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Capacitary problem

Q ~wconductor e Aug =0
ug~~electrostatic potential B
|Dug|~wsintensity of the field; ' 0

~»An electrical conductor 2 while maintaining a given potential energy
has constant intensity of the electrostatic field on its boundary if and only
if it is an Euclidean ball.

[W. Reichel, Arch. Rational Mech. Anal. 1997]
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Capacity problem

Au=0 inRN\Q,

u=1 on 09, ~ Cap(2) = minf
VEA

1
~ID 2,
IRN2I vi

u—0 if|x] > oo.
where A= {ve CX(RN), v>1inQ}
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Capacity problem

Au=0 inRN\Q,

u=1 on 09, ~ Cap(2) = minf
VEA

1
~ID 2,
IRN2I vi

u—0 if|x] > oo.
where A= {ve CX(RN), v>1inQ}

Cap(2) measures the capacitance of Q: the total charge 2 can hold
while maintaining a given potential energy,with respect to an idealized
ground at infinity.
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Capacity problem

Au=0 inRN\Q, ’
u=1 ondQ, ~ Cap(Q?) = minf SIDVP,
veA Jgn 2
u—0 if|x] > oo.
where A= {ve CX(RN), v>1inQ}
Cap(2) measures the capacitance of Q: the total charge 2 can hold
while maintaining a given potential energy,with respect to an idealized

ground at infinity.

~> the Laplace operator reflects the the linearity of the electrical
conductivity law, determined by the isotropy of the dielectric.
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Capacity problem

Au=0 inRN\Q, 1
u=-1 on 69, ~ Cap(Q) = minf —|DvP?,
VEA RN 2

u—0 if|x] > oo.
where A= {ve CX(RN), v>1inQ}

Cap(2) measures the capacitance of Q: the total charge 2 can hold
while maintaining a given potential energy,with respect to an idealized
ground at infinity.

~> the Laplace operator reflects the the linearity of the electrical
conductivity law, determined by the isotropy of the dielectric.

~» What happens in an anisotropic dielectic or for potential-type
conduction laws?
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Capacity problem

77227=0 inRN\Q,

, 1
L=1  onoq, w Capu(®) = min [ ZH(DV
VEA RN 2
u—~0 if |x| = oo.
where A = {ve CX(RN), v>1inQ}
Cap(2) measures the capacitance of Q: the total charge 2 can hold
while maintaining a given potential energy,with respect to an idealized

ground at infinity.

~> the Laplace operator reflects the the linearity of the electrical
conductivity law, determined by the isotropy of the dielectric.

~» What happens in an anisotropic dielectic or for potential-type
conduction laws?
We can expect an anisotropic norm to play a crucial role!

Chiara Bianchini Wulff shape characterizations



Anisotropic Capacity

7777=0 inRV\Q, _ 1 ,
u=1 on 99, ~ Capn(Q2) = min fRN 2 HDV)™
u—0  if|x| > .

where A = {v e CF(RN), v=1inQ}.
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Anisotropic Capacity

7777=0 inRV\Q, _ 1 ,
u=1 on 99, ~ Capn(Q2) = min fRN 2 HDV)™
u—0  if|x| > .

where A = {v e CF(RN), v=1inQ}.

Capn(£2) measures the anisotropic capacitance of Q: the total
charge Q2 can hold while embedded in an anisotropic dielectric medium
and maintaining a given potential energy, with respect to an idealized
ground at infinity.
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Anisotropic Capacity
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Anisotropic Capacity

Apu=0 inRV\Q, _ 1 ,
u=1 on 49, ~ Capn(Q2) = min fRN 2 HDV)™
u—=0 if | x| = 0.

where A = {v e CF(RN), v=1inQ}.

Capn(£2) measures the anisotropic capacitance of Q: the total
charge Q2 can hold while embedded in an anisotropic dielectric medium
and maintaining a given potential energy, with respect to an idealized
ground at infinity.

~» the governing operator reflects the anisotropy of the dielectric:
~» Finsler Laplacian Ayu = div(H(Du)V¢H(Du))
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Anisotropic p-Capacity

Newtonian p-Capacity:

Can(Q . 1 oup Apu=0 inRV\Q,
apo( )_Dlngwﬁl v ~wu=1 on 9,

) u—~0 if | x| — oo.
where A = {v e CP(RN), v > 1in Q}.
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Anisotropic p-Capacity

Newtonian p-Capacity:

Can(Q . 1 oup Apu=0 inRV\Q,
apo( )_Dlngwﬁl v ~wu=1 on 9,

) u—~0 if | x| — oo.
where A = {v e CP(RN), v > 1in Q}.

Finsler p-Capacity:

Aflu=0 inRNV\Q,
~wiu=1 on 0%,
u—20 if x| — oo.

1
Capfi(®) =i [ ZH(DV)"

where A = {v e CT(RN), v > 1in Q}.
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Anisotropic p-Capacity

Newtonian p-Capacity:

1 Apu=0 inRV\Q,
Cap,(Q) = mi?r‘)f —|DvIP,
VE,

RN P U =1 on 01,
) u—20 if |X] = oo.
where A = {v e CP(RN), v > 1in Q}.
Finsler p-Capacity:
Capt(Q) : LT Aflu=0 inRNV\Q,
app ( )_EQIRNE (Dv)", ~wu=1 on 0%,
u—0 if |x] = oo.

where A = {v e CT(RN), v > 1in Q}.

~» Finsler p-Laplacian Agu = div(HP~'(Du)VH(Du))
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Anisotropic spaces (i)

Let H: RYN — R be a regular norm in RY:

(i) His convex;

(i) H(&) > 0for & € RN and H(¢) = 0 if and only if £ = 0;

(i) H(t€) = |t|H(¢) for ¢ e RN and t € R. ~>H is 1-homog.
(iv) H*(¢) e CR(RY).
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Anisotropic spaces (i)

Euclidean balls: B = {|x| < t} ~»sanisotropic balls: By = { H(x) < t}
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)
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Anisotropic spaces (i)

Euclidean balls: B = {|x| < t} ~»sanisotropic balls: By = { H(x) < t}

s O W ¢,

NOT anisotropic balls:
Let H: RN — R be a regular norm in RN

(i) His convex;

(i) H(&) = 0for & € RN and H(¢) = 0 if and only if £ = 0;
(i) H(t€) = |t|H(¢) for ¢ e RN and t € R. ~>H is 1-homog.
(iv) H?(¢) € CE(RY).
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Anisotropic spaces (i)

Euclidean balls: B = {|x| < t} ~» anisotropic balls: By = { H(x) < t}

Let H: RV — R be a regular norm in RN
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Anisotropic spaces (i)

H(x) <t}
}

Euclidean balls: B = {|x| < t} ~»» anisotropic balls: By =

{
Dual balls: B = {|x| < 1} ~» anisotropic By, = { Ho(x) < 1

— | =

LetH: RN - R be a regular norm in RN its dual norm is
X N
Ho sup, for x e R".
( ) £#0 H(f)
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Anisotropic spaces (i)

H(x) <t}
}

Euclidean balls: B = {|x| < t} ~»» anisotropic balls: By =

{
Dual balls: B = {|x| < 1} ~» anisotropic By, = { Ho(x) < 1

— | =

NOTICE: By, is still uniformly convex.
LetH:RVN 5 R be a regular norm in RN its dual norm is
x-& N
H, sup, for x e R".
0( ) £#0 H(f)
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Anisotropic spaces (i)

H(x) <t}
}

Euclidean balls: B = {|x| < t} ~»» anisotropic balls: By =

{
Dual balls: B = {|x| < 1} ~ anisotropic By, = { Ho(x) < 1

— | =

NOTICE: By, is still uniformly convex.
LetH:RVN 5 R be a regular norm in RN its dual norm is
x-& N
H, sup, for x e R".
0( ) £#0 H(f)

Notice: xeQcRVN e~ Hy norm of RN,
Du(x) € dual space of RV «+ H norm of RN (dual space).
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Wulff shapes:

Def. Q is Wulff shape of H if Q = rBy, for some r > 0.
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Wulff shapes:

Def. Q is Wulff shape of H if Q = rBy, for some r > 0.

that is €2 is an anisotropic ball for the dual norm Hp.
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Wulff shapes:

Def. Q2 is Wulff shape of H if Q = rBy, for some r > 0.
that is €2 is an anisotropic ball for the dual norm Hp.
Main results: looking at the anisotropic capacity problem

~» find conditions on the electrostatic potential u which guarantee
the Wulff shape of the domain 2

Chiara Bianchini Wulff shape characterizations



References on anisotropic results

» V. Ferone, B. Kawohl: Proc. Amer. Math. Soc. 2009,
~» maximum principles, Wulff shape;
» A. Cianchi, P. Salani, Math. Ann. 2009, ~» Serrin interior problem;

» G. Wang, C. Xia: Analysis 2011; Arch. Ration. Mech. Anal 2011; Pacific
J. Math. 2012; Ann. Inst. H.P. Anal. Non Lin. 2013; ~» Serrin interior
problem, eigenvalue problems, functional inequalities;

» F. Della Pietra, N. Gavitone: Adv. Nonlinear Stud. 2012; J. Differential
Equations 2013; Math. Anal. Appl.2013; Potential Anal. 2014; Math. Nachr.
2014; ~» eigenvalue problems, Hardy-type potentials;

» M. Cozzi, A. Farina, E. Valdinoci: Commun. Math. Phys. 2014, preprint
2014 ~» gradient bounds; monotonicity formulae

» CB, G. Ciraolo, P. Salani: Calc. Var. 2016 ~» anisotropic capacity,.

» CB, L. Brasco, G. Ciraolo: preprint ~» anisotropic p-capacity,
p-Serrin interior problem.
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Ingredients

Newton’s inequality: If W = BC, with B, C € RNN symmetric, B

positive definite, then

N -1
2N

S (W) < tr(W)2.
Moreover, if tr(W) # 0 and equality holds, then W =y I,.

[A. Cianchi, P. Salani, Math. Ann. 2009]
where S,(A) is the elementary symmetric function of A of order 2.
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Ingredients

Newton’s inequality: If W = BC, with B, C € RNN symmetric, B

positive definite, then

N -1
2N

S (W) < tr(W)2.
Moreover, if tr(W) # 0 and equality holds, then W =y I,.

[A. Cianchi, P. Salani, Math. Ann. 2009]
where S,(A) is the elementary symmetric function of A of order 2.

Anisotropic Aleksandrov Theorem: If My(2) is constant then Q
is Wulff shape.

‘ [He, Li, Ma, Ge, Indiana Univ, 2009]
where My(x) = Hj, is the anisotropic mean curvature.
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Wulff shape characterizations

Theorem. Let H be a regular strictly convex norm of RQ’ ; assume
Q to be convex and let u be a solution to:

Afu=0 inRV\Q
(Pb) :qu=1 on 012,
u—~0 if |X] — oo,
for p < N. The following are equivalent:

H(Du) = C on 82, & equality holds in Newton’s inequality for V2,v
< Qis Wulff shape of H.
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Idea of the proof:

~s>same spirit of:

[Brandolini, Nitsch, Salani, Trombetti, 08] for classical interior Serrin pb;
[Cianchi Salani, 09] for interior anisotropic Serrin pb ;

[Colesanti, Reichel, Salani, in progress] for classical exterior Serrin pb.

AIM:H(Du) = C on 89, = equality holds in Newton = Q Wulff shape.
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Idea of the proof:

~s>same spirit of:

[Brandolini, Nitsch, Salani, Trombetti, 08] for classical interior Serrin pb;
[Cianchi Salani, 09] for interior anisotropic Serrin pb ;

[Colesanti, Reichel, Salani, in progress] for classical exterior Serrin pb.

AIM:H(Du) = C on 89, = equality holds in Newton = Q Wulff shape.

- _P_
» auxiliary pb for v = upr-~;
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Idea of the proof:

~s>same spirit of:

[Brandolini, Nitsch, Salani, Trombetti, 08] for classical interior Serrin pb;
[Cianchi Salani, 09] for interior anisotropic Serrin pb ;

[Colesanti, Reichel, Salani, in progress] for classical exterior Serrin pb.

AIM:H(Du) = C on 89, = equality holds in Newton = Q Wulff shape.

» auxiliary pb for v = up—LN;
» W = V2V, D?v, anisotropic Hessian where V,(¢) = 6]
so that Ayv = tr(W);
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Idea of the proof:

~s>same spirit of:
[Brandolini, Nitsch, Salani, Trombetti, 08] for classical interior Serrin pb;
[Cianchi Salani, 09] for interior anisotropic Serrin pb ;

[Colesanti, Reichel, Salani, in progress] for classical exterior Serrin pb.

AIM:H(Du) = C on 89, = equality holds in Newton = Q Wulff shape.

» auxiliary pb for v = UP*LN;

> W = V2V, D?v, anisotropic Hessian where V,(¢) = THP(£)
so that Ayv = tr(W);

» via some integral inequalities ~» the equality sign in the

generalized Newton's ineq: So(W) < %= tr(W)? holds
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Idea of the proof:

~s>same spirit of:
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Idea of the proof:

~s>same spirit of:
[Brandolini, Nitsch, Salani, Trombetti, 08] for classical interior Serrin pb;
[Cianchi Salani, 09] for interior anisotropic Serrin pb ;

[Colesanti, Reichel, Salani, in progress] for classical exterior Serrin pb.

AIM:H(Du) = C on 89, = equality holds in Newton = Q Wulff shape.

» auxiliary pb for v = UP*LN;
> W = V2V, D?v, anisotropic Hessian where V,(¢) = THP(£)
so that Ayv = tr(W);
» via some integral inequalities ~» the equality sign in the
generalized Newton's ineq: So(W) < %= tr(W)? holds
~»W = Ald
> hence D?v = A(VZV(Dv))™" ~» Mu(Q) is constant
~»$) is Wulff shape (by the anisotropic Alexsandrov Theorem).
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Proof (i) = Q Wulff

(1) Original problem: solution u

Afu=0 inRV\Q

u=1 on 9%,
H(Du) = C ondq,
u—=0 if | x| = oo.
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Proof (i) = Q Wulff

P

Auxiliary problem: for v(x) = ur-~
(1) Original problem: solution u

_ Hy — NPZ TH(DV) Ny
AHu=0 InRM\Q Bov=N=pm—,— kL
u=1 on 092, v=1 on 69
H(Du) = C on dq, H(Dv) = ¢%C on 9%,
u—0 if [x] = oo. vV — 400 if [x] = oo
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Proof (i) = Q Wulff

P

Auxiliary problem: for v(x) = ur-~
(1) Original problem: solution u
NP1 H(Dv)

Afu=0 inR¥\Q Apv=N b v inRY\ Q
u=1 on 9%, v=1 on o9
H(Du) = C on 0%, H(Dv) = ¢%C on 0%,
u—=0 if | x| = oo. V > 4o if | x| = o

let V(£) = JHP(£). W = V2V(Dv) Dv Ay = Tr(W).

Chiara Bianchini Wulff shape characterizations



Proof (i) = Q Wulff

P

Auxiliary problem: for v(x) = ur-~
(1) Original problem: solution u
NP1 H(Dv)

Afu=0 inR¥\Q Apv=N b v inRY\ Q
u=1 on 9%, v=1 on o9
H(Du) = C on 0%, H(Dv) = ¢%C on 0%,
u—=0 if | x| = oo. V > 4o if | x| = o

let V(£) = JHP(£). W = V2V(Dv) Dv Ay = Tr(W).

N-p Pu(Q).
N(p-1) 19 °

» Stepl: C =
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Proof (ii) = Q Wulff

Step II: Newton’s Inequality for W: 2 Sp(W) < ML (Tr(W))2, where

_V‘fjfk Vi ifi ;tj

25,(W) = S2(W)Vep v and SZW =
2( ) U( ) ik W v {_ijfkvki+AgV |fI:]
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Proof (ii) = Q Wulff

Step II: Newton’s Inequality for W: 2 Sp(W) < ML (Tr(W))2, where

_V‘fjfk Vi if i ;tj

25,(W) = S2(W)Vep v and SZW =
2( ) U( ) ik W v {_ijfkvki+AgV |fI:]

recall: tr(W) = Af'v ~> by Newton ineq:
0 =2v' (W) — BLvr(Aflv)?2 = div(+) — vim2H?(Dv)(P(y)).
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Proof (ii) = Q Wulff

Step II: Newton’s Inequality for W: 2 Sp(W) < ML (Tr(W))2, where

_V-fj.fk Vi ifi ;tj

25,(W) = S2(W)Vep v and SZW =
2( ) U( ) ik W v {_ijfkvki+AgV |fI:]

recall: tr(W) = Af'v ~> by Newton ineq:
0 =2v' (W) — BLvr(Aflv)?2 = div(+) — vim2H?(Dv)(P(y)).
~» fory =1 — N we have P(y) = 0 and hence div(+) < 0 that is
div(v'"NSE(W) Ve, — (N = 1)(p - 1)v N V(Dv)V,V(Dv)) <0,

¥x e RN\ Q.
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Proof (iii) = Q Wulff

Step llI: By the Divergence Theorem, the fact that v = % on 9%,

the definition of S,.]2.(W), the homogeneity of H(¢) and the fact that

Apv = (p = 1)HP"2H,, Hzvig + HP My,

itholds [, H(v)HE®-(Dv) (M4Ef - 251 H0D) g > 0.
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Proof (iii) = Q Wulff

Step llI: By the Divergence Theorem, the fact that v = % on 9%,

the definition of S,.]2.(W), the homogeneity of H(¢) and the fact that

Apv = (p = 1)HP"2H,, Hzvig + HP My,

itholds [, H(v)HE®-(Dv) (M4Ef - 251 H0D) g > 0.

~»NOTICE: with H(Du) = C on 92 and Step |, we have

Mn(6Q) _ PH(Q)
LQH(V N_ 1 > I'\I-I|Q|'
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Proof (iii) = Q Wulff

Step llI: By the Divergence Theorem, the fact that v = % on 9%,

the definition of S,.]2.(W), the homogeneity of H(¢) and the fact that

Apv = (p = 1)HP"2H,, Hzvig + HP My,

itholds [, H(v)HE®-(Dv) (M4Ef - 251 H0D) g > 0.

~»NOTICE: with H(Du) = C on 92 and Step |, we have

Mn(6Q) _ PH(Q)
LQH(V N_ 1 > I'\I-I|Q|'

This is the reverse of Minkowski inequality ~» equality holds.
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Proof (iii) = Q Wulff

Step llI: By the Divergence Theorem, the fact that v = % on 9%,

the definition of S,.]2.(W), the homogeneity of H(¢) and the fact that

Apv = (p = 1)HP"2H,, Hzvig + HP My,

itholds [, H(v)HE®-(Dv) (M4Ef - 251 H0D) g > 0.

~»NOTICE: with H(Du) = C on 92 and Step |, we have

Mn(6Q) _ PH(Q)
LQH(V N_ 1 > I'\I-I|Q|'

This is the reverse of Minkowski inequality ~» equality holds.

Step IV: ~»equality holds in Newton’s inequality for
W = V2V(Dv(x)) D?v(x) thatis W = y(x)I.
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Proof (iv) H(Du)jso = C =

StepV:d1eRT: W =2l
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Proof (iv) H(Dbu)yo = Cc =

Step V: 1 e RT: W = Al ~ D?v = A(VZV)™
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Proof (iv) H(Dbu)yo = Cc =

Step V: 1 e RT: W = Al ~ D?v = A(VZV)™
Step VI: by the definition of the anlsotroplc mean curvature we
obtain:

MH(9Q) = Heg(DV)vy = AHg (V2 V) ']y = EH*P(Dv)

~» My (x)= constant ~»$2 is Wulff shape, Q = rBy,. g.e.d.
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Anisotropic overdetermined capacitary problem:

Q ~»conductor

: : Aqug =0
ug~electrostatic potential o) =

ug — 0
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Anisotropic overdetermined capacitary problem:

Q ~»conductor

: : Anug =0
ug~electrostatic potential llo) =
H(Dug)~»norm of the field; (Dug) = C
ug — 0

~»An electrical conductor Q while embedded in an anisotropic dielectric
and maintaining a given potential energy has constant intensity of the
electrostatic field on its boundary if and only if it is an anisotropic ball..
The same holds in the case of power-type conductivity laws.

[W. Reichel 1997 H(-) = |- ]
[CB, G. Ciraolo, P. Salani, 2016 p = 2]
[CB, L. Brasco, G. Ciraolo preprintp < N]
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Further investigations

This technique has been adapted to other situations:

» in the case of other integral constraints
(involving geometric quantities as My, the capacity...);

» for Serrin interior problem for the Finsler p-Laplacian.
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