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Au =0 inQ,
Ohu =ocu onM = 9Q.



2. Isoperimetry on surfaces

Theorem (Weinstock, 1954)
If Q C R? is a simply-connected domain, then

0‘1L < 2T.

Theorem (Fraser-Schoen, 2013)
If Q is a compact surface of genus ~ with b boundary
components, then

o1L < 2mw(y + b).

Theorem (Kokarev, 2014)
If Q is a compact surface of genus =, then

o1L < 8m(y+1).



Theorem (Colbois- Girouard, 2014)

There exists a sequence Sy of surfaces with the genus 1 + N
and such that

o1(S2w)L(0) = CN,

for some universal constant C > 0.

Strategy:

1.

Consider a regular graph I of degree 4

2. Use a «fundamental piece» to build a surface Qr
3.
4. Consider expanding sequence of graphs

Prove a spectral comparison estimate with A;(I")

QED

Question: How many boundary components are required?



2. Discretization of manifolds with boundary

Let k > 0andrp € (0,1).

A n-dimensional compact manifold M is in M = M(k, ro,n) if

H1) The boundary ¥ admits a neighbourhood which is
isometric to the cylinder [0, 1] x X, with the boundary
corresponding to {0} x ¥;

H2) The Ricci curvature of M is bounded below by —(n — 1)x;
H3) The Ricci curvature of X is bounded below by —(n — 2)x;
H4) For each point p € M such that d(p, %) > 1, injy(p) > ro;

H5) For each point p € %, injs(p) > ro.



Discretization of M € M(n, k,ro)

Fix € € (0,!’0/4).
Vs W

Vs C ¥: maximal e-separated.

Vi = {4e} x Vy C M.

Vs C Vi: maximal e-separated in M\ [0, 4¢[x X.



The set V = Vs UV, is given the structure of a graph I':

» any two v, w € V adjacent if du(v, w) < 3¢;
» any v € V5 adjacentto v/ = (4¢,v) € Vg C V).

This graph I' = (V,E) is a e-discretization of M.
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Lemma
For any 0 < € < ro/4, and any e-discretization (', Vx) of M, the
natural inclusion V C M is a rough isometry:

zdr(x,y) —10 < dm(x,y) < 4dedr(x,y) + 10.



Rough isometries

A rough isometry between two metric spaces X and Y is a map
® : X — Y such that, there exist constantsa > 1,b> 0,7 >0
satisfying

a ld(x1,x2) — b < d(®(x1),P(x2)) < ad(x1,x2) +b (1)
for every x1, x> € X and which satisfies

L B(e(x),7) =.



3. Comparison estimates

Let ' = (V,E) be a graph with boundary B C V.

The Dirichlet energy of a function f : V — R is

a(f) =Y (F(v) — f(w))*.

v~w

, the j-th Steklov eigenvalue of the (I, B) is

f
gi(l',B) = min mang
E fee ||f|5

Foreachj < |B

the minimum is over j + 1-dimensional subspaces E of ¢2(V).



Main theorem (Colbois—Girouard—Raveendran)

Lete € (0,I’0/4).
There exist numbers a, b > 0 depending on &, rg,n and e such

that any e-discretization (I'y, Vx) of M € M(k, ro, n) satisfies

o1(M)
a< ———>—<b.
o1(l, Vy)



4. Two applications

Application 1
There exists a sequence of domains Qy C R?, such that

1. The isoperimetric ratio /(Q2y) — oo as N — oo;

2. There exists a constant ¢ > 0, such that o1(Qy)|Xn| > c.

Application 2

There exist a sequence {Qy }nen of compact surfaces with
connected boundary and a constant C > 0 such that,
genus(y) =1+ N, and

Ul(QN)L(aQN) Z CN.



Application 1

Theorem (Colbois-Girouard-El Soufi, 2011)
There exists C = C(n) such that

ok (Q)|0QM" < %kz/”.

(Q)(n—l)/n
Where the isoperimetric ratio /(Q2) := IQ\B% > I(B).

classical isoperimetric inequality

Corollary
If n > 3 then any sequence of domains Qy C R” such that

N—oo

satisfies
li Q Qun| = 0.
NI—>moon( N)]@ N‘ 0
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There exists a sequence of domains Qy C R?, such that
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Application 2

There exist a sequence {Qy }nen of compact surfaces with
connected boundary and a constant C > 0 such that,
genus(y) =1+ N, and

Jl(QN)L(aQN) Z CN.






