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New Cones




3 Introduction
Py = {x € Sym(N,R) |z is positive definite }.
Siegel integral formula (Wishart, Ingham, Siegel)
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where Iy (a) = aNN=D/ATIN | T (a - 4.

Setting a = p/2, £ = ~~1/2, we get the Wishart law:
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Group action behind the Siegel integral

The group GL(N,R) of invertible matrices acts on Py
linearly by

p(A)z ;= Az'A (A € GL(N,R), = € Py).
The action p is transitive, i.e.

Ve,y € Py dA € GL(N,R) s.t. y = p(A)x.
Moreover, detx is relatively invariant under p:

det(p(A)z) = (det A)? det z.



Siegel integrals and Wishart laws on homogeneous cones

R™ D 2 : open convex cone containing no straight line
(regular cone)

If €2 is homogeneous, i.e. €2 admits a group action

which is linear and transitive, then we have Siegel type

integral formulas for relative invariant functions on €2
(Gindikin).

Based on the integral formulas, Wishart laws on ho-
mogeneous cones are defined.

(Andersson-Wojnar, Hassairi-Boutouria, Graczyk-Ishi,...)



Siegel integrals for decomposable graphical models

In the graphical model theory, a simple undirected graph
corresponds to a vector space of symmetric matrices.
For instance, the graph G: 1 -2 —3 — 4 corresponds to
the space Zg consisting of z € Sym(4,R) of the form
x11 xo1 O 0]
L — [T21 z22 232 O
O ®32 x33 743
O O 243 744
Let Pg := Zg N 'P4. Then Pg is NOT a homogeneous
cone, but Siegel-type integral formulas hold for Pg!



Let Qg be the subset

11 &21 0 O \

§o1 22 &23 O
O &32 €33 €43 €121, €12,3}: 83,4} € P2

L\ 0 O &3 &as )
of Zg, where {4 1= ()i jea for AC{1,2,3,4}.
For £ € Qg, define

pg(§) = |§{1,2}|_3/2|€{2,3}|_3/2|€{3,4}|_3/2§{2}§{3},
og(§) = \5{1,2}|\5{2,3}|\f{3,4}|€{_21}€{_31}-

7\
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Integral formulas:

/PQ e—tl’xﬁ(detx)a dxr = Wg(a)ég(g)_agpg(g) (€ c an a > _1),

where ’yg(oz) = 71'3/2]_(& + 1)|_(Oé + 3/2)3

1
/Qg e 1 P86(6) g (€) dé = Mg(a)(deta) ™  (z € Pg, a > 5

where Mg(a) = 3/21 ()M (a0 — %)3

We have such formulas for any decomposable graph.
Further generalizations with multi-parameter o are con-
sidered by Letac-Massam and Andersson-Klein, and ap-
plied to certain local zeta integrals by Sato.



1. New cones
Let N =ni+---+n, be a partition, and V.. C M(n;,ni, R) (1 <
k <l <r) be vector spaces. Define
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i
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PV e ZV M Pn, and

HV::<
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\
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Trl Tr2
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tXrQ ‘kaEREk (k=1,...,7r)
X €V, A<k<i<r) |’

X’r‘T’

/

\
Ty = tgp B, tg, >0 (k=1,...,7)
Tk €V, 1 <k<I<T)

TTT’



We shall assume
(V1) Ae V= A'A€eRE, (1<k<l<r),
(V2) A€V, BEV,; = ABeVy; (1<i<k<i<r).

Theorem 1 (Cholesky decomposition)
One has a bijection Hy > T — T'T € Py,.

For s = (s1,...,8r) € R", define Ag : Py, — (0,400)
by

r—1
Au(w) = (det o)/ T] (det N ysn/msies/mes
k=1
.
= [] G)** (==T'T € Py, T € Hy),
k=1
where Ny 1= Zg,?:l n; and okl = (waﬁ)a,BSNk € Sym(Ng, R).
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Homogeneous case
Besides (V1) and (V2), we assume
(V3) AeV, BeV, =>ABe VY, (1<i<k<lI<r).

In this case, Hy, forms a group, and Hy, acts transi-
tively on Py, by

p(T)x :=Tz'T (T € Hy, = € Py).
Moreover, A; is relatively invariant under the action of
Hy,.

Theorem 2 (I. 2006)
Every homogeneous cone is isomorphic to Py, satisfying
(V1)—(V3).
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Example.

Let Vo1 ={(a 0) [acR}, Va1 ={(0 b) [beR}, and
V3> = {0}. Then Py is the set of positive definite
matrices of the form

11 0 a 0
O x17 O b
a O xoo O
O b 0O x33

The cone Py, is homogeneous, called the Vinberg cone.
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Relation to graphical model theory

Consider the case ni = n, = --- = n, = 1. Then
Vip =R or {0} forall 1 <k <l<r. Let G be asimple
undirected graph with vertices {1,2,...,r} defined by

k~Lif V=R, kolif Vv, ={0}
for k < 1. Then (V2) implies

i~ ki~ =k~

for 1 <1< k <1l < r, which means that the natural
order “<" is an eliminating order of the vertices for the
graph G. (In other word, “<" induces a moral DAG on

g).

Proposition 3.
The cone Pg C Pr associated to a decomposable graph
G is realized as Py satisfying (V1) and (V2) with
ny=---=nr=1.
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§4. Dual cones

For matrices A, B € Mat(p,q;R), we define the inner
product by (A|B) :=tr A'B.

Let Oy C Zy be the dual cone of Py, i.e.

Qy :={¢ € 2Zy|(z[¢) >0 for all z € P, \ {0} }.

13



For k=1,...,r, let W, be the vector space consisting
of w € Mat(n,ng; R) of the form

(ONk_l ,nk\
T

\ Tk )
The k-th (block) column of T' € Hy, belongs to W;.. We
have W, ~ R @ Zl . Vii. Taking an ONB of Wy, we
introduce Wi 3 w = vec(w) € R1t%, where

;= 21>k dim Vy > 0.
Define a linear map ¢, : 2y — Sym(1 + ¢, R) in such a

way that

(w'wl§) = "vec(w)gp(E)vec(w) (w € Wy, € € Zy).

If £ € Qy, then ¢,(&) is positive definite because wtw €
Py \ {0} for w e W, \ {0}.

(Tkk - Rlnk, Ty € Vi for 1 > k).
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Proposition 4.
Qp={¢€ Zy|detg(§) >0 for k=1,...,r}.

et Wk = {weW,| T, =0} ~ Zl@;kvlk ~ R9%, and
define a linear map v : Zy — Sym(q,R) similarly,
whereas we set ¢.(§) =1 if ¢, = 0.

Define 65 : Qp — (0,400) for s € R" and ¢y @ Qp —
(0, +o0) by

T det(bk(i))Sk
55(€) = |
2 kl;ll <det V(&)
r —1—q;./2
e = ] (Getor(©) 1

== (det (&)~ 1/2-w/2
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Theorem 5. (I. Entropy 18 (2016))
(i) If s, > —1—q/2 for k=1,...,r, one has

/771/ e A (2) do = Y (8)6_s(E)pp (&) (€ € Qy),

where yp(s) = Cylli_q(ng, *r(sy + 1 4 q,/2)) with
some Cy, > 0.
(ii) If s, > qi/2 for k=1,...,r, one has

Jo, & @@ dE = Tu(A @) (e PY)

where M,(s) = C|,TIL_1(ng * (s — qx/2)) with some
Cy, > 0.

(iii) For x € Py and s € RY 5, one has

Ss(my(z™1)) = ApA_y(x)
with some Ay, > 0, where my, : Sym(N,R) — Zy, is the
orthogonal projection.
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(iv) For £ € Qp and s € R, one has

55(&) = A} sup e ) A (x)
—xePy
with some A. > 0.
(v) The map Zs : Py 2 x — grad log Ag(z) € Qy is
bijective. The inverse map is given by

I, 1 (&) = grad logd:(¢) € Py (€ € Qy).
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Example 1. When 2y, = Z; with G 11 -2-3 -4, we

11 §&21 0 O
§21 €22 32 O

have for &€ = 0 £ar fa5 43 € 9g,
O O &3 &aq
(€11 €|\ (€22 532\82 (€33 543\83
5.(6) = §21 §22 §32 £33 §43 §44 (£a2)"
§20 £33 §a4
\ J \ )\ )
and
—3/2 ~3/2 —3/2
_ 1§11 é21 §20 &30 £33 §43
Pv(8) = §21 €22 £32 £33 £a3 €44 $22833-
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When s = (1,1,1,1), we have Ay 14 1)(z) = detz for
x € Py, so that

Z(11.1,1)(=) = gradlogdetx = m(z™1) € Oy
The inverse map is given by
grad |Og 5(1,1’1,1)(5)
= (10100 + Gt + (€30 — (€22)5 1 — (€33)

where (A)g denotes the “zero-completion” of a matrix
A of smaller size.
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Example 2. When 2y, = Z; with G 11 -2-4 -3, we
11 €21 0 O

_ | &21 &2 O &ao
have for & = 0 0 33 éas € 9g,
O &a2 &43 &Saq
(611 &21]\ " [|€22 éaz|\ 7 (€33 ¢azl\
5.(6) = §21 §20 §42 §44 §43 §44 (£a2)"
§20 a4 §a4
\ )\ )\ )
and
—3/2 ~3/2 —3/2
_1&11 &21 §20 €42 £33 §43
Pv(8) = §01 €02 §ao €44 £a3 &a4 $22844-

The two examples correpond to two DAGS e < e <«
o< 0 aNd e<— e <+ o — 0.
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Example 3. Let

( L1 O L4 0 )
O L1 0 g
xqa 0 xo zg
O z5 zg z3

Zy = |

Ve
.

|:E1,...QB6ER

\

Then 9,y is the set of £ € Z,, satisfying

/

§1 &4 &5 & ¢
E4 & 0|>0, |32 3°/>0, & >0.
& 0 &3 6 &3
We have
& & &7 —3/2
oy (€) = b & 0 2% g% cean.
5 3
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For s = (sq, $2,s3) € R3, we have

&1 €a &5\ .

(54 & 3 (22 ge,v

s 0 &3 6 &3 s
55(¢) = =
(&) §283 £3 ) 3

\ /

&1 €a & & g6l

=184 & O
fe 0 &g 6 &3
S9—S3

As(z) = x'il_SQ_S?’ (detx)®3  (z € Py).

& 1637 TP (€€ Qy),

r1 X4
T4 XD
The cone Py, is NOT homogeneous, but corresponding
to a colored graph.
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§5. Wishart laws on Qy,
For x € Py and s € R” with s;, > ¢qi,/2 (k= 1,...,7),
define
—trx£5
&

My(s)A_s(z)

1o, (€) de.

Proposition 6.
(i) E(Y) equals Zs(x) = grad log As(x) € Qs.
(i) For n € Zy,, one has

r—1
E(tryn) = "Ttr(e"tn) + 3 {CE — FHDyer (V) =1, N )y
ny k=1 ni nNE4-1

(iii) If &g = E(Y), then

r = arg max e PO (x) = grad log 85(&p).
x€Py) B B
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Proposition 7
For 6 € Zy, s.t x — 0 € Py, one has

E(e' %) = A (z — 0)Ay(x).

Theorem 8 (cf. Graczyk-1. 2014)
For n1,m2,...,mq4 € Zy, One has

EC((trYn)(trYm2) ... (tr¥Yng))
—~ Sk Sk41 _1 [N
=Y I {z< b bl yie g (1] (ol ~20) kb)},
€6, ccC(o) k=1 Tk Tk+1 jee
where C (o) denotes the set of cycles in a permutation
o c de and Sr—l—l/nr—l-l = 0.
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Statistical interpretation of Wy 5.

Let > ;=2 1/2 € Sym(N,R) with = € Py, and
p=(p1,...,pr) € ZLy with p > 0. For k = 1,...,r

and 1 < j < pg, let UK = t(Ufj,...,U]]f,j) be RV-valued,
mutually independent random vectors s.t.

UM ~ N(0,5)|U14n, =+ = Uy = 0.
fork=1,...,r. Let

r Pk , ,
Y 1= my (Z 3 UthUkJ) .

k=1j=1

f ZIZ _21;111 :% with s > q/2 for k=1,...,r, then

Y ~ W§7{L‘.
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