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Dirichlet eigenvalues

Let @ C R™ m > 2, be an open set of finite Lebesgue measure || < oo.
Dirichlet eigenvalues of the Laplacian on Q, A\((2) € R, satisfy

—Aug(x) = M(Quk(x) x € Q,
u(x) =0 x € 09,
and form a non-decreasing sequence, counted with multiplicities,

A1) < A(Q) < < A(Q) <
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Dirichlet eigenvalues

Let @ C R™ m > 2, be an open set of finite Lebesgue measure || < oo.
Dirichlet eigenvalues of the Laplacian on Q, A\((2) € R, satisfy

—Aug(x) = M(Quk(x) x € Q,
u(x) =0 x € 09,

and form a non-decreasing sequence, counted with multiplicities,

A1) < A(Q) < < A(Q) <

For each k € N, determine an open set £; C R™ such that, for prescribed
ceR, c>0,

A(€2)) = inf{\( () : Q C R™ open, |Q| = c}.
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New approach

Antunes and Freitas:

If, for each k € N, a minimiser Q} for A\, exists in a chosen collection of
sets in R™, then determine the asymptotic minimal set as k — o0, i.e. the
limit of a sequence of minimisers (2})x as k — oco.
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New approach

Antunes and Freitas:

If, for each k € N, a minimiser Q} for A\, exists in a chosen collection of
sets in R™, then determine the asymptotic minimal set as k — o0, i.e. the
limit of a sequence of minimisers (2})x as k — oco.

Colbois and El Soufi:
The following are equivalent

o \! is asymptotically equal to 47%(cwm)~2/Mk? ™ as k — oo, where
Wm is the measure of a ball of radius 1 in R™.

@ Pdlya’s Conjecture: for all bounded, open sets 2 C R™ of measure c,

Ak(Q) > 4n?(cwm) ™2/ mk3/m,
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Rectangles in R? of unit measure

For b > 1, let

Ry = {(x1,x2) ER?:0<x1 < b, 0<x< b_l}.
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Rectangles in R? of unit measure

For b > 1, let
Ry = {(Xl,Xg) S RZ 0<x1 < b, 0<x< b_l}.
For each k € N, there is a minimising rectangle Ry such that

X; = Ak(Rb;) = inf{)\k(Rbk) : ‘Rbk’ = 1}.
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Rectangles in R? of unit measure

For b > 1, let
Ry = {(x1,x) € R?:0<x; <b,0<x < b 1}
For each k € N, there is a minimising rectangle Ry such that

’; = Ak(Rb;) = inf{)\k(Rbk) . ‘Rbk’ = 1}

Theorem (Antunes, Freitas, 2013)

Any sequence of minimising rectangles (Ry; )k converges to the unit square
as k — oo.
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Cuboids in R3 of unit measure

For 0 < a1 < ap < a3 with ajaraz =1, let

3.
Ra17a2733 = {(Xl,XQ,X3) ER:0<x1 < 31,0 < X < 32,0 <x3 < 33}.
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Cuboids in R3 of unit measure

For 0 < a1 < ap < a3 with ajaraz =1, let
Ra17327a3 = {(Xl,XQ,X3) € R?’ 0<x < 31,0 < X < 32,0 <x3 < 33}.

Dirichlet eigenvalues of the Laplacian on R, 4, 2,

7T2i2 7.[.21'2 ’7T2i2 o
1 2 3 N
2 > > I, 12,13 € N.
a a3 a3
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Cuboids in R3 of unit measure

For 0 < a1 < ap < a3 with ajaraz =1, let
Ra17327a3 = {(Xl,XQ,X3) € R?’ 0<x < 31,0 < X < 32,0 <x3 < 33}.

Dirichlet eigenvalues of the Laplacian on R, 4, 2,

7T2i2 7.[.21'2 ’7T2i2 o
1 2 3 N
2 > > I, 12,13 € N.
a a3 a3

Let A€ R, A\ >0, and a1, ap, a3 € R such that a;azaz = 1.
Define the ellipsoid

2 2 2
X: X. X A
E(\ a1,a2) = {(Xl,Xz,X3) eRP: 2T +24+3< 2}
a3 a5 a5 m
with volume |E(A, a1, a2)| = %)\3/2.
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Cuboids in R3? of unit measure

Dirichlet eigenvalues A1(Ra; a5,5)5 - - - » Ak(Ray,25,35) correspond to the
first octant.

integer lattice points that are inside or on the ellipsoid E(Ag, a1, az) in the

E DA
21st November 2016
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Cuboids in R3 of unit measure

Dirichlet eigenvalues A\1(Ra; a5,25)s - - - » Ak(Ray,a5,25) correspond to the
integer lattice points that are inside or on the ellipsoid E(\k, a1, az) in the

first octant.

The following are equivalent:
@ Determining a minimising cuboid for A\, among all cuboids of unit
measure in R3.
@ Determining the 3-dimensional ellipsoid of minimal volume which
encloses k integer lattice points in the first octant.
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Cuboids in R3 of unit measure

For each k € N, there is a minimising cuboid R, such that

* *
1,k292, k093 k

Ak = Me(Ray, a3, 03,) = Inf{Ak(Ray ap,25) - a1 < a2 < a3, 313033 = 1}
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Cuboids in R3 of unit measure

For each k € N, there is a minimising cuboid R+ such that

* *
1,k292, k093 k

)\i = /\k(Ra ) = inf{)\k(Ral,az,ag) Lal S an S d3,d1d»ads — 1}.

* * *
1,k292, k093 k

Theorem (van den Berg, Gittins, 2016)

Any sequence of minimising cuboids (R s, 2z, ), converges to the unit
cube in R3 as k — oco.
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Cuboids in R3 of unit measure

For each k € N, there is a minimising cuboid R, such that

* *
1,k292, k093 k

Ak = Me(Ray, a3, 03,) = Inf{Ak(Ray ap,25) - a1 < a2 < a3, 313033 = 1}

Theorem (van den Berg, Gittins, 2016)

Any sequence of minimising cuboids (Ra converges to the unit

 oaleat
cube in R3 as k — co. Furthermore,

3, <1+ O(k~A)8) k- oo,

where (8 is an exponent of the remainder in

v

#{ (i1, i, R) €Z3: i + i3+ i2 < R’} — ?R3 = O(R?),R = .
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Cuboids in R3 of unit measure
Sketch of proof:

@ Relate the number of integer lattice points inside or on
E(X;, a7 ,, a5 ) to the number of such points in the first octant.
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Cuboids in R3 of unit measure

Sketch of proof:

@ Relate the number of integer lattice points inside or on
E(X;, a7 ,, a5 ) to the number of such points in the first octant.

@ Use well-known estimates for the number of integer lattice points
inside or on an ellipsoid E(\, az, az).
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Cuboids in R3 of unit measure

Sketch of proof:

@ Relate the number of integer lattice points inside or on
E(X;, a7 ,, a5 ) to the number of such points in the first octant.

@ Use well-known estimates for the number of integer lattice points
inside or on an ellipsoid E(\, az, az).

@ Compare to the case where a; = ap = 1.
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Cuboids in R3 of unit measure

Sketch of proof:

@ Relate the number of integer lattice points inside or on
E(X;, a7 ,, a5 ) to the number of such points in the first octant.

@ Use well-known estimates for the number of integer lattice points
inside or on an ellipsoid E(\, az, az).
@ Compare to the case where a; = ap = 1.

The side-lengths {a] ,, a3 ,, a3 , } must remain bounded as k — oc.
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Cuboids in R3 of unit measure

Sketch of proof:

@ Relate the number of integer lattice points inside or on
E(X;, a7 ,, a5 ) to the number of such points in the first octant.

@ Use well-known estimates for the number of integer lattice points
inside or on an ellipsoid E(\, az, az).

@ Compare to the case where a; = ap = 1.
The side-lengths {a] ,, a5 ,, a3 ,} must remain bounded as k — oc.

This depends upon an upper bound for the counting function

N(X) = #{(ir, i2, i3) € N> N E(), a1, a2)}

2 2 2 1/2
a3 A d3.0 d3.0
<> . o L :

€N iheN 1 +
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Cuboids in R3 of unit measure

Sketch of proof:

@ Relate the number of integer lattice points inside or on
E(X;, a7 ,, a5 ) to the number of such points in the first octant.

@ Use well-known estimates for the number of integer lattice points
inside or on an ellipsoid E(\, az, az).

@ Compare to the case where a; = ap = 1.
The side-lengths {a] ,, a5 ,, a3 ,} must remain bounded as k — oc.

This depends upon an upper bound for the counting function

N(X) = #{(i1, 2, i3) € N> N E(X, a1, a2)}
2 2 2 1/2
93 3.2 939
SN {(A) J
i1 €EN iheN 1 2 +
Q: Does an analogous result hold in higher dimensions?
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Neumann eigenvalues

Let Q C R™ be a bounded, open set with Lipschitz boundary.
Neumann eigenvalues of the Laplacian on Q, () € R, satisfy

—Au(x) = u(Q)uk(x) x € Q,
6”8"7,({() =0 x € 09,

where ' is the outward pointing unit normal vector to 92, and form a
non-decreasing sequence, counted with multiplicities,

10(Q) < i1(Q) < pa(Q) < - < (@) < ...
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Neumann eigenvalues

Let Q C R™ be a bounded, open set with Lipschitz boundary.
Neumann eigenvalues of the Laplacian on Q, () € R, satisfy

—Au(x) = u(Q)uk(x) x € Q,
6”8"7,9) =0 x € 09,

where ' is the outward pointing unit normal vector to 92, and form a
non-decreasing sequence, counted with multiplicities,

For each k € N, determine an open set ; C R" such that, for prescribed
ceR, c>0,

Li(2%) = sup{pk(2) : @ C R™ bounded, open, Lipschitz, || = c}.
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Rectangles in R? of unit measure
For b > 1, let

Ry = {(x1,x2) €ER?:0< x; < b,0 < xo0 < b1}
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Rectangles in R? of unit measure
For b > 1, let

Ry = {(x1,x2) €ER?:0< x; < b,0 < xo0 < b1}
Neumann eigenvalues on Rp:

w2m?

7+7r2n2b2, m,nENU{O}.
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Rectangles in R? of unit measure

For b > 1, let

Ry = {(x1,x2) €ER?:0< x; < b,0 < xo0 < b1}
Neumann eigenvalues on Rp:

w2m?

7+7r2n2b2, m,nENU{O}.

For each k € N, there is a maximising rectangle Rpx such that

ik = kk(Ror) = sup{pk(Rp,) : [Rb,| = 1}.
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Rectangles in R? of unit measure

For b > 1, let

Ry = {(x1,x2) €ER?:0< x; < b,0 < xo0 < b1}
Neumann eigenvalues on Rp:

w2m?

7+7r2n2b2, m,nENU{O}.

For each k € N, there is a maximising rectangle Rpx such that
ik = kk(Ror) = sup{pk(Rp,) : [Rb,| = 1}.
For R C R? a rectangle,

4k 21/ 2Per(R)k/?

N T

+ o(k?), k — 0.
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Rectangles in R? of unit measure

Theorem (van den Berg, Bucur, Gittins, 2016)

Any sequence of maximising rectangles (Rb:) converges to the unit square
as k — oo. Moreover,

by =1+ O(k=1/*%) k = oo,
where 6 is an exponent of the remainder in Gauss’ circle problem

#{(i1,b) €Z?: 2+ 2 <R?*} —7R* = O(R’),R — .
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Rectangles in R? of unit measure

Theorem (van den Berg, Bucur, Gittins, 2016)

Any sequence of maximising rectangles (Rb:) converges to the unit square
as k — oo. Moreover,

by =1+ O(k=1/*%) k = oo,
where 6 is an exponent of the remainder in Gauss’ circle problem

#{(i1,b) €Z?: 2+ 2 <R?*} —7R* = O(R’),R — .

Q: Does an analogous result hold in higher dimensions?
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Rectangles in R? of prescribed perimeter

Let
Ra,c = {(Xl,Xz) S RZ 0<x < C,O < Xp < a}.

Consider
inf{pk(Rac) : Per(Rac) =2(a+ c) = 4}.
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Rectangles in R? of prescribed perimeter

Let
Roc={(x1,%) €R*:0< x3 <¢,0< x < a}.

Consider
inf{pk(Rac) : Per(Rac) =2(a+ c) = 4}.

Theorem (van den Berg, Bucur, Gittins, 2016)

(i) If k =1, then this problem does not have a minimiser, and the
o - 7.(.2
infimum equals 7.

(i) If k > 2, then a minimising rectangle, Raz cx with ai + ¢ = 2, for jux
exists. Any sequence of minimising rectangles converges to the unit
square as k — oo.
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Rectangles in R? of prescribed perimeter

Consider
sup{pk(Rac) : Per(Rac) = 2(a+ c) = 4}.
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Rectangles in R? of prescribed perimeter

Consider
sup{pk(Rac) : Per(Rac) = 2(a+ c) = 4}.

Theorem (van den Berg, Bucur, Gittins, 2016)

For k € N, there is a unique maximising rectangle Ry - with
aj = 27 €(0,1] and ¢c; =2 — a such that
m2k? m m?(k+1)?

p’k(RaZQ—aZ) = (2 — 32)2 = (ax)Q - 4 )

i.e. piy = pk(Ray 2—ar) is realised by the pairs (k,0) and (0, 1).
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Rectangles in R? of prescribed perimeter

Consider
sup{pk(Rac) : Per(Rac) = 2(a+ c) = 4}.

Theorem (van den Berg, Bucur, Gittins, 2016)

For k € N, there is a unique maximising rectangle Ry - with
aj = 27 €(0,1] and ¢c; =2 — a such that
m2k? m m?(k+1)?

p’k(RaZQ—aZ) = (2 — 32)2 = (ax)Q - 4 )

i.e. piy = pk(Ray 2—ar) is realised by the pairs (k,0) and (0, 1).

The sequence of maximising rectangles collapses as kK — c0.
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Higher dimensions with surface area constraint
For k € N and m > 3, the minimisation problem

inf{ux(R) : R is a cuboid in R™, Per(R) = 4}

does not have a solution.
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Higher dimensions with surface area constraint

For k € N and m > 3, the minimisation problem
inf{ux(R) : R is a cuboid in R™, Per(R) = 4}

does not have a solution.

The infimum is equal to zero via a sequence of cuboids with at least two
vanishing edges.
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Higher dimensions with surface area constraint

For k € N and m > 3, the minimisation problem
inf{ux(R) : R is a cuboid in R™, Per(R) = 4}

does not have a solution.

The infimum is equal to zero via a sequence of cuboids with at least two
vanishing edges.

For k € N and m > 3, the maximisation problem
sup{uk(R) : R is a cuboid in R™ Per(R) = 4}

has a solution.
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Higher dimensions with surface area constraint

Either
@ there is a non-degenerate maximising sequence for piy, or

@ there is a maximising sequence (Ra(n) a(n))n for py with one
1 >

vanishing side-length agn) — 0 and, for all i € {1,..., m}, af") — a;
as n — co. The perimeter constraint becomes azas...a, = 2.
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Higher dimensions with surface area constraint

Either
@ there is a non-degenerate maximising sequence for piy, or

@ there is a maximising sequence (Ra(n) a(n))n for py with one
1 »¥m

vanishing side-length agn) — 0 and, for all i € {1,..., m}, af") — a;
as n — co. The perimeter constraint becomes azas...a, = 2.

The eigenvalues of R, ., are the eigenvalues of the (m — 1)-dimensional
cuboid with edges of length a;, as, ..., a, and measure 2.
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Higher dimensions with surface area constraint

Either
@ there is a non-degenerate maximising sequence for piy, or

@ there is a maximising sequence (Ra(n) a(n))n for py with one
1 »¥m

vanishing side-length agn) — 0 and, for all i € {1,..., m}, af") — a;
as n — co. The perimeter constraint becomes azas...a, = 2.

The eigenvalues of R, ., are the eigenvalues of the (m — 1)-dimensional
cuboid with edges of length a;, as, ..., a, and measure 2.

For k € N and m > 3, the maximisation problem
sup{zk(R) : R is a cuboid in R™ 1 |R| = 2}

has a solution.
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Higher dimensions with surface area constraint
For k € Nand m > 3,

sup{ux(R) : R is a cuboid in R, Per(R) = 4}

has a solution.
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Higher dimensions with surface area constraint

For k € N and m > 3,

sup{ux(R) : R is a cuboid in R, Per(R) = 4}
has a solution.

Q: What is the limit of a sequence of maximising cuboids in R™ as
k — 00?
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Higher dimensions with surface area constraint

For k € Nand m > 3,
sup{ux(R) : R is a cuboid in R, Per(R) = 4}

has a solution.

Q: What is the limit of a sequence of maximising cuboids in R™ as
k — 00?

For a maximising cuboid, i behaves like kM as k — oo.

On a degenerating sequence which collapses towards a fixed
(m — 1)-dimensional cuboid, i} behaves like k2/(m=1) as k — co.
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Higher dimensions with surface area constraint

For k € Nand m > 3,
sup{ux(R) : R is a cuboid in R, Per(R) = 4}

has a solution.

Q: What is the limit of a sequence of maximising cuboids in R™ as
k — 00?

For a maximising cuboid, i behaves like kM as k — oo.

On a degenerating sequence which collapses towards a fixed
(m — 1)-dimensional cuboid, i} behaves like k2/(m=1) as k — co.

Any sequence of maximisers must collapse as k — oo.
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Related open problems

Let T, denote the flat torus obtained from the parallelogram in R? with
vertices (0,0), (1,0), (a, b), (a+ 1, b) by identifying parallel edges.
Let \c(a, b) denote the eigenvalues of Laplace-Beltrami operator on T, .

Katie Gittins (Université de Neuchatel) Asymptotic optimal sets for eigenvalues 21st November 2016 17 /21



Related open problems

Let T, denote the flat torus obtained from the parallelogram in R? with
vertices (0,0), (1,0), (a, b), (a+ 1, b) by identifying parallel edges.
Let \c(a, b) denote the eigenvalues of Laplace-Beltrami operator on T, .

For k € N, there is a maximising flat torus Ta;,b; which realises the
supremum

sup{b - M¢(a, b) : (a, b) € R?}.
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Related open problems

Let T, denote the flat torus obtained from the parallelogram in R? with
vertices (0,0), (1,0), (a, b), (a+ 1, b) by identifying parallel edges.
Let \c(a, b) denote the eigenvalues of Laplace-Beltrami operator on T, .

For k € N, there is a maximising flat torus Taiybﬁ which realises the
supremum

sup{b - M¢(a, b) : (a, b) € R?}.

Conjecture (Kao, Lai and Osting, 2016)

For k € N, the maximising flat torus Taz,b; has

o= (3T
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Related open problems

Let T, denote the flat torus obtained from the parallelogram in R? with
vertices (0,0), (1,0), (a, b), (a+ 1, b) by identifying parallel edges.
Let \c(a, b) denote the eigenvalues of Laplace-Beltrami operator on T, .

For k € N, there is a maximising flat torus Taiybﬁ which realises the
supremum

sup{b - M¢(a, b) : (a, b) € R?}.

Conjecture (Kao, Lai and Osting, 2016)

For k € N, the maximising flat torus Taz,b; has

o= (3T

Q: Is this true?
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Related open problems

Let T, denote the flat torus obtained from the parallelogram in R? with
vertices (0,0), (1,0), (a, b), (a+ 1, b) by identifying parallel edges.
Let \c(a, b) denote the eigenvalues of Laplace-Beltrami operator on T, .

For k € N, there is a maximising flat torus Taiybﬁ which realises the
supremum

sup{b - M¢(a, b) : (a, b) € R?}.

Conjecture (Kao, Lai and Osting, 2016)

For k € N, the maximising flat torus Taz,b; has

A k12 1
(ay, bx) = (27 {EW - 4>-
Q: Is this true?

Q: Optimal cylinders for the Dirichlet and Neumann eigenvalues with a
measure constraint?
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Optimisation of Dirichlet eigenvalues: perimeter constraint

For/ e R, ¢ >0,
Ac(Q%) = inf{A\((Q2) : Q C R™ open, [Q| < oo, Per(Q2) = ¢}.

De Philippis and Velichkov: a minimiser exists, is bounded and connected.

Bucur and Freitas: any sequence of minimisers Q} C R2 of A, with
perimeter £ converges to the disc of perimeter ¢ as k — oc.

van den Berg: for each k € N, there exists 2 C R™, m > 2, such that

A(Q2%) = inf{A\((Q2) : Q C R™ open, convex,

Q| < oo, Per(Q2) = ¢}.

For any sequence of minimisers, there exists a sequence of isometries of
these minimisers which converges to a ball of perimeter ¢ as k — oo.
Antunes and Freitas: any sequence of m-dimensional minimising cuboids
converges to the m-dimensional unit cube as kK — co.
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Optimal cylinders

Cylinder C(r,¢) = S, x [0, 4], where S, is a circle of radius r.
For b>0,set { =band r = b1 so |C(b7L,b)| =2r.
Dirichlet eigenvalues on C(b™1, b):

71'2/.2 D,2 . .

?"1'_/ b, i €N, jeZ.
inf{\x(C(b~1, b)) : b >0} = 0 via a sequence of cylinders with (b} ), such
that b, — co as £ — oo.
sup{\(C(b71, b)) : b > 0} = oo via a sequence of cylinders with (b ),
such that bﬁ — 0 as ¢ — oo.
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Optimal cylinders

Cylinder C(r,¢) = S, x [0,/], where S, is a circle of radius r.
For b>0,set {=band r=b"1so|C(b1, b)|=2nr.
Neumann eigenvalues on C(b~1, b):

7r2i2 2,2 . .
?‘F‘/b,IENU{O},jEZ.

inf{uk(C(b~1, b)) : b> 0} = 0 via a sequence of cylinders with (b ), such
that b, — co as £ — oo, and via a sequence of cylinders with (b), such
that b{, — 0 as ¢ — oo.

A maximising cylinder for py exists.

Q: What is it? What is the asymptotic maximal cylinder as k — oco?
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