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Institut de Mathématiques de Marseille
Aix-Marseille Université
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Convolution structure density model.

I Observation Z (n) = (Z1, . . . ,Zn), Zi ∈ Rd , i = 1, . . . n, are
i.i.d. random vectors with common density p satisfying the
following structural assumption

p = (1− α)f + α[f ? g ], f ∈ Fg (R), α ∈ [0, 1].

I g ∈ L1(Rd ) and α ∈ [0, 1] are known;

I f ∈ Fg (R), R > 1 to be estimated;

Fg (R) =
{
f ∈ B1,d (R) : (1− α)f + α[f ? g ] ∈ P

(
Rd
)}

• B1,d (R) denotes the open ball of the radius R in L1(Rd );

• P
(
Rd
)

is the set of all probability densities on Rd ;

•
[
f ? g

]
(·) =

∫
Rd f (· − y)g(y)dy

Oleg V. Lepski (Joint work with Thomas Willer)



Particular case: f , g ∈ P
(
Rd
)

I Observation Z (n) = (Z1, . . . ,Zn)

Zi = Xi + εiYi , i = 1, . . . , n

I Xi ∈ Rd , i = 1, . . . , n are i.i.d. random vectors with common
density f to be estimated;

I The noise variables Yi ∈ Rd , i = 1, . . . , n, are i.i.d. random
vectors with known common density g ;

I εi ∈ {0, 1}, i = 1, . . . , n, are i.i.d. Bernoulli random variables
with P(ε1 = 1) = α, α ∈ [0, 1] is supposed to be known;

I The sequences {Xi , i = 1, . . . , n}, {Yi , i = 1, . . . , n} and
{εi , i = 1, . . . , n} are supposed to be mutually independent.

� α = 0, direct observations Zi = Xi ;

� α = 1, density deconvolution Zi = Xi + Yi ;

� α ∈ (0, 1), partially contaminated observations,[Hesse].
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Lp-risk.

I Convolution structure density model

p = (1− α)f + α[f ? g ], f ∈ Fg (R), α ∈ [0, 1].

We want to estimate f using observations Z (n) = (Z1, . . . ,Zn).

I Estimator is Z (n)-measurable map f̂ : (Rd )n → Lp

(
Rd
)
.

I Accuracy of an estimator f̂ is measured by the Lp–risk

R(p)
n [f̂ , f ] :=

(
Ef ‖f̂ − f ‖qp

)1/q
, q ≥ 1

• Ef denotes expectation with respect to the probability
measure Pf of the observations Z (n) = (Z1, . . . ,Zn).

• ‖λ‖pp =
∫
Rd |λ|pνd (dx), 1 ≤ p <∞;

• ‖λ‖∞ = supx∈Rd |λ(x)|.
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Assumptions on the function g.

I Later on Q̌ denotes the Fourier transform of Q.

Assumption 1. ∀t ∈ Rd

• If α ∈ [0, 1) then there exists ε > 0 such that∣∣1− α + αǧ(t)
∣∣ ≥ ε.

• If α = 1 then there exist Υ0,Υ1 > 0 and ~µ ∈ (0,∞)d s.t.

Υ0
∏d

j=1(1 + t2
j )−

µj
2 ≤ |ǧ(t)| ≤ Υ1

∏d
j=1(1 + t2

j )−
µj
2 .

I Assumption 1 is very week if α ∈ [0, 1) and it holds with
ε = 1− α if ǧ is a real positive function (in particular for
centered multivariate Laplace and Gaussian laws).
I If g is a probability density then Assumption 1 always holds
with ε = 1− 2α if α < 1/2.

I In the case α = 1 this assumption is referred to moderately
ill-posed statistical problem.
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Family of kernel-based estimators.

I For any ~h ∈ Hd let M
(
·, ~h
)

satisfy the operator equation

K~h(·) = (1− α)M
(
·, ~h
)

+ α
∫
Rd g(t − ·)M

(
t, ~h

)
dt

• Hd is the diadic grid in (0,∞)d ;

• K~h(y) =
[∏d

j=1 h
−1
j

]
K(y1/h1, . . . , yd/hd ), y ∈ Rd

• Kernel K ∈ C(Rd ) ∩ L1(Rd ) is such that
∫
R K = 1 and

Assumption 2. ∃k1, k2 > 0 such that

1.
∫
Rd

∣∣Ǩ(t)
∣∣ ∏d

j=1(1 + t2
j )

µj (α)

2 dt ≤ k1.

2.
∫
Rd

∣∣Ǩ(t)
∣∣2∏d

j=1(1 + t2
j )µj (α)dt ≤ k2

2.

I ~µ(α) = ~µ if α = 1 and ~µ(α) = 0 if α 6= 1.
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Family of kernel-based estimators.

I For any ~h ∈ Hd let M
(
·, ~h
)

satisfy the operator equation

K~h(·) = (1− α)M
(
·, ~h
)

+ α
∫
Rd g(t − ·)M

(
t, ~h

)
dt

• Hd is the diadic grid in (0,∞)d ;

• K~h(y) =
[∏d

j=1 h
−1
j

]
K(y1/h1, . . . , yd/hd ), y ∈ Rd

I Kernel-based estimator

f̂~h(x) = n−1
∑n

i=1 M
(
Zi − x, ~h

)
Objective is to propose for any given x ∈ Rd a data-driven
selection rule from the family of kernel-based estimators

F
(
Hd
)

=
{
f̂~h(·), ~h ∈ H

}
• H is an arbitrary subset of Hd .
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Pointwise selection rule.

I Set ∀~h ∈ H, ∀x ∈ Rd

R̂~h(x) = sup~η∈H

[∣∣f̂~h∨~η(x)− f̂~η(x)
∣∣− 4Ûn

(
x, ~h ∨ ~η

)
− 4Ûn

(
x, ~η

)]
+

;

~h(x) = arg inf~h∈H

[
R̂~h(x) + 8Û∗n

(
x, ~h

)]
.

I Our final estimator is f̂~h(x)(x), x ∈ Rd

I Û∗n
(
x, ~h

)
= sup

~η∈H: ~η≥~h Ûn

(
x, ~η

)
;

I Ûn

(
x, ~h

)
=

√
2λn

(
~h
)
σ̂2
(
x,~h
)

n
+

4M∞λn

(
~h
)

3n
∏d

j=1 hj (hj∧1)
µj (α) ;

σ̂2
(
x, ~h

)
= 1

n

∑n
i=1 M

2
(
Zi − x, ~h

)
;

M∞ =
[
(2π)−d

{
ε−1

∥∥Ǩ∥∥
1
1α 6=1 + Υ−1

0 k11α=1

}]
∨ 1.

λn

(
~h
)

= 4 ln(M∞) + 6 ln (n) + (8p + 26)
d∑

j=1

[
1 + µj (α)

]∣∣ ln(hj )
∣∣
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Lp-norm oracle inequality

I B∗~h
(x, f ) = 2 sup~η∈H

∣∣B~h∨~η(x, f )− B~η(x, f )
∣∣+ B~h(x, f );

• B~h(x, f ) =
∣∣ ∫

Rd K~h(t − x)f (t)dt − f (x)
∣∣;

I U∗n
(
x, ~h

)
= sup

~η∈Hd : ~η≥~h Un

(
x, ~η

)
;

• Un

(
x, ~h

)
=

√
2λn

(
~h
)
σ2
(
x,~h
)

n
+

4M∞λn

(
~h
)

3n
∏d

j=1 hj (hj∧1)
µj (α)

• σ2
(
x, ~h

)
=
∫
Rd M

2
(
t − x, ~h

)
p(t)νd (dt);

Theorem 1. Let Assumptions 1 and 2 be fulfilled.

Then ∀H ⊆ Hd , n ≥ 3, p ∈ [1,∞), ∀f ∈ Fg

(
∞
)

R(p)
n

[
f̂~h(·); f

]
≤
∥∥∥ inf
~h∈H

{
B∗~h (·, f ) + 49U∗n

(
·, ~h
)}∥∥∥

p
+ Cpn

−1.

I Cp is independent of f , n and H (depend on K , g , p and d ).
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Adaptive minimax approach.

Let {Fθ}θ∈Θ be a collection of subsets of Fg (R).

I ϕn

(
Fθ
)

= inf
f̂
R(p)

n [f̂ , Fθ] (Lp–minimax risk)

• R(p)
n

[
f̂ , Fθ

]
:= sup

f∈Fθ

R(p)
n [f̂ , f ]

• Infimum is taken over all possible estimators.

I (θ,R) ∈ Θ× (1,∞)–nuisance parameter.

I ψn

(
Fθ
)

= sup
f∈Fθ

∥∥∥ inf
~h∈H

{
B~h(·, f ) + Un

(
·, ~h
)}∥∥∥

p︸ ︷︷ ︸
main term in the r.h.s. of the oracle inequality

+Cpn
−1.

I To study the asymptotics ψn

(
Σθ
)
ϕ−1

n

(
Σθ
)
, n→∞

Since the construction of the estimator f̂~h(·) is independent of

(θ,R) and p we can analyze its adaptivity under an arbitrary
Lp-loss over an arbitrary scale of functional classes {Fθ}θ∈Θ. But

supf∈Fθ

∥∥∥ inf~h∈H

{
B~h(·, f ) + Un

(
·, ~h
)}∥∥∥

p
is not easy to analyze!
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Objective.

I To bound from above

sup
f∈F

∥∥∥ inf
~h∈H

{
B~h(·, f ) + Un

(
·, ~h
)}∥∥∥

p

∀F ⊂ Fg ,u(R,D) ∩ Bq,d (D), q ≥ p, u ≥ q,D > 0.

• Fg ,u(R,D) :=
{
f ∈ Fg (R) : p ∈ B(∞)

u,d (D)
}

;

• p = (1− α)f + α[f ? g ];

• B(∞)
u,d (D) denotes the ball in the weak-type Lu,∞

(
Rd
)
:

B(∞)
u,d (D) =

{
λ : Rd → R : ‖λ‖u,∞ < D

}
;

‖λ‖u,∞ = inf
{
C : νd

(
x : |T (x)| > z

)
≤ Cuz−u, ∀z > 0

}
.
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Important quantities.

I Quantities related to ”approximation error” B~h(·, f ):

Assumption 3.

K : R→ R is a compactly supported, bounded and
∫
K = 1.

K(x) =
∏d

j=1K(xj ), ∀x ∈ Rd

bv,f ,j (x) = sup
h∈H: h≤v

∣∣∣∣∫
R
K(u)f

(
x + uhej

)
ν1(du)− f (x)

∣∣∣∣;
• (e1, . . . , ed) denotes the canonical basis of Rd .

• H is the diadic grid in (0,∞)

Bj ,s,F(v) = sup
f∈F

∥∥bv,f ,j

∥∥
s
, s ∈ [1,∞].
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Important quantities.

I Quantities related to ”upper function” Un(·, ~h):

Fn

(
~h
)

=

√
ln n +

∑d
j=1 | ln hj |

√
n
∏d

j=1 h
1
2
j (hj ∧ 1)µj (α)

;

Gn

(
~h
)

=
ln n +

∑d
j=1 | ln hj |

n
∏d

j=1 hj (hj ∧ 1)µj (α)
.

• ~µ(α) = ~µ if α = 1 and ~µ(α) = 0 if α 6= 1.

I Sets of bandwidths: for any v , z > 0

H(v) =
{
~h ∈ Hd : Gn

(
~h
)
≤ av

}
;

H(v , z) =
{
~h ∈ H(v) : Fn

(
~h
)
≤ avz−1/2

}
.

• a > 0 is explicitly known constant.
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Important quantities.

I ”Mixed” quantities: for any ~s ∈ [1,∞)d , u ≥ 1, v > 0

Λ~s
(
v , F

)
= inf
~h∈H(v)

[ d∑
j=1

v−sj
[
Bj ,sj ,F

(
hj
)]sj + v−2F 2

n

(
~h
)]

;

Λ~s(v , F, u) = inf
z≥2

inf
~h∈H(v ,z)

[ d∑
j=1

v−sj
[
Bj ,sj ,F

(
hj
)]sj + z−u

]
;

Define finally for any 0 < v < v ≤ ∞

IF,~s(v , v , u) =

∫ v

v

vp−1
[
Λ~s(v , F, u) ∧ Λ~s(v , F)

]
dv

I ”Tail” quantity: `p,d (v) = vp−1(1 + | ln (v)|)d−1, v > 0.
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Abstract Maximal Theorem

I Maximal risk of the p.s.r run over H = Hd

Rn(F) = supf∈FR
(p)
n

[
f̂~h(·); f

]
Theorem 2. Let Assumptions 1, 2 and 3 be fulfilled. Then

For any n ≥ 3, p ∈ [1,∞),R > 0,D > 0, q ≥ 1,u ≥ q,
0 < v ≤ v ≤ ∞, ~s ∈ (1,∞)d , ~q ∈ [p,∞)d and any
F ⊂ Bq,d (D) ∩ Fg ,u(R,D)

Rn(F) ≤ A
[
`p,d (v) + IF,~s(v , v , u) + vpΛ~q(v , F, u)

] 1
p + Cn−1.

If additionally q > p then

Rn(F) ≤ A
[
`p,d (v) + IF,~s(v , v , u) + vp−q

] 1
p + Cn−1.

At last if q =∞ then

Rn(F) ≤ A
[
`p,d (v) + IF,~s(v , v , u) + Λ~s(v , F, u)

] 1
p + Cn−1.

• C depends only on g ,K, p, d .

• A depends only on g ,R,D,K, p, d , u, q, ~s, ~q.
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Problems solved by application of AM theorem

Adaptive estimation over the scale of anisotropic Nikol’skii classes

I0. Case α = 0 (classical density model)

Fθ = N~r ,d
(
~β, ~L

)
, θ =

(
~β, ~L, ~r

)
.

� Full characterization of minimax rates. We discovered 7!
different regimes of the asymptotics of minimax risk, including
inconsistency zone.

� We proved that our pointwise selection rule leads to
optimally-adaptive (in some regimes) or nearly
optimally-adaptive estimator (up to logarithmic factor).

II0. Case α = 1 (density deconvolution)

Fθ = N~r ,d
(
~β, ~L

)
, θ =

(
~β, ~L, ~r

)
.

� Under additional assumption ‖g‖∞ <∞ we obtained full
characterization of minimax rates (5 regimes, including
inconsistency zone). Also we prove that our estimator is
optimally or nearly-optimally adaptive.
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Problems solved by application of AM theorem

Adaptive estimation over the scale of anisotropic Nikol’skii classes

III0. Case α ∈ [0, 1] (convolution structure density model)

Fθ = N~r ,d
(
~β, ~L

)
∩ B∞,d (D), θ =

(
~β, ~L, ~r ,D

)
.

� We obtained full characterization of minimax rates (4 regimes).
Also we prove that our estimator is optimally or
nearly-optimally adaptive.
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Adaptive estimation. Unbounded case, α = 1.

I Collection of classes: u =∞ ⇔ ‖g ? f ‖∞ ≤ D.

N~r ,d
(
~β, ~L,R,D

)
:= N~r ,d

(
~β, ~L

)
∩ Fg ,∞(R,D).

I Nuisance parameter:
(
~β,~r , ~L,R,D

)
I Important quantities: for any s ∈ [1,∞] and α ∈ [0, 1]

τ (s) = 1− 1/ω(0) + 1/(β(0)s) κα(s) = ω(α)
(
2 + 1/β(α)

)
− s

• 1
β(α) :=

∑d
j=1

2µj (α)+1
βj

, 1
ω(α) :=

∑d
j=1

2µj (α)+1
βj rj

.

• ~µ(α) = ~µ, α = 1, ~µ(α) = (0, . . . , 0), α ∈ [0, 1).

• p∗ = p ∨maxj=1,...,d rj .
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Adaptive estimation. Unbounded case, α = 1.

I Important quantities: for any s ∈ [1,∞] and α ∈ [0, 1]

τ (s) = 1− 1/ω(0) + 1/(β(0)s) κα(s) = ω(α)
(
2 + 1/β(α)

)
− s

• 1
β(α) :=

∑d
j=1

2µj (α)+1
βj

, 1
ω(α) :=

∑d
j=1

2µj (α)+1
βj rj

.

• ~µ(α) = ~µ, α = 1, ~µ(α) = (0, . . . , 0), α ∈ [0, 1).

• p∗ = p ∨maxj=1,...,d rj .

I Different regimes of the behavior of the minimax risk
corresponds to the following relations

κα(p) > pω(α), 0 < κα(p) ≤ pω(α);

κα(p) ≤ 0, τ (p∗) > 0, κα(p) ≤ 0, τ (p∗) ≤ 0 p∗ > p

�-tail zone, �-dense zone, �-sparse zone 1, �-sparse zone 2.

�-inconsistency zone: κα(p) ≤ 0, τ (p∗) ≤ 0 p∗ = p.
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Adaptive upper bound, α = 1.

I If κα(p) ≤ 0 (the sparse zone)

sup
n≥1

ψn

(
N~r ,d

(
~β, ~L,R,D

))
ϕn

(
N~r ,d

(
~β, ~L,R,D

)) ≤ C <∞.

We assert that the proposed estimator is optimally adaptive on the
whole sparse zone.

I If 0 < κα(p) ≤ pω(α) (the dense zone)

ψn

(
N~r ,d

(
~β, ~L,R,D

))
ϕn

(
N~r ,d

(
~β, ~L,R,D

)) ≤ C(ln n)ρ(α), ∀n ≥ 1

I If κα(p) > pω(α) (the tail zone)

ψn

(
N~r ,d

(
~β, ~L,R,D

))
ϕn

(
N~r ,d

(
~β, ~L,R,D

)) ≤ C(ln n)ρ(α)+ d−1
p , ∀n ≥ 1

We assert that the proposed estimator is nearly-optimally adaptive
on the dense and tail zones.

Oleg V. Lepski (Joint work with Thomas Willer)



Lower bound in unbounded case. ‖g‖∞ <∞.

For any
(
~β,~r , ~L,R,D

)
ϕn

(
N~r ,d

(
~β, ~L,R,M

))
& δρ(α)

n

�-tail zone, �-dense zone, �-sparse zone 1, �-sparse zone 2.

ρ(α) =



1−1/p
1−1/ω(α)+1/β(α) , κα(p) > pω(α);

β(α)
2β(α)+1 , 0 < κα(p) ≤ pω(α);

τ (p)
(2+1/β(α))τ (∞)+1/[ω(α)β(0)] , κα(p) ≤ 0, τ (p∗) > 0;

ω(α)(1−p∗/p)
κα(p∗) , κα(p) ≤ 0, τ (p∗) ≤ 0.

δn =

{
n−1, κα(p) > 0;

n−1 ln(n), κα(p) ≤ 0.
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Anisotropic Nikolskii classes

Let (e1, . . . , ed ) denote the canonical basis of Rd . For function
g : Rd → R1 and real number u ∈ R define the first order
difference operator with step size u in direction of the variable xj

∆u,jg(x) = g(x + uej )− g(x), j = 1, . . . , d .

The k-th order difference operator is defined as

∆k
u,jg(x) = ∆u,j∆

k−1
u,j g(x) =

∑k
l=1(−1)l+k

(k
l

)
∆ul ,jg(x).

Definition

For given numbers ~r = (r1, . . . , rd ) ∈ [1,∞]d ,
~β = (β1, . . . , βd ) ∈ (0,∞)d and ~L = (L1, . . . , Ld ) ∈ (0,∞)d

we say that g : Rd → R1 belongs to N~r ,d
(
~β, ~L

)
if

I ‖g‖rj ≤ Lj , ∀j = 1, d ;

I ∀j = 1, d ∃kj > βj such that∥∥∆
kj
u,jg

∥∥
rj
≤ Lj |u|βj , ∀u ∈ Rd , ∀j = 1, d .

Oleg V. Lepski (Joint work with Thomas Willer)


