Christ (2013), Figalli-Jerison
(2014). Not a complete list of course!

There are only three results about PL to my knowledge!

[1]1 K. M. Ball, K. J. Boéroczky, Stability of the Prékopa-Leindler inequality,
Mathematika, 56 (2010), no. 2, 339-356.
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[2] K. M. Ball, K. J. Boérdczky, Stability of some versions of the
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(All for log-concave functions or for some other special class of functions)

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016 10/36



Stability/Improvements of PL for log-concave functions

Ball-Béréczky [1]
The first Ball-Bérdczky result is for log-concave functions in dimension 1 and it

is written as an Lq-stability result: if [, hdx < (1 +€) /[ todx [ u1dx, then
there exist a > 0 and b € R" such that

|~ ui(x + (=1)'b) — h(x)| dx < yw(e) [ hdx,
R" o

where w(e) = €'/3|log e[*/3.
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Stability/Improvements of PL for log-concave functions

Ball-Béréczky [1]
The first Ball-Bérdczky result is for log-concave functions in dimension 1 and it
is written as an Lq-stability result: if [, hdx < (1 +€) /[ todx [ u1dx, then
there exist a > 0 and b € R" such that

|~ ui(x + (=1)'b) — h(x)| dx < yw(e) [ hdx,
R" o

where w(e) = €'/3|log e[*/3.

Ball-Béroczky [2]

They extended it to dimension n > 1 in [2], but only for log-concave even
functions (and with /w(e) in place of w(e)).

| \
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Stability/Improvements of PL for log-concave functions

Bucur-Fragala [3]

Bucur-Fragala [3] use the 1-dimensional result by Ball-Bérdczky to write a
quantitative version of the PL for log-concave functions (not necessarily even)
in terms of some suitable distance between vy and uy, that is

[ hax= [1 4+ Wy n(dn(to, )] (/R uodx)“A (/R U dx)A

where d, measure the distance of uy and uy from coinciding up to an
homothety and W, , € C(R") is a suitable increasing continuous function such
that \U)\,n(O) =0.
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Bucur-Fragala [3] use the 1-dimensional result by Ball-Bérdczky to write a
quantitative version of the PL for log-concave functions (not necessarily even)
in terms of some suitable distance between vy and uy, that is

[ hax= [1 4+ Wy n(dn(to, )] (/R uodx)“A (/R U dx)A

where d, measure the distance of uy and uy from coinciding up to an
homothety and W, , € C(R") is a suitable increasing continuous function such
that W, ,(0) = 0. The distance d, is however weaker then the L' distance.
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Stability/Improvements of PL for log-concave functions

Bucur-Fragala [3]

Bucur-Fragala [3] use the 1-dimensional result by Ball-Bérdczky to write a
quantitative version of the PL for log-concave functions (not necessarily even)
in terms of some suitable distance between vy and uy, that is

[ hox = [1 4+ Wy n(dn(Uo, tr))] (/R uodx>1_’\ (/R Uy dx)A

where d, measure the distance of uy and uy from coinciding up to an
homothety and W, , € C(R") is a suitable increasing continuous function such
that W, ,(0) = 0. The distance d, is however weaker then the L' distance.

They also use a 1-dimensional transportation to write more general results,
not restricted to log-concave function, but for functions in suitable classes
Ac L'(R",R,) and for a different distance d.
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An application: stability for BM inequalities for

variational functionals

Starting for the late '70, many BM type inequalities for variational functionals
have been proved.
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have been proved. Probably the simplest case is that one of Torsional rigidity:

1 | fo [VuPdx
= inf
(@) { (Jolul)®

‘ue WS’Z(Q),/ |udx>0}
Q
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An application: stability for BM inequalities for

variational functionals

Starting for the late '70, many BM type inequalities for variational functionals
have been proved. Probably the simplest case is that one of Torsional rigidity:

1 | fo [VuPdx
= inf
(@) { (Jo lul)®

‘ue WS’Z(Q),/ |udx>0}
Q

BM inequality for 7 [Borell, 1985]

T(Qu) > M1/(n+2)(T(QO)aT(Q1);M) _ |:(1 _ M)T(QO)1/(n+2) +MT(Q1)1/(n+2)j| n+2
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An application: stability for BM inequalities for

variational functionals

Starting for the late '70, many BM type inequalities for variational functionals
have been proved. Probably the simplest case is that one of Torsional rigidity:

1 | fo [VuPdx
= inf
(@) { (Jo lul)®

‘ue WS’Z(Q),/ |udx>0}
Q

BM inequality for 7 [Borell, 1985]

T(Qu) > M1/(n+2)(T(QO)aT(Q1);M) _ |:(1 _ M)T(QO)1/(n+2) +MT(Q1)1/(n+2)j| n+2

Equality holds if and only if Q¢ and Q4 are homothetic [Colesanti 2005].
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BM for torsional rigidity

A relatively simple proof of BM for 7 goes as follows.
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BM for torsional rigidity

A relatively simple proof of BM for 7 goes as follows.
First notice that

T(Q,‘):/U,'dx i:0,1,,u
Q;

where u; is the solution of the torsion problem

Aui+1=0 in Q;,
(P.) i=0,1,p

u=20 on 09); .
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BM for torsional rigidity

A relatively simple proof of BM for 7 goes as follows.
First notice that

T(Q,-):/u,-dx i=0,1,u
Q;
where u; is the solution of the torsion problem
Aui+1=0 in Q;,
(Pu) i=0,1,pu
u=0 on 09;.
Set
UT/z,#( ) = sup{[(1 — m+u\/u1 ()P - (1 —p)xo +pxg = x}

It is possible to prove that u7 , , is a subsolution to the torsion problem in
Q

e
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BM for torsional rigidity

A relatively simple proof of BM for 7 goes as follows.
First notice that

T(Q,‘):/U,'dx i:0,1,,u
Q;
where u; is the solution of the torsion problem
Aui+1=0 in Q;,
(P.) i=0,1,p
u=20 on 09); .
Set

UT/z,#( ) = sup{[(1 — ) \/W—FM\/M ()P - (1 —p)xo +pxg = x}

It is possible to prove that u7 , , is a subsolution to the torsion problem in
Q,.Then
U > UT/Z,M

and we can use the BBL with p = 1/2 inequality to get the desired result.
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Quantitative BM inequalities for

In fact, also PL inequality is sufficient (in place of BBL with p = 1/2) and now
it's easy to understand that it is possible to use the quantitative versions of PL
or BBL to get corresponding quantitative versions of the BM inequality for 7.
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Quantitative BM inequalities for

In fact, also PL inequality is sufficient (in place of BBL with p = 1/2) and now
it's easy to understand that it is possible to use the quantitative versions of PL
or BBL to get corresponding quantitative versions of the BM inequality for 7.

Quantitative BM for 7 by Bucur-Fragala
Let Qo and Q4 be convex bodies in R”, then the following hold:

() > M1 (7(R), 7(Q1), N) [1 +d, (T(Lgo), T(L&)ﬂ . (02
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Quantitative BM inequalities for

In fact, also PL inequality is sufficient (in place of BBL with p = 1/2) and now
it's easy to understand that it is possible to use the quantitative versions of PL
or BBL to get corresponding quantitative versions of the BM inequality for 7.

Quantitative BM for 7 by Bucur-Fragala
Let Qo and Q4 be convex bodies in R”, then the following hold:

() > M1 (7(R), 7(Q1), N) {1 +d, (%%)] . (02)

A disadvantage: the refinement is written in term of a distance between
and uj...
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Quantitative BM inequalities for

In fact, also PL inequality is sufficient (in place of BBL with p = 1/2) and now
it's easy to understand that it is possible to use the quantitative versions of PL
or BBL to get corresponding quantitative versions of the BM inequality for 7.

Quantitative BM for 7 by Bucur-Fragala
Let Qo and Q4 be convex bodies in R”, then the following hold:

() > M1 (7(R), 7(Q1), N) {1 +d, (%%)] . (02)

A disadvantage: the refinement is written in term of a distance between
and uj...

A desirable improvement: it would be more natural to write a quantitative
version involving only some distance between Qg and ;.
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Possible improvements for BBL stability

TWO DIRECTIONS of IMPROVEMENTS:
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Possible improvements for BBL stability

TWO DIRECTIONS of IMPROVEMENTS:

1) A STRONGER STABILITY (STRONGER THAN L")
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Possible improvements for BBL stability

TWO DIRECTIONS of IMPROVEMENTS:
1) A STRONGER STABILITY (STRONGER THAN L")

2) NO RESTRICTION ON THE CLASS OF FUNCTIONS
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Possible improvements for BBL stability

TWO DIRECTIONS of IMPROVEMENTS:
1) A STRONGER STABILITY (STRONGER THAN L")
2) NO RESTRICTION ON THE CLASS OF FUNCTIONS

Of course, most desirable: 1 + 2 ....
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Quantitative BBL for p-concave functions with p > 0

Joint work with D. Ghilli - preprint 2015, to appear J. Convex Analysis.
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Quantitative BBL for p-concave functions with p > 0

Joint work with D. Ghilli - preprint 2015, to appear J. Convex Analysis.
Let H denotes the Hausdorff distance between sets in R”, we set

Ho(K, L) = H(moK, L), (0.3)

where 7, 79 are two homotheties (i.e. translation plus dilation) such that
|7oK| = |1 L| = 1 and such that the centroids of 7oK and 4 L coincide.
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Quantitative BBL for p-concave functions with p > 0

Joint work with D. Ghilli - preprint 2015, to appear J. Convex Analysis.
Let H denotes the Hausdorff distance between sets in R”, we set

Ho(K, L) = H(moK, L), (0.3)

where 7, 79 are two homotheties (i.e. translation plus dilation) such that
|7oK| = |1 L| = 1 and such that the centroids of 7oK and 4 L coincide.

Theorem 1 (Ghilli-S. 2015)

Let p > 0 and assume that 1y and u; are L' p-concave functions, with convex
compact supports Qo and Q4 respectively. Then, if Hy(Q0, 1) is small
enough, it holds

(n+1) p+1)

h(x) dx > M e (lo, h, ) [1+ B Ho(Q0,Q1) 7 ] (0.4)

Qx

where S is a constant depending on n, A, p, an% (I, I1, \) and the
diameters and the measures of Qy and Q.
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Quantitative BBL for p-concave functions with p > 0

Let A denote the relative asymmetry of two sets, that is

_ o JIKA AR [KI\*
A(K,L) := inf {|K| A <|L) } (0.5)

where A denotes the operation of symmetric difference, i.e.
QAB=(Q\B)U(B\Q).

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016 18/36



Quantitative BBL for p-concave functions with p > 0

Let A denote the relative asymmetry of two sets, that is

_ KA AR [KI\*
A(K,L) := inf {|K| A (|L> } (0.5)

where A denotes the operation of symmetric difference, i.e.
QAB=(Q\B)U(B\Q).
Theorem 2 (Ghilli-S. 2015)

In the same assumptions and notation of Theorem 1, if A(Qo, 1) is small
enough it holds

2(p+1)

h(x)dx > M s (lo,h,\) [1+ 5 AQ, 21)""], (0.6)

Qx

where ¢ is a constant depending only on n, A, p, an% (l, 11, \) and on the
measures of Qg and Q.

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016 18/36



Quantitative BBL for p-concave functions with p > 0

Remarks.

1. Case p =1 is easy!
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Quantitative BBL for p-concave functions with p > 0

Remarks.
1. Case p =1 is easy!

2. In both theorems it is not necessary that all the involved functions are
p-concave, it is just sufficient that h only is p-concave.
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Quantitative BBL for p-concave functions with p > 0

Remarks.
1. Case p =1 is easy!

2. In both theorems it is not necessary that all the involved functions are
p-concave, it is just sufficient that h only is p-concave.

3. We in fact prove more than what stated above and the support sets ¢ and
Q4 could be replaced by any couple of level sets of uy and uy, suitably related.
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Quantitative BBL for p-concave functions with p > 0

Remarks.
1. Case p =1 is easy!

2. In both theorems it is not necessary that all the involved functions are
p-concave, it is just sufficient that h only is p-concave.

3. We in fact prove more than what stated above and the support sets ¢ and
Q4 could be replaced by any couple of level sets of uy and uy, suitably related.
However, for the application we have in mind (quantitative BM inequalities for
variational functionals), we are mainly interested in the support sets.
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Quantitative BBL for p-concave functions with p > 0

The proof of both theorems essentially amounts to proving the following and
then applying existing quantitative results for the classical BM inequality.

Main theorem (Ghilli-S. 2015)
If for some (small enough) € > 0 it holds

h(x)dx <M »_ (/ Up(X) dx,/ uy(x) dx; /\) +e, (0.7)
p+1 Q Q

Qx

then

9] < My (19,191, A) [1+ e | 0.8)
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Quantitative BBL for p-concave functions with p > 0

The proof of both theorems essentially amounts to proving the following and
then applying existing quantitative results for the classical BM inequality.

Main theorem (Ghilli-S. 2015)
If for some (small enough) € > 0 it holds

h(x)dx <M »_ (/ Up(X) dx,/ uy(x) dx; /\) +e, (0.7)
p+1 Q Q

Qx

then
P

23] < M (19], 194], 3) [1+ 57 0.8)

4

THEOREM 1 = MAIN THEOREM + STABILITY for BM by GROEMER (1988)
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Quantitative BBL for p-concave functions with p > 0

The proof of both theorems essentially amounts to proving the following and
then applying existing quantitative results for the classical BM inequality.

Main theorem (Ghilli-S. 2015)
If for some (small enough) € > 0 it holds

h(x)dx <M »_ (/ Up(X) dx,/ uy(x) dx; /\) +e, (0.7)
p+1 Q Q

Qx

then

23] < M (19], 194], 3) [1+ 57 0.8)

4

THEOREM 1 = MAIN THEOREM + STABILITY for BM by GROEMER (1988)

THEOREM 2 = MAIN THEOREM + STABILIYT for BM by
FIGALLI-MAGGI-PRATELLI (2009).
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Sketch of the proof

Let

/,':/U,'dX i20,1,
Q;

N :/ hdx
Qx

Li=maxu; i=0,1, Ly =maxh
Q; Q.

and

i

Consider the distribution functions

pi(s) ={ui > s} i=0,1,  pux(s)=[{upx > s}
Then
L
/,':/ u/(S)dS i:O,1,/\.
0
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Sketch of the proof

Notice that the assumption of BBL is equivalent to
{hZMp(So,S1;>\)} D) (1 */\){Uo > S()}Jr/\{U1 > S1} (0.9)

for sg € [O,L()]7 S € [0, L1].
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Sketch of the proof

Notice that the assumption of BBL is equivalent to
{hZMp(So,Sﬁ)\)} D) (1 */\){Uo > S()}Jr/\{U1 > 81} (0.9)

for sy € [0, Lo], 81 € [0, L1]. Then, using the Brunn-Minkowski inequality, we
get

1 (Mp(S0,81; X)) = M (1o(So), p1(81), A). (0.10)

Now define the functions s; : [0,1] — [0, L;] for i = 0,1 such that

si(t)
si(t) - ;//o ui(s)yds=t fortel0,1], (0.11)
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Sketch of the proof

Notice that the assumption of BBL is equivalent to
{hZMp(So,Sﬁ)\)} D) (1 */\){Uo > S()}Jr/\{U1 > 81} (0.9)

for sy € [0, Lo], 81 € [0, L1]. Then, using the Brunn-Minkowski inequality, we
get

1 (Mp(S0,81; X)) = M (1o(So), p1(81), A). (0.10)
Now define the functions s; : [0,1] — [0, L;] for i = 0,1 such that
1 si(t)
si(t) - 7/ ui(s)yds=t fortel0,1], (0.11)
iJo

and set
Sx(t) = Mp(so(t), s1(t),A) te[0,1].
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Sketch of the proof

Thanks to (0.10), we get

ux(8x(t)) = M (no(so(t)), pa(s1(t)),A) €0, 1] (0.12)
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Sketch of the proof

Thanks to (0.10), we get
pa(8x(1)) = M (po(So(1)), p1(s1(1)),A) € [0,1] (0.12)
Now, given any « € (0, 1), set
Fe={te[0,1] : ma(sx() > M (po(s0(t)), i (s1(1), A) + €'~} (0.13)

and

re={s\(t) : te F.}. (0.14)
We want to find a bound of || in terms of € and, playing with the integrals
and using the assumption, it is actually possible and we find

[Fe| < e”. (0.15)
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Sketch of the proof

Thanks to (0.10), we get
pa(8x(1)) = M (po(So(1)), p1(s1(1)),A) € [0,1] (0.12)
Now, given any « € (0, 1), set
Fe={te[0,1] : ma(sx() > M (po(s0(t)), i (s1(1), A) + €'~} (0.13)

and
Fe={s\(t) : te F.}. (0.14)

We want to find a bound of |I'¢| in terms of e and, playing with the integrals
and using the assumption, it is actually possible and we find

ITe| < €. (0.15)

Now choosing the right power oo = p% and using the p-concavity of h
combined with the Brunn-Minkowski inequality we get the conclusion.
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Quantitative BM inequalities for

Quantitative BM for  (Ghilli-S. 2015)
Let Qo and Q4 be convex bodies in R”, then the following hold:

() > M (7(), 7(21), A) + B Ho(Qo, 21)30+1) | (0.16)

T(23) 2 M o (7(Q0), 7(Q1), A) + 6 A(Q0, 21)°, (0.17)

where  and § are constants depending on n, A, an% (7(Q0,7(21),\) and
the diameters and the measures of Qy and ;.
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Quantitative BM inequalities for

Quantitative BM for  (Ghilli-S. 2015)
Let Qo and Q4 be convex bodies in R”, then the following hold:

() > M (7(), 7(21), A) + B Ho(Qo, 21)30+1) | (0.16)

T(23) 2 M o (7(Q0), 7(Q1), A) + 6 A(Q0, 21)°, (0.17)

where  and § are constants depending on n, A, an% (7(Q0,7(21),\) and
the diameters and the measures of Qy and ;.

Notice that from any BM inequalities for a (rotation and translation invariant)
functional, it is possible to derive an Urysohn’s inequality (ball is optimal for
fixed mean width) for the same functional and then we can obtain stability for
these kind of inequalities too. (If | have time, at the end will show in some
detail the case of torsional rigidity)
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Stabiliy of BM without convexity

Recently Figalli and Jerison proved a quantitative stability for the BM

inequality without convexity assumption (following some qualitative results of
M. Christ).
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Stabiliy of BM without convexity

Recently Figalli and Jerison proved a quantitative stability for the BM

inequality without convexity assumption (following some qualitative results of
M. Christ).

Figalli-Jerison (2014)

Let n > 2, and A, B C R" be measurable sets with |A| = |B| = 1. Let
A€ (0,1),setr=min{\,1 — A} and S= (1 - \)A+ \B. If

S| < 146

for some 6§ < e (7)_ then there exists a convex K c R” such that, up to a
translation,

ABCK and |K\A| +|K\B| <7 Mg,

The constant N, can be explicitly computed and we can take

3n+2 3n 3n
Mn(7) = %7 on(t) =

n
-3

23" 3" [log |3"
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Stabiliy of BBL without concavity restrictions

Exploiting the result of Figalli-derison, we can obtain a stability for BBL without
any p-concavity assumption, proving that near equality in BBL is possible if
and only if the involved functions are close to coincide up to homotheties of
their graphs and they are also nearly p-concave, in a suitable sense.
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Stabiliy of BBL without concavity restrictions

Exploiting the result of Figalli-derison, we can obtain a stability for BBL without
any p-concavity assumption, proving that near equality in BBL is possible if
and only if the involved functions are close to coincide up to homotheties of
their graphs and they are also nearly p-concave, in a suitable sense.

Since our main result regards the case

p:% with s € N|

let me first restate BBL in this specific case.
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Stabiliy of BBL without concavity restrictions

BBLforp=1/s

Let s > 0 and f, g be as said above. Let A € (0,1) and h be a nonnegative
function belonging to L'(R") such that

A((1 = A)x+ ) > ((1 fA)ug/s+>\u11/s)s (0.18)

for every x € sprt(up), y € sprt(uy).
Then
hadx > M_ (o, ;) . (0.19)
Rn n+s
Moreover equality holds in (0.19) if and only if there exists a nonnegative
concave function ¢ such that

u(x)® = ap Up(box — Xo) = ai U1 (b1x — X1) = ax h(bxo — X2) a.e. x e R”,
(0.20)
for some Xy, X1, Xo € R” and suitable a;, b; > 0forji=0,1,2.

v
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Rossi-S. 2016, to appear in GAFA Seminar Notes

Let f, g, h satisfying the assumption of the previous theorem (BBL for p = 1/5s)
with
0<seN.

Assume that

hdx</\/l (F G\ +e (0.21)

RN

for some e > 0 small enough. Then there exist a 1g-concave function
u:R" — [0, 400) and two functions f and §, coinciding with f and g up to
suitable homotheties, such that the following hold:

> f,

/Rn(“’?) dx + /Rn(u §) dx < Chys ((FGA)> (0.23)

where Cp.s(n) is an infinitesimal function for  — 0 (whose expression is
explicitely given).

(0.22)

(Q>
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Rossi-S. 2016, to appear in GAFA Seminar Notes

Let f, g, h satisfying the assumption of the previous theorem (BBL for p = 1/5s)
with
0<seN.

Assume that

hdx</\/l (F G\ +e (0.21)

RN

for some e > 0 small enough. Then there exist a 1g-concave function
u:R" — [0, 400) and two functions f and §, coinciding with f and g up to
suitable homotheties, such that the following hold:

>f,

/Rn(“’?) dx + /Rn(u §) dx < Chys ((FGA)> (0.23)

where Cp.s(n) is an infinitesimal function for  — 0 (whose expression is
explicitely given). (Extension also for 0 < s € R.)

(0.22)

(Q>
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For s = p =1 is very easy...
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For s = p = 1 is very easy... Just apply the result of Figalli-Jerison in R"t" to
the sets
Ko = {(x,1); x € spri(up), 0 < t < up(x)}
(x)

Ki={(x,t); x espri(uy), 0 < t < uy(x)}
Ky = (1 = N)Ko + MKy = {(x, 1); x € sprt(up ), 0 < t < up \(x)}
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Following B. Klartag’s ideas (2007), for 1 < s € N and for any nonnegative
function f € L'(R"), we define the following set in R"+S:

Kis = {(x,y) e R"™S =R" x RS : x € sprt(f), |y| < f(x)"/5}, (0.24)
Note: x € R"and y € R®.
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Following B. Klartag’s ideas (2007), for 1 < s € N and for any nonnegative
function f € L'(R"), we define the following set in R"+S:

Kis = {(x,y) e R"™S =R" x RS : x € sprt(f), |y| < f(x)"/5}, (0.24)

Note: x € R"and y € R®.

In other words, K; s is the subset of R"** obtained as union of the
s-dimensional closed balls of center (x,0) and radius f(x)'/, for x belonging
to the support of f, or, if you prefer, the set in R™S obtained by rotating with
respect to y = 0 the (n+ 1)-dimensional set

{(Xay) €eR™S:0 <y < f(x)1/s’ Yo=-=Vs :O}

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016 30/36



Following B. Klartag’s ideas (2007), for 1 < s € N and for any nonnegative
function f € L'(R"), we define the following set in R"+S:

Kis = {(x,y) e R"™S =R" x RS : x € sprt(f), |y| < f(x)"/5}, (0.24)

Note: x € R"and y € R®.

In other words, K; s is the subset of R"** obtained as union of the
s-dimensional closed balls of center (x,0) and radius f(x)'/, for x belonging
to the support of f, or, if you prefer, the set in R™S obtained by rotating with
respect to y = 0 the (n+ 1)-dimensional set

{(Xay) €eR™S:0 <y < f(x)1/s’ Yo=-=Vs :O}

Observe that K; s is convex if and only if f is (1/s)-concave (that is for us a
function f having compact convex support such that f'/¢ is concave on sprtdf).
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Following B. Klartag’s ideas (2007), for 1 < s € N and for any nonnegative
function f € L'(R"), we define the following set in R"+S:

Kis = {(x,y) e R"™S =R" x RS : x € sprt(f), |y| < f(x)"/5}, (0.24)

Note: x € R"and y € R®.

In other words, K; s is the subset of R"** obtained as union of the
s-dimensional closed balls of center (x,0) and radius f(x)'/, for x belonging
to the support of f, or, if you prefer, the set in R™S obtained by rotating with
respect to y = 0 the (n+ 1)-dimensional set

{(Xay) €eR™S:0 <y < f(x)1/s’ Yo=-=Vs :O}

Observe that K; s is convex if and only if f is (1/s)-concave (that is for us a
function f having compact convex support such that f'/¢ is concave on sprtdf).
Moreover, thanks to Fubini’'s Theorem, it holds

K s| = / e [f(x)vs]s dx = ws / f(x) dx. (0.25)
sprt(f)
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Now consider the function uj , , as defined at the beginning; to simplify the
notation, we will denote it by u* from now on.
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Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
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Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
Moreover it is easily seen that

KU*,S =1 -=NKy,s + )\Ku1,s~ (0.26)

Paolo Salani (DiMal - Universita di Firenze) Stability of BBL SOIFI - CIRM, 24/11/2016 31/36



Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
Moreover it is easily seen that

Kuss = (1 = M) Kip,s + AKuy s - (0.26)

Letus set Ky« s = Ki, Kys =K i=0,1.
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Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
Moreover it is easily seen that

Kuss = (1 = M) Kip,s + AKuy s - (0.26)

Letus set Ky« s = K,, Ky,s = Ki i=0,1.
Moreover, since h > u* by assumption, we have Ky s O K. .
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Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
Moreover it is easily seen that

Kuss = (1 = M) Kip,s + AKuy s - (0.26)

Letus set Ky« s = K,, Ky,s = Ki i=0,1.
Moreover, since h > u* by assumption, we have Ky s O K. .
By applying BM inequality to K., Ky, K1 we get
|Khsl ™ > [K.| 55 > (1= X)|Ko| 7 + ALK |75, (0.27)
Finally (0.25) yields

Kosl=ws [ nax  IKol=ws [ moox (K] =ws [ un o
R7 R? Rn

1

thus dividing (0.27) by w{* we get the desired BBL ineq.
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Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
Moreover it is easily seen that

Kuss = (1 = M) Kip,s + AKuy s - (0.26)

Letus set Ky« s = K,, Ky,s = Ki i=0,1.
Moreover, since h > u* by assumption, we have Ky s O K. .
By applying BM inequality to K., Ky, K1 we get
|Knsl 7 > K75 > (1= A)|Ko| 75 + A[Ki |75, (0.27)
Finally (0.25) yields

|Kh7s|:w5/ th, |K0|:ws/ Ug dX7 ‘K1|:ws/ Uy d)(,
Rn Rn R?
1
thus dividing (0.27) by w{* we get the desired BBL ineq.
And it is easy to understand as any stability result for BM can be translated in
a stability result for BBL....
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Now consider the function uj , , as defined at the beginning; to simplify the

notation, we will denote it by u* from now on.First notice that the support of u*
is Q) = (1 — )\)Qo + AQ4.
Moreover it is easily seen that

Kuss = (1 = M) Kip,s + AKuy s - (0.26)

Letus set Ky« s = K,, Ky,s = Ki i=0,1.
Moreover, since h > u* by assumption, we have Ky s O K. .
By applying BM inequality to K., Ky, K1 we get
|Knsl 7 > K75 > (1= A)|Ko| 75 + A[Ki |75, (0.27)
Finally (0.25) yields

|Kh7s|:a]s/ th, |K0|:(AJS/ U() C’X7 ‘K1|:(US/ U4 dX,
Rn Rn R?
1
thus dividing (0.27) by w{* we get the desired BBL ineq.
And it is easy to understand as any stability result for BM can be translated in
a stability result for BBL....with a little work.
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Urysohn’s inequality for ~

Given a convex set Q, we say that Q%, is a rotation mean of  if there exist a
number m € N and p1,..., pm € SO(n) such that

1

Q= — (Q+- +pmf) -
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Urysohn’s inequality for 7

Given a convex set Q, we say that Q%, is a rotation mean of  if there exist a
number m € N and p1,..., pm € SO(n) such that

1

Q= — (Q+- +pmf) -

The following theorem is due to Hadwiger.

Theorem (Hadwiger)

Given an open bounded convex set Q, there exists a sequence of rotation
means of Q converging in Hausdorff metric to a ball Q* with diameter equal to
the mean width w(Q2) of Q.
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Urysohn’s inequality for 7

Given a convex set Q, we say that Q%, is a rotation mean of  if there exist a
number m € N and p1,..., pm € SO(n) such that

1

Q= — (Q+- +pmf) -

The following theorem is due to Hadwiger.

Theorem (Hadwiger)

Given an open bounded convex set Q, there exists a sequence of rotation
means of Q converging in Hausdorff metric to a ball Q* with diameter equal to
the mean width w(Q2) of Q.

Notice that in the plane the mean width of a convex set coincides essentially
with its perimeter. Precisely: w(Q) = |0Q|/x. Then QF is a circle with the
same perimeter as Q.
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Urysohn’s inequality for ~

By the BM inequality for torsional rigidity, we get
7(Q4) > 7(Q) for evey m,

then, passing to the limit, we obtain the following:
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Urysohn’s inequality for 7

By the BM inequality for torsional rigidity, we get
7(Q4) > 7(Q) for evey m,

then, passing to the limit, we obtain the following:

Urysohn’s ineq. for 7

7(Q) < 7(2)

and = holds if and only if Q = QF.
In other words: among sets with given mean width, the torsional rigidity is
maximized by balls.
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Urysohn’s ineq. for 7

7(Q) < 7(2)

and = holds if and only if Q = QF.
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Quantitative Urysohn’s inequalities for =

(Ghilli-S. 2015)

Let Q2 be an open bounded convex set of R”, n > 2 with centroid in the origin.
Let Q* be the ball with the same mean-width of Q with center in the origin.
Then the following hold

Q) > () (1 + NH3<"+‘>) : (0.28)

T(Q%) > 7(Q) (1 + vA%) | (0.29)

where H = H(Q, Q%) and A = max{A(Q,Q,) : p rotation in R"} are small
enough, 1 and v are constants, the former depending on n, 7(2) and the
diameter of €, the latter depending only on n and 7().
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Possible extensions

Brunn-Minkowski type inequalities have been proved for several variational
functionals:
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Possible extensions

Brunn-Minkowski type inequalities have been proved for several variational
functionals: the first Dirichlet eigenvale of the Laplacian [Brascamp-Lieb,
1976], Newton Capacity [Borell, 1983], p-capacity [Colesanti-S. 2003],
Monge-Ampére eigenvalue [S., 2005], p-Laplacian eigenvalue
[Colesanti-Cuoghi-S., 2006], the Bernoulli constant [Bianchini-S. 2009], the
eigenvalue of Hessian equations [Lu-Ma-Xu, 2010] and [S., 2012], etc.
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Possible extensions

Brunn-Minkowski type inequalities have been proved for several variational
functionals: the first Dirichlet eigenvale of the Laplacian [Brascamp-Lieb,
1976], Newton Capacity [Borell, 1983], p-capacity [Colesanti-S. 2003],
Monge-Ampére eigenvalue [S., 2005], p-Laplacian eigenvalue
[Colesanti-Cuoghi-S., 2006], the Bernoulli constant [Bianchini-S. 2009], the
eigenvalue of Hessian equations [Lu-Ma-Xu, 2010] and [S., 2012], etc.

Then most of the above arguments, showed for the case of torsional rigidity,
may be repeated for other functionals (in fact we have already treated the case
of the Monge-Ampére eigenvalue with D. Ghilli in a previous paper (2014)).
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The end

THANKS!
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