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+ some further conditions.




What is the best constant C' in the inequality?
We study the case A =1 here:
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This is equivalent to the following
Weighted isoperimetric inequality:
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for smooth sets O ¢ RY.
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Let NeN, k4+N—-1>0 and [+ N >0

Define

/ |z|* Ay _1 (d)
R(Q) = o0 E+N—1 9

([1e)"

Note: R(Q) =R(tQ) Vi> 0.
Find C:=inf {R(Q): Q CRY, Q+#0, smooth}.

(€2 smooth).
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If C >0 then [ < k.

A necessary condition for radiality:
Define: € :=R(B).

N-1 —:I* then C™ > (.
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([iy)N>2, E<I[I+1 and [

N. Chiba, T. Horiuchi (2015).

See also

A. Diaz, N. Harman, S. Howe, D. Thompson (2012),
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Define
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E = & . veCERY)\ {0},
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S = inf{E(v): ve CPRY)\{0}}, and
Sred = inf{E(v) : v € CRY)\ {0}, v radial}.
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S'is attained for 1 < p < g.
[+ N
= = = ——— then
If p=1, a=k and ¢ k—l—N—lt

S=C and grad — ¢rad,
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The case p = ¢, Hardy—Sobolev inequality:
Let 1<p=q ( ©a—-b=1). Then

p
S = gred — (%—1+a> . G. Hardy (1919).

The case ¢ = p*, Sobolev inequality:

and a =b=0. Then

p
Let N =p* =
et N>p, ¢=p N—p
S = Sred; G, Talenti (1976).
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Fromnowon,let N>2 and 1<p<g<p*.

The constants S™¢ and the corresponding radial
minimizers have been evaluated in this case by

R. Musina (2014).
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Symmetry breaking:
If > a* then S < Smd;
P. Caldiroli, R. Musina (2013).
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If 1— E <a<a* then S = Sm; ABCMP.
p

See also:

F. Catrina, Z. Wang (2001),

V. Felli, M. Schneider (2003) and

J. Dolbeault, M. Esteban, M. Loss (2015), arXiv, for p = 2.
T. Horiuchi, P. Kumlin (2012) for a < 0.



CKN inequalities, N > 2 = p: values of ¢ and b

=b
@ S<S*

b=a-1
a=1-N/2

S=S*

b=b*(a)
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For every r € (0, 00) define
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The Lorentz space L™(R") is the collection of all
measurable functions « : RY — R such that |jul|,, is finite.
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For the case a =0 see: A. Alvino (1977).
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Some tools in the proofs:
1. u— symmetrization:

(a) Define a measure y; by du(x) = |z|' da.
If M c RY is measurable with (M) < oo,
then let M* be the ball Bx such that ,;,(Bgr) = u(M).

(b) If v :RY — R is a measurable function such that
w{lu| >t} <oco Vt>0,

then let «* be the nonnegative, radially symmetric and
radially decreasing function satisfying

wiv® >t} = w{lul >t} Vt>0.



Then:
/ ]! d = / el de Yu € CR(RY), ¥m > 0,
RN RN

and
C=Cr — R(Q) >R
for all nonempty smooth sets ().



2. Another description of C"

Define
/ 2 [F|Vo| da
Q(U) = RY leerl ’ Vo € C(()X)(RN) \ {0}
I+N +N
([ el )
RN
Then

C =inf{Q(): ve CRY)\{0}}.



3. The case k < 0; Horiuchi’s trick:
Let u € C5°(RY),

J::/ 2[F|Vu| dz,
RN
and define y,z and v by:

Y= x|x|ﬁ, z:=ly| and v(y) :=u(z), (zecRY).



Using N—dimensional spherical coordinates we evaluate

J = / / k+N 1 / |v9u|2d A6
yN 1
+o00 2 _ 2

v )y 2 E+N_1)p

S / /+OOZN_1\/U2 v 9U|2d a9

- #N-1 Jq # Z

= / V| dy.
RN




4. The case k > 0; a crucial inequality:

Let z,y,u,v,J beasinno. 3.
The mapping

+o0 2
tl—>log</ / |v0|dd0)
¥ N-—1 0 Z

is concave.
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A
+oo 5
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FN=-1J0o z
+o0 1-A
: (/ / N, | dz d@)
nyl 0
A 1-A
- (/ [Vyvl dy) : (/ v, | dy) )
RN RN

Hence we obtain for every A e [o, M]

v



5. Polya-Szeg6 principle:

Assume that C = C", andlet p € [1,+00) and
u € C°(RY). Then

/ VufP |z 0P g > / IVt Pl e,
RN RN

(u* = p—symmetrization of u);
ABCMP.



Sketch of the proof in the special case
p=2 1=0, 0<k<I:

I / VullaP de, e CR(RN), u >0,
]RN

I* := same for u*.



Sketch of the proof in the special case
p=2 1=0, 0<k<I:
I = / \Vu|?|z|* dz, ue CP(RY), u >0,
RN
I* := same for u*.

By the co-area formula,

I :/ (/ \VuH:c|2k%”N1(d:c)) dt,
0 u=t

I* = same for u*.
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Fleming-Rishel’s formula gives
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= ] > T".



Thank you !



