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Introduction

We are interested in analyzing the behavior of the solutions as the parameter
e — 0, of the following problem with Neumann boundary conditions:

—Au*+u=~f inR®
(Fk) ou®
oNe

=0 ondR®

where R€ is a 2D-thin domain where the boundary presents oscillations.

For instance:

AAAAAAA

Re={(x,y):0<x <1 0<y<eg(x/e)}, g() L—periodic.
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Introduction

We are trying to go beyond the purely periodic case:
We will deal with thin domains of the type:

Locally periodic oscillatory boundary

Re={(x,y):0<x <1 0<y<eG(x,x/e)}
0< Gy <G() <G, G(x,-)isI(x)— periodic.

We will divide the analysis of this case in two:
e Locally periodic with constant period. That is /(x) = L

e Locally periodic with varying period
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Introduction

And also of the type:

Oscillations at both boundaries

R.={(x,y):0 < x<1; —eh(x/e") <y < eg(x/e’)}
0<ho<h()<h, 0<go<g()<a

h(-) Lyi-perioidc and g(-) Lp- periodic.
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Introduction Purely periodic case

Purely Periodic oscillations

Re={(x,y):0<x<1 0<y<eg(x/e)}, g(-) L—periodic.

W V.V.V.V.V.V
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Introduction Purely periodic case

Purely Periodic oscillations

Re={(x,y):0<x<1 0<y<eg(x/e)}, g(-) L—periodic.

Y*={(y,y2):0<y1 <L0<y <g(y)}
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Introduction Purely periodic case
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Introduction Purely periodic case

The limit problem is

—Qouxx +u=f(x), xe€(0,1
by {7 09, x €01

J(0)=1d'(1)=0
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Introduction Purely periodic case

The limit problem is

—Qolxx + u="1(x), xE€ (O 1)
() /(0) = /(1) =

oX
o = Ty / an (yl,yz)}dyldyz,

where X is the unique Y*-periodic solution in y; (up to an additive constant) of:
—AX =0in Y*
oX
g—&l =0on B,

== Nl on Bl

T.A. Mel'nyk, A.V. Popov Asymptotic Analysis of BVP's in thin perforated domains with rapidly varying thickness, Nonlinear
Oscillations, Vol. 13, No. 1, (2010)

JA, A. Carvalho, M. Pereira, R. P. da Silva Semilinear parabolic problems in thin domains with a highly oscillatory boundary,
Nonlinear Analysis T.M.A., Vol 74, 15 (2011), 5111-5132.

JA, M. Villanueva-Pesqueira Thin domains with non-smooth oscillatory boundaries, Journal of Math Anal and Appl 446, pp.
130-164 (2017) .
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Compact Convergence

Convergence

In what sense is (Py) the limit problem of (P.)?
Observe that
ue = (—A+ 1) € 2(R.)

up = (—qolA + )71 € L%(0,1)

We have the extension map:
£ L%(0,1) — L%(R.)
o) — Eo(x,y) = e(x)
which trivially satisfies

—l/2|

cllellzon < eI Ewlizry < Cllellze.

We define “& -convergence”

[2(R) > f. 5 f € 12(0,1) if V2| Ef— fllizR) — O
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Convergence

Then, we can show the following convergence:

i) For any family £, € L2(R.) s.t. 3 f € L2(0,1) with £, £ £ then u. 5 up

i) For any family of functions f. € L2(R.) with € '/2||£||;2(r.) < M for some
M > 0, there exists a sequence f.,_ and f € LZ(O7 1) s.t. u, £ ug.

n

This is called “Compact Convergence of (—A + /)1 in L?(R.) to (oA + /)~ Lin
L2(0,1)". It is a kind of convergence in operator norm, when the operators are
defined in different functional spaces (F. Stummel, G. Vainikko)
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Compact Convergence

Convergence

The good news is that this “Compact Convergence” implies, among other things,

the convergence of the eigenvalues and the eigenprojections. So if we consider the
eigenvalue problems:

—Au +ut = Xu inR" —qou” +u=Au in(0,1)
Oyuc =0 ondR" J(0)=d(1)=0

then,

and similar statements for the eigenprojections.
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Domain perturbation method Locally periodic oscillations with constant period

Locally Periodic with constant period

AAAAAAAAAATA

R.={(xy) eR*|0<x<1,0<y<e(a(x)+g(x/e)}

for a function a € C(0,1) and g(-) is L-periodic.
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Domain perturbation method Locally periodic oscillations with constant period

Locally Periodic with constant period

AAAAAAAAAATA

R.={(xy) eR*|0<x<1,0<y<e(a(x)+g(x/e)}

for a function a € C(0,1) and g(-) is L-periodic.

The most general case: R. = {(x,y) ER? [0 < x<1,0<y <eG(x,x/e)}.
where G(x, ) is L-periodic is analyzed in:

JA, M. Pereira Homogenization in a thin domain with an oscillatory boundary,
J. Math. Pures et Appl. 96 (1), pp. 29-57 (2011).
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Domain perturbation method Locally periodic oscillations with constant period

M. Mascarenhas, D. Polisevski The warping, the torsion and the Neumann...,
Model. Math. Anal Numer. 28 (1994).

D. Chenais, M. Mascarenhas, L. Trabucho On the optimization of non-periodic...,
Model. Math. Anal Numer. 31 (1997).

G.A. Chechkin, L. Piatnitski Homogenization of boundary-value problems...,
Appl. Anal 71 (1999).
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Domain perturbation method Locally periodic oscillations with constant period

Piecewise constant amplitude

We approximate the function a(-) by piecewise constant functions a;(-) so that
lla — as||o(0,1) < 0. Then for as we get the domain:

(Ea); : /0(qa(X)IYa*(X)|U6¢'+|Ya*(X)|uO<p)dX=/O Y5 ()| fpdx
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Domain perturbation method Locally periodic oscillations with constant period

RO R.

€

R ={(x,y) €R? |0 < x<1,0<y < e(as(x) + g(x/e))}.
{(x,y) eR?|0<x<1,0<y<e(a(x)+g(x/e)}.

where as(x) is a piecewise constant function satisfying

H35 — aHLoc(o,l) <.
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Domain perturbation method Locally periodic oscillations with constant period

1 (e—0)

!
(Equation); =9 (Equation),

1 1
Ea)s: [ (@lYsluos' + |Yiluog)d = [ %517
0

1 1
(Eq)p : /(q\Y*|U690'+|Y*\Uo<P)dX:/O |Y*|fodx
0
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Domain perturbation method Locally periodic oscillations with constant period

1 (e—=0)
!
(Equation); =9 (Equation),

1 1
Ea)s: [ (@lYsluos' + |Yiluog)d = [ %517
0

1 1
(Eq)p : /(q\Y*|U690'+|Y*\Uo<P)dX:/O |Y*|fodx
0

g=q(x), Y =Y"(x)={(y1,52),0<y1 <L,0<yr <a(x)+g)}
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Domain perturbation method Locally periodic oscillations with constant period

1 (e—0) 17
1 17
(Equation); =9 (Equation),

1 1
Ea)s: [ (@lYsluos' + |Yiluog)d = [ %517
0

1 1
(Eq)p : /(q\Y*|U690'+|Y*\Uo<P)dX:/O |Y*|fodx
0

g=q(x), Y =Y"(x)={(01,52),0<y1 <L,0<yr <a(x)+g)}
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Domain perturbation method Locally periodic oscillations with constant period

We were able to show that the solutions depend continuously on the function
a(x) uniformly in e

Re Re
={(x,y) eR?|0<x<1,0<y<e(a(x)+g(x/e))}.
={(x,y) €eR?|0<x<1,0<y<e(a(x)+g(x/e))}.
with ap < a(x), 4(x) < fo and |la — 4| 1(0,1) < 0 . Then, there exists

p(8) =50

||U€ UEHHI RﬂR)+||uEHi/1(R€\R +||u6||H1 R\R) ( )Hf||2 Ve >0
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Domain perturbation method Locally periodic oscillations with constant period

The homogenized limit problem

where

r(x) = /Y*(X) {1 - 8§§:)(y1,yz)}dy1dyz.

where X(x) is the unique solution (up to an additive constant) which is
L-periodic in the first variable, of the problem

—AX(x) =01in Y*(x)

OX(x)
N 0 on By(x)
OX(x) _
N Ni(x) on Bi(x)

Y*(x)={(y,y2) ER* : 0<y; <L, 0<y <a(x)+gn)l
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Unfolding method Locally periodic oscillations with varying period

Locally periodic oscillations with varying period

J.A, M. Villanueva-Pesqueira Locally periodic thin domains with varying period"”,
C. R. Acad. Sci. Paris. Serie |, 352, (2014) 397-403

J.A., M. Villanueva-Pesqueira Unfolding operator method for thin domains with
a locally periodic highly oscillatory boundary,

SIAM J. Math. Anal. 48 - 3 (2016) pp 1634-1671
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Unfolding method Locally periodic oscillations with varying period

Re={(x,y):0<x<1,0<y<eG(x,x/e)}

Al
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Unfolding method Locally periodic oscillations with varying period

Re={(x,y):0<x<1,0<y<eG(x,x/e)}
\AAMMAML S

@ G:(0,1) x R — (0, +00) is a smooth function, there exist Gy and G; such
that 0 < Gy < G(x,y) < Gy and G(x, ) is I(x)-periodic.

Hypothesis

@ /(-) is a smooth function such that 0 < Iy < /(x) < /; and
xI'(x) < I(x) Vx el

Example:

2
G(X,y)_2+cos(—) so that G(x,x/e):2+cos(ﬂ

ix 10
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Purely periodic case
Unfolding operator method

T. Arbogast, J. Douglas, U. Hornung Derivation of the double porosity model....,
SIAM J. Math. Anal., 21 (1990), 823-836.

J. Casado-Diaz Two scale convergence for nonlinear Dirichlet problems in ...,
Proc. Roy. Soc. Edinburgh 130 A (2000), 249-276.

D. Cioranescu, A. Damlamian, G. Griso Periodic unfolding and homogenization,
C. R. Acad. Sci. Paris, Série 1, 335 (2002), 99-104.

D. Cioranescu, A. Damlamian, G. Griso The periodic unfolding method in hom...,
SIAM J. Math. Anal. Vol. 40, 4 (2008), 1585-1620

A. Damlamian and K. Pettersson Homogenization of oscillating boundaries,
Discrete and Continuous Dynamical Systems 23, (2009), 197-219.

D. Blanchard, A. Gaudiello and G. Griso , Junction of a periodic family of elastic
rods with a 3d plate, Part I, J. Math. Pures Appl., 88 (2007), 1-33.

Thin domains with oscillatory boundaries 21 /48



Unfolding Method Purely periodic case

R ={(x,y):0<x<1; 0<y<eg(x/e)}
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Unfolding Method Purely periodic case

AVAVAVAVAVAVAV

a atlLe
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Unfolding Method Purely periodic case

AVAVAVAVAVAVAV

atlLe

0 Xi a atle 1
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Unfolding Method Purely periodic case

AVAVAVAVAVAVAV

H.
(0,1) x ¥*

A

X

Xi Y* JJ’z

4
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Unfolding Method Purely periodic case

ANNNNN\) B4R

H.
(0,1) x ¥*

A

X

Xi Y* JJ’z

4
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Unfolding Method Purely periodic case

ANNNNN\) B4R

A

T IR — IN(0.1)xY?)
P —1 L0 H,

(0,1) x ¥*

&>>"

Xi Y* JJ’z

4
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Unfolding Method Purely periodic case

Main Property of Unfolding Operator

Unfolding criterion for integrals (u.c.i.) :

1 1
*/ Te(0)(x1, y1, y2)dxidyrdy, = */ o(x1, x2)dxydxa,
L (0,1)x Y* € e

Vo e LY(Re).

@ 7. is a continuous operator from L?(R¢) to L2((0,1) x Y*).

1 1
TITO (1) = ¢IelfEceey

0,1)xY*)
® Vi) Te(@) (1,11, ¥2) = €Tc(Vi(x ) @) (X1, y1, ¥2), Voo € L2(R).
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Unfolding Method Purely periodic case

Compactness Theorem
Let o € H'(R), with £||¢¢[[7: (g, uniformly bounded. Then,

@ There exists ¢ in HY(0,1) such that, up to subsequences:
Te(9f) = @, w— L2((0,1); H(Y™)).

@ There exists ¢y in L2((0,1); H'(Y*)) L-periodic in the second variable, such

that, up to subsequences:

6<8gpe> &p( )+%(X17)/17Y2) w—L?((0,1) x Y*).

6X 1 8X

I\ Opr 2 x
(8)(2) 67)/2()(1’)/1’)/2) w— L*((0,1) x Y*).
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Unfolding Method Purely periodic case

How to obtain the limit problem
The variational formulation: find u¢ € H'(R¢) such that

out dp  Ju* 8@ 1
—_— f H*(R°).
/ {8X1 ax, + 0% 0 +u <p}dx1de / wdxidxa, Vo € H(R)

By the unfolding criterion for integrals we have:

/(0,1)><Y* {ﬁ(gile)ﬁ(%i) +7;<?91:)72<%2) Jr7;(“6)7;(90)}C/X10'}’1O’}’2

= [ T dadndy, Vo < H(R)
(0,1)x Y*

Taking p = u*:

< C Ve>0.
2((0,1)x Y*))

[ Te(u) 2 (0,1)x v+ (gil) T(giz)

L2((0,1)x Y*) ’
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Unfolding Method Purely periodic case

Hence, there exist u € H*(0,1) and u; € L3((0,1); H*(Y*) such that

Te(u®) = u w- L2((0,1) x Y*),

ou® ou Oy 5 N
7;((%(1) o "oy, 0D YT),

duy Oy 5 .

Passing to the limit we obtain:

/(o 1)xy* {(5(39):1( 1)+ ( 1’)/1’)/2)) g(b (X1)+“(X1)¢(X1)}C/X1dy1dy2

= / f(x1)(x)dxadyrdy> Vo € H'(0,1).
(0,1)x Y*
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Unfolding Method Purely periodic case

Using suitable test functions in the variational formulation we get:
n(x1,y1,y2) = =X(yi,y2) G (), Y0a,y.y2) € (0,1) x Y.

—qowxx + w = f(x), x€(0,1)
w'(0) =w/(1) =0
1 oX
= — [ 11220 ) Yy,
do Y| Y*{ E (r1 )/2)} y1dy2

where X is the unique solution (up to additive constants) which is L-periodic in
the first variable, of the problem:

—AX =0in Y*
X

g&l—Oont
aW:NlonBl
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Unfolding method Locally periodic oscillations with varying period

Locally periodic oscillations with varying period

Re={(x,y):0<x<1,0<y<eG(x,x/e)}

SN
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Unfolding method Locally periodic oscillations with varying period

Locally periodic oscillations with varying period

Re={(x,y):0<x<1,0<y<eG(x,x/e)}

SN

Y*(a) ={(n, ) ER? : 0<y1 <I(x1), 0<yr< G(xi,y1)}

Thin domains with oscillatory boundaries 31 /48



Unfolding method Locally periodic oscillations with varying period

Locally periodic oscillations with varying period

Re={(x,y):0<x<1,0<y<eG(x,x/e)}

SN

Y*(a) ={(n, ) ER? : 0<y1 <I(x1), 0<yr< G(xi,y1)}

W ={(x1,y1,52) € R : x1 € (0,1), (y1,2) € Y*(x1)}.
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Locally periodic oscillations with varying period

Unfolding method

32/ 48
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Unfolding method Locally periodic oscillations with varying period

y 1 \\\// - /55'1
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Unfolding method Locally periodic oscillations with varying period

We consider the following partition for the interval [0, 1]

X =0<x5 =€l(xf) < x5 =2el(x5) < -+ < xpe = Nl(xpc) = 1.

Nce
x
1(x)
¢+
el
0
Xo x§ x5 Xje=1
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Unfolding method Locally periodic oscillations with varying period

The homogenized limit problem

1)
1Y+ (x|

(r(x)ux) +u=*f, xe(0,1)
J(0)=1d(1)=0

where

and X(x) is the unique solution (up to an additive constant) which is
I(x)-periodic in the first variable, of the problem

—AX(x) =0in Y*(x)
OnX(x) =0 on By(x) ( lower boundary)
OnX(x) = Ni(x) on Bi(x) ( upper boundary)

in the representative cell Y*(x) given by

Y*(x) ={(y1,y2) € R?2 : 0<y < I(x), 0<y»<G(x,y1)}
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Unfolding method Locally periodic oscillations with varying period

We also obtain the corrector result:

du .
¢ Mlue = ulfaey + s — ut e X[ngeey =30

where X¢(x,y) = X(x)(x/e, y/e).
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ol
Remarks about the unfolding method

e The Unfolding method allows us to treat thin domains for more general
functions g. In particular,

WMWMMH

where the basic cell Y* looks like

JA, M. Villanueva-Pesqueira Thin domains with non-smooth periodic oscillatory
boundaries, J. Math. Anal Appl. 446 (2017) 130-164.
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Unfolding method Remarks

As a matter of fact, if we consider a thin domain:

RE={(x,y):0<x <1 0<y<eg(x/e)}

we just need that g : [0,1] — R™ to be L-periodic, be defined at all points and
satisfy

@ 3 go,81 > 0 such that go < g(x) < g

@ g is lowersemicontinuous, that is g(xp) < liminf g(x), Vxo € R.
X—>X0
The fact that g is lower-semicont implies that the basic cell

Y*={(y1,)2):0<y1 <L, 0<y»<g(y)}

is an open set.
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Unfolding method Remarks

We may also consider the situation:
RE={(x,y): 0<x<10<y<eg(x/e*)}
where g(-) L—periodic and the parameter « > 0.

Observe that

e If 0 < a < 1 we have a weak oscillatory boundary.

BVAVAVAV,

e If @ > 1 we have a highly oscillatory boundary.

AMANAANANNNY

and the homogenized limit is different.
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Unfolding method Remarks

elf0<ax<1:
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Unfolding method Remarks

olfav>1:
80

 M(g)
' (0)=1d'(1) =0,

Uxx‘i‘U:f7 XE(O,l),

80 :|Yf\
M(g) |Y¥|

where go = min,cpo, g(x). As a matter of fact: where

Yj = {()/L}/Z) S R2 %1 S (O,L),O < Y2 < gO}

José M. Arrieta Thin domains with oscillatory boundaries
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Unfolding method Remarks

Example

Then the limit equation is —duy, + u = f, where

efFor0<ax<l, d = 1. The limit equation does not see the crack.
e For o > 1, d= =
&1

oX
eFora=1 d= ﬁ/ {1 — a—(yhyz)}dyldyz, where X is the solution ...
* _yl
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Oscillations in both boundaries

Oscillations in both boundaries

Let us consider now a domain of the type

R.={(x,y):0 < x < 1; —eh(x/e*) < y < eg(x/e’)}
h(-) Ly-periodic and g(-) Lp- periodic.

0<h(-)<h, 0<g<g()<a
where

in h(x) =0, i =
i (x) . er?&rL]g(X) 8o
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Oscillations in both boundaries

FF

FR

Fw

ww

WR

RR

a>1,8>1

a>1,8=1

a>1,8<1

a<l,pg<l

a<l,g=1

a=8=1

AVAVAVAVAVAVAYAVAVAYAVAVAVAVAVAVAY)
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA

i

(AVAVAVAVAVA VA VA

NV N V2 NN
VAV NN A VAN VAN
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Oscillations in both boundaries

Cases FF, FR, FW

Whenever there is a “fast” oscillatory boundary (o > 1) we can obtain the limit
equation, since we can control the behavior of the solution in the “fast” boundary
“independently” of the shape of other part of the thin domain.

As a matter of fact, we get the following limit problem:

—qolxx + u=f(x), x€(0,1)
J(0)=1d(1)=0
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Oscillations in both boundaries

where 2 .
m fa>1,8>1
4 . -
go = m fa>1,0=1
78
W ifa>1,8<1
where
4= \3}*| o {1 - g;i(}’L}/z)} dy1dy>
and

Y*={(y1,52) :0<y1 < L, 0<y» < g(1)}
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Oscillations in both boundaries

Case WW
The domain is given by

R{(x,y): 0 < x <1, —eh(x/e®) <y < eg(x/e’)}

with a, 8 < 1. Since the function x — eh(x/e®) and x — eg(x/€?) are C*
functions, we can transform the domain in a rectangular one and after passing to
the limit, we get

,Wuxeru—f() x €(0,1)
u'(0)=u'(1)=0
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Oscillations in both boundaries

Case WW
The domain is given by

R{(x,y): 0 < x <1, —eh(x/e®) <y < eg(x/e’)}

with a, 8 < 1. Since the function x — eh(x/e®) and x — eg(x/€?) are C*
functions, we can transform the domain in a rectangular one and after passing to
the limit, we get

U +u=f(x), xe(0,1)

with
1 1

.

1 TLITOO T /0 g(s) + h(s)
1 Ll 1

noh | worrmge o#”
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Oscillations in both boundaries

Cases WR and RR. (Work in progress).

Observe that the RR case contains the “quasiperiodic” resonant case:

AVAVAVAVAVAV
VAVAVAVAVAVAVAV,

Re={(x,y):0 < x<1,—eh( )<y<eg(X)}

X
€ €

and such that L;, L, are rationally independent.
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THANKS
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