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@ Causal affine models

© Asymptotic behavior of the Gaussian QMLE

0 Asymptotic results for the Laplacian QMLE
J.-M. Bardet, Paris 1 (CIRM 2017)

@ Change-point detection and model selection
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Examples: Causal AR[oo] and ARCH(oc0) models

With (&t)tez a sequence of centered i.i.d.r.v.,

o AR(o0) processes X; = Z aiXe—i+ &

p q
—> Causal ARMA(p, q) processes X; + Z aiXe_i =&+ Z bi&: .

i=1 i=1
@ ARCH(o0) processes, (Robinson, 1991), with by > 0 and b; > 0
Xe = 0,
O'? = bO —|— ZOO b X2
= GARCH(p, q) processes, (Bollersev, 1986), with by > 0, b;, ¢; > 0
{ X = Ut€t7
of = bo+ 30 X+ &
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A common class of models for AR, ARMA, ARCH and GARCH processes:

Causal affine models
Xt = M(Xt_]_, Xt_2, oo ) §t + f(Xt_]_,Xt_z, 00 .), Vite Z, &oSno J

e M(-) and f(-) are real valued function on RY;

o (&:)eez sequence of i.i.d.r.v. with E(§) = 0 and E(|¢|") < oo, r > 1.
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@ TGARCH(00) processes, (Zakoian, 1994), with by, b:", b: >0
X = 0¢&e,
oy = bO -+ Z [

max(X;—;,0) — b;” min(X;—;,0)]
e APARCH(9, p, q) processes, (Ding et al., 1993)
Xt Ot Ct,

ol =

w+ ZO‘I(|Xt il = 7iXe-i)’ +qu 1@01:—17
Jj=
with 6 > 1, w > 0, —1<’y,<1anda,,,81>0
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@ ARMA-GARCH processes, (Ding et al., 1993, Ling and McAleer, 2003)

p q
X = Y aiXe—i+er+ > bjerj,
i—1 =1

p’ q
: 2 2
Et = O¢ Ct, with 0'% =+ ZC,'(St_i + Zdjat—j
i=1 Jj=1

o ARMA-APARCH processes, (Ding et al., 1993)

p q
Xe = > aiXe—i+er+ > bjerj,
i=1 =1

p’ q

er = 0t Gr, with 0f =w+ Y ai(|Xeoi| —%iXei)’ + X B0l
j=1 j=1
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Existence and stationarity of causal affine models

Xt == M(Xt71,Xt72; . )gt + f(thl,Xt72, . .), V t 6 Z,

We will assume that f and M satisfy Lipschitzian conditions:

{|f<x)—f(y)| < 32 dd(F)x -yl
IM(x) = M) < 325 a2 (M)]x; — 1.

for x = (x)jen and y = (yj)jen two sequences of RY.

Proposition (from Doukhan and Wintenberger, 2007)

e 0 m\1/r 0 0 .
If > ozj( )(f) + (E(|€]")) / > et J( (M) < 1, the.re exists a
unique causal (X is independent of (&;)js¢ for t € Z) solution (Xt)tez
which is strictly stationary, ergodic and such as E(|Xp|") < oc.
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Conditions on stationarity become:

e Causal AR[]
Xt

>0 aiée-j =

oo lajl < 1,
e Causal ARCHJ[o<]:
X

£t\/CO+ZJ quz

— (E[ll])"" T2
e Causal TARCH[x¢]
Xt

16 <1
& (bo + Py [bj"' max(X;_j,0)

. ol:min(Xt_j,(l)])
(E[l%]T) Zj:lmax(b b") <1
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Let (Xi,...,Xy) an observed trajectory of:
Xt = Mg+ (Xe—1, Xi—2, ...

)£t+f0*(Xt 17Xt 2
e With fét = fe(Xt 17Xt 2,

), YtelZ

) M =M0(Xt l,Xt 2,
Gaussian conditional log-density: g:(6)
It

),
_ 1 (Xf — fet)z t\2
== —E[W +|Og(M9)
o Let ff = f3(Xe_1,...,X1,0,---) and Mf = Mp(X_1,...,X4,0,-
Sy (Xe — t)2
q:(0) = 2[

)
(Mg)?

og (M5)%)].

= Gaussian QMLE: 6, = arg ?agz (0) with L,(9)
€
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Assumptions and strong consistency

We assume:
e CO: r>2and E(£3) = 1;
o C1: © is a compact set included in

(N={oer’/ Za“” B+ (E()" Y a®(My) < 1),
j=1

e C2: IM > 0 such that My(x) > M for all § € ©, x € RN,
@ C3: My and fy are such that for all 61, 6, € ©, then:

(M91 = M92 and fgl = fgz) — 01 = 92
e Ap(K,©); There exists (a( )(K @)) such that Vx, y € RN

sup [ Ko(x) = Koly)| < Za§°)(f<,e)|x,- ~yjl,
€ =

with Zaj(-o)(K,@) < 0o

Jj=1
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Theorem (Bardet and Wintenberger, 2009)
Assume r > 2, © C ©(2), Conditions C0-3 and Ag(f,©) and Ag(M, ©) with

aJ(-O)(f, o) + ozj(.o)(M, ©)=0(j") forsome (> 2,

then the QMLE @’\,, is strongly consistent, i.e. @\,, 25 g*,

n—o0
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Ai(K,©): Function § — Ky(-) € C¥(O) satisfies supycq ||05 Ko (0)| < o0

and there exists (aJ(.k)(K, @))J. a sequence such that Vx, y € RY

sup |0k Ko (x) — kKo < - ¥ (K, @)1 — yl,
j=1

with Zaj(-o)(K, Q) < oc.
=1
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Asymptotic normality

Theorem (Bardet and Wintenberger, 2009)

Under conditions of SLLN, and if r > 4, if 6* €0 NO(4) and if Ak(K,©)
for k =1, 2 and

o(£,0) +af)(M.0) = 0("") forsome ¢ >3/2, (1)

then the QMLE 5,, is asymptotically normal, i.e., there exists matrix
F(60*)~! and G(0*) such that

Va0, —0%) 2 Ng(0, F(6*)1G(6°)F(6°) 7). (2)

n—o0

4

@ Could be applied to all cited processes ARMA, ARCH, APARCH,...

@ But requires r > 4 and not very robust.
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Let (Xi,...,Xy) an observed trajectory of:

Xt - MG*(Xt—I;Xt—Za .. )gt + fg*(Xt_]_,Xt_z, . .)7 V t e Z

If (&)¢ standardized Laplacian i.r.v., i.e. f(t) = & exp(—|t|), then
G:(0) = — log |Mj| — [M5| |, — 5.

with £f = f5(X;_1,...,X1,0,---) and ME = Mp(Xe_1,...,X1,0,--)

— Laplacian QMLE: 6§, = arg r0r1aé<zn(9) with L,(6) = S g:(0).
€
t=1
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Theorem (Bardet and Boularouk, 2016)

Assume r > 1, E(|§]) =1, © C ©(r), conditions C1-3 and Ay (f,©) and
Ao (M, ©) with

(0) (0) _ (it 2
o;’(f,0) + ;7 (M,0) = O(j~°) for some (> min(r. 2)’
then the QMLE 5,, is strongly consistent, i.e. é\,, 25 g*,
n—oo
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The proof proceed in two (classical) steps.

Q L(0) :=E[L,(0)] has a unique maximum in 6*.

@ A uniform law of large numbers on (g)ten+ is established by proving
— sup |Zn(9
N geco

) - L@ 25 0.

This is obtained from Kounias and Weng (1969): Js € (0, 1] such as

> = E[sup|Ge(0) — q:(0)|°] < oo
=1 0O

Both those results lead to the strong consistency of #,, Pfanzagl (1969).
=} = = E 1PN G4



Asymptotic normality

o [ o= Gl ), (), ),
= (e[ (2o59), (5, 5.

Theorem (Bardet and Boularouk, 2016)

Under conditions of SLLN, and if r > 2, if 0* 6(3) NO(2) and if Ax(K,©) for
k =1, 2. Then, if the distribution function of (y is symmetric, C*(Vo) with
derivative g(0) and if [ or Iy are definite positive symmetric matrix, then

V(f,—67) 2>

n—o0

N (0, (Tu+2g(0)Tr) (02 = 1) Ty + Te) (T +28(0) T) ).

v
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LAD estimator.

o ARMA(p, g): Same results than in Davis and Dunsmuir (1997) for

o ARCH(p): Same results than in Peng and Yao (2003).

@ GARCH(p, q): Same results than in Berkes and Horvath (2004) and
Frang and Zakoian (2013).

o ARCH(cc), APARCH(S, p, q), ARMA-GARCH,...: New results.

=] = = = nae
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Sketch of the proof

Let v = /n(f — 6*) € R?. Maximizing L,(6) is equivalent to maximizing

Wa(v) = — Z (q:(6" +n"?v) — q:(67))

= Zlog (8+71)/2)7) + X = fe | (M=) ™" = (M 12,) )

+Z(Mt*+n71/z ) (‘Xt — fe | — !Xt 9 Ln-1/2y |)
=1

Theorem (Extension of Theorem 2, Davis and Dunsmuir, 1997)

Let (Z;)tez be i.id.r.v such as Var(Zy) = 0 < 0o with symmetric

distribution function C*(Vy) with derivative g(0).

Denote Fy = 0(Zt, Zi—1,---) for t € Z and let (Yt)tez and (Vi)iez two

stationary processes adapted to (F)e and such as E[Y§ V§] < co. Then
S Ver(1Ze— Y] - 1) 2 N (g(O)E[VeYE], E[VEYE])
t=1
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Simulation results

GQL LQLC GQL LQLC GQL LQLC GQL LQL GQL LQLC
n [ oL [ o s oL [ o [ oL

ARMA(1,1) [ 100 0.106 0.091 0.114 0.117 0.113 0.090 0.112 0.059 0.110 0.078
1000 0.031 0.024 0.032 0.032 0.036 0.027 0.031 0.014 0.031 0.023
5000 0.014 0.010 0.014 0.015 0.016 0.011 0.016 0.012 0.013 0.010

) 100 0.119 0.102 0.121 0.128 0.123 0.102 0.120 0.067 0.121 0.090
1000 0.037 0.028 0.036 0.036 0.040 0.030 0.036 0.017 0.036 0.027
5000 0.016 0.012 0.014 0.016 0.017 0.013 0.016 0.007 0.014 0.006

ARCH(1) w 100 0.068 0.061 0.048 0.049 0.254 0.085 0.035 0.025 0.062 0.052
1000 0.020 0.018 0.015 0.015 0.134 0.049 0.011 0.016 0.036 0.018
5000 0.010 0.009 0.006 0.006 0.115 0.044 0.005 0.015 0.031 0.008

«a 100 0.161 0.155 0.141 0.142 0.979 0.418 0.102 0.064 0.484 0.423
1000 0.063 0.058 0.043 0.043 0.852 0.169 0.029 0.033 0.157 0.133
5000 0.016 0.014 0.012 0.012 0.378 0.109 0.013 0.031 0.087 0.062

GARCH(1,1) g 100 0.112 0.105 0.095 0.100 0.211 0.126 0.081 0.047 0.134 0.114
1000 0.036 0.032 0.028 0.028 0.098 0.058 0.023 0.018 0.066 0.051
5000 0.016 0.014 0.012 0.012 0.055 0.043 0.010 0.015 0.040 0.023

[3} 100 0.162 0.157 0.149 0.150 0.453 0.364 0.115 0.070 0.507 0.429
1000 0.061 0.056 0.449 0.449 0.333 0.150 0.030 0.033 0.160 0.136
5000 0.029 0.026 0.020 0.020 0.193 0.095 0.013 0.030 0.086 0.058

B 100 0.225 0.209 0.188 0.190 0.499 0.429 0.163 0.105 0.483 0.390
1000 0.060 0.055 0.051 0.051 0.285 0.174 0.044 0.022 0.170 0.169
5000 0.027 0.024 0.022 0.022 0.180 0.075 0.019 0.009 0.072 0.075
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Simulation results

L N t3 [Z M
n QEQL GﬁQL GnGQL ehQL egQL 95QL GEQL HhQL enGQL GﬁQL
ARMA(1, 1) 0 100 0.120 0.097 0.107 0.107 0.121 0.098 0.097 0.067 0.123 0.087
-GARCH(1, 1) 1000 0.035 0.024 0.028 0.028 0.048 0.029 0.024 0.015 0.035 0.02¢

5000 0.016 0.010 0.012 0.012 0.023 0.012 0.015 0.011 0.011 0.007
@ 100 0.135 0.109 0.117 0.119 0.141 0.116 0.110 0.077 0.132 0.102
1000 0.044 0.030 0.033 0.033 0.063 0.035 0.029 0.023 0.053 0.04¢
5000 0.020 0.014 0.015 0.015 0.029 0.015 0.013 0.012 0.019 0.014
g 100 0.104 0.096 0.085 0.084 0.158 0.129 0.073 0.055 0.131 0.11¢
1000 0.031 0.028 0.025 0.025 0.241 0.060 0.021 0.019 0.053 0.04¢
5000 0.014 0.012 0.010 0.010 0.052 0.042 0.009 0.016 0.036 0.01¢
aq 100 0.179 0.177 0.166 0.167 0.469 0.385 0.134 0.107 0.494 0.40¢
1000 0.064 0.060 0.045 0.045 0.328 0.161 0.031 0.046 0.160 0.137
5000 0.031 0.027 0.020 0.020 0.182 0.096 0.013 0.038 0.090 0.06-
B 100 0.302 0.269 0.252 0.233 0.604 0.497 0.217 0.164 0.553 0.47:
1000 0.057 0.051 0.051 0.051 0.312 0.187 0.045 0.049 0.165 0.17(
5000 0.025 0.022 0.020 0.020 0.199 0.073 0.062 0.066 0.019 0.02¢

ARMA(1,1) ] 100 0.110 0.086 0.096 0.101 0.112 0.090 0.097 0.068 0.125 0.091
-APARCH(1, 1) 1000 0.029 0.021 0.023 0.024 0.031 0.021 0.022 0.014 0.033 0.024
5000 0.013 0.008 0.010 0.010 0.014 0.009 0.010 0.006 0.015 0.011

[ 100 0.138 0.114 0.121 0.126 0.128 0.107 0.111 0.086 0.146 0.107

1000 0.040 0.027 0.032 0.032 0.041 0.028 0.029 0.026 0.043 0.03(

5000 0.018 0.012 0.012 0.012 0.020 0.012 0.013 0.014 0.019 0.01:

w 100 0.198 0.192 0.199 0.210 0.254 0.262 0.221 0.170 0.290 0.272

1000 0.079 0.067 0.056 0.056 0.226 0.218 0.044 0.045 0.142 0.12¢

5000 0.033 0.028 0.025 0.025 0.209 0.207 0.017 0.029 0.061 0.05¢

a 100 0.206 0.201 0.183 0.184 0.464 0.449 0.167 0.131 0.352 0.327

1000 0.060 0.053 0.041 0.041 0.447 0.432 0.029 0.043 0.143 0.13¢

5000 0.025 0.023 0.018 0.018 0.421 0.414 0.012 0.027 0.071 0.05¢

¥ 100 0.413 0.386 0.346 0.356 0.439 0.426 0.310 0.233 0.613 0.601

1000 0.105 0.094 0.071 0.070 0.101 0.092 0.057 0.041 0.217 0.22(

5000 0.042 0.039 0.029 0.029 0.045 0.038 0.024 0.018 0.086 0.08¢

B 100 0.297 0.282 0.255 0.238 0.312 0.288 0.186 0.145 0476 0.46¢
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The problem of multiple change detection is the following:

fork=1,...,K and:

Xt:Mgkft-i-fei fort € Ty :Z{tk_]_-l-].,...,tk}
° (X].)"'

, Xn) is observed,;

o ty=[nm|withmp=0<m < - <741 =1,
© Ok #Oksrfork=1,....K

~1

e fy, My are known, K, (7«)k, (0x)k and the law of & are unknown
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Some existing results

@ Davis et al. (1995): detecting changes in AR process;

@ Lavielle and Moulines (2000) : detecting changes in the mean of a
random process using least-squares contrast;

@ Lavielle and Ludena (2000): detecting changes in the spectral density
of long-memory processes using Whittle contrast;

o Kokoszka and Leipus (2000): Change-point estimation in ARCH
models.

@ Berkes et al. (2004): Sequential CUSUM procedure for GARCH
processes.

e Dauvis et al. (2008): MDE detection for a class of nonlinear time-series.

Remark: all these papers supposed the independence of the process on
both sides of the break point.
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For fixed K, t, 6, define the penalized contrast function .7;, by:
K

In(K, t,0) = Z QLIK({tk—1 +1,..., tx}, 0k) + kn K,
k=1
with k, = 0o (n — o) and

i

QLIK({ti-1 +1,....t},00) = > (Xe — f5,) (M5,) 7> (Xe — f5,) + 2 log (Mg, ).
t=ty_1+1
QLIK is a Quasi-Likelihood contrast
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Define the estimator

( 7En7

IQb)

(K. 2,.0,) of (K,t,0) by
n) =

Argmin In(K. t,0)
(K t,H)e{O,...,Kmax}x]-'Kx@K

_ T
and the estimator of breaksis: 7, ==
Remark

=n
n=

o
if K and t are known then 9

is the QMLE of 6*
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Consistency:

Theorem

*

If r > 2, under conditions on Lipshitzian coefficients and k,,, if Kpnax > K
then:

(Kn,7,,0.) — (K*,1%,0%)

ny Lns>Zn
n—o0

Idea of the proof: e in each T, control a distance between QLIK) of
(Xt)teT, (non-stationary) and QLIK  obtained from a stationary solution of
Mo, (ﬁ‘)w Mok)'
e use the asymptotic behavior of QLIK (note QLIK) ~ Cx n a.s.).
o since Jo(K, t,0) = S5, (QLIKk — QLIK)) + QLIK + rinK

_—

QLIKi — QLIK | = o(kn).
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Rates of convergence:

Theorem

If r > 4 and under conditions on Lipshitzian coefficients and k, if
Kmax > K* then

lim lim P(|[t, — t*||m > &) = 0.

d—00 N—00

Remark: Same convergence rate as if (X;) a sequel of independent r.v.
Theorem

If r >4, Kmax > K*, kn = +/n and under conditions on Lipshitzian
coefficients, for all j =1,--- , K¥,

Vi On(T5) = 67) 25 Na(0. 6(67).

n—o0
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Results of simulation for AR(1) process

Model Kn = K* Kn < K* Kn > K*
scenario Ag n =500 Kn = Rn 0.74 0.00 0.26
(K*=1) kp = logn 0.50 0.00 0.50
Kkn =+/n 0.94 0.00 0.06
MDL procedure 0.95 0.00 0.05
n = 1000 Kn = kn 0.81 0.00 0.20
Kknp = logn 0.43 0.00 0.57
Kkn =+/n 1.00 0.00 0.00
MDL procedure 0.97 0.00 0.03
scenario A n =500 Kn = Rn 0.52 0.06 0.42
(K*=2) kp = logn 0.40 0.04 0.56
Kkn =+/n 0.23 0.77 0.00
MDL procedure 0.44 0.56 0.00
n = 1000 Kn = kn 0.78 0.00 0.22
Kknp = logn 0.40 0.00 0.60
Kn =+/n 0.38 0.62 0.00
MDL procedure 0.87 0.13 0.00
scenario Aj n =500 Kn = Rn 0.48 0.00 0.52
(K*=2) Kkn = logn 0.17 0.00 0.83
Kn =+/n 0.29 0.71 0.00
MDL procedure 0.56 0.44 0.00
n = 1000 Kn = Rn 0.76 0.00 0.24
Kkn = logn 0.06 0.00 0.94
Kp =+/n 0.57 0.43 0.00
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Results of simulation for AR(1) process

Model Kn = K* Kn < K* Kn > K*
scenario Az n =500 Kn = Rn 0.45 0.32 0.23
(K*=3) kn = logn 0.37 0.26 0.37
Kkn =+/n 0.00 1.00 0.00
MDL procedure 0.01 0.99 0.00
n = 1000 Kn = Rn 0.61 0.13 0.26
Kkn = logn 0.39 0.00 0.61
kn=+/n 0.00 1.00 0.00
MDL procedure 0.20 0.80 0.00
scenario Ay n =500 Kn = Rn 0.53 0.12 0.35
(K* =3) kn = logn 0.28 0.06 0.66
Kkn =+/n 0.04 0.96 0.00
MDL procedure 0.09 0.91 0.00
n = 1000 Kn = Rn 0.75 0.00 0.25
kn =logn 0.12 0.00 0.88
Kkn =+/n 0.06 0.94 0.00
MDL procedure 0.54 0.46 0.00

Ta ble: Frequencies of the number of breaks estimated after 100 replications for AR(1) process following scenarios Ag-Ag.
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Problem: if n not very large (typically n = 1000), K, # K* very often with
a theoretical a priori choice of k, (typically x, = v/n).

— Adaptive choice of k, following a model selection procedure (Lebarbier,
2005, Arlot and Massart, 2009):

The slope heuristic procedure
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a-) Slope estimation when n=500 b-) Slope estimation when n=1000
o
© o
™ - N
b ~
' o
(=] o
s & g X
s - T o
5 B
x 38 . x 8
3 37 . 3 &
° ° 3
g4 ., S8 .
i
. .
T T T T T T T T T T T T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14
K K

The slope heuristic procedure for a AR(1) process:
n="500, kK, ~2%43~8.6and n=1000, kK, ~2%5~10
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a-) Penalized QLIK criteria when n=500 b-) Penalized QLIK criteria when n=1000
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Results of simulation for GARCH(1, 1) process

Model Kn = K* Kn < K* Kn > K*
scenario Go n =500 Kn = Rn 0.44 0.00 0.56
(K*=1) kp = logn 0.00 0.00 1.00
Kkn =+/n 0.58 0.00 0.42
MDL procedure 0.51 0.00 0.49
n = 1000 Kn = kn 0.60 0.00 0.40
Kknp = logn 0.00 0.00 1.00
Kkn =+/n 0.75 0.00 0.25
MDL procedure 0.63 0.00 0.37
scenario G n =500 Kn = Rn 0.42 0.12 0.46
(K*=2) kp = logn 0.00 0.00 1.00
Kkn =+/n 0.52 0.05 0.00
MDL procedure 0.55 0.35 0.10
n = 1000 Kn = kn 0.65 0.00 0.35
Kknp = logn 0.00 0.00 1.00
Kn =+/n 0.74 0.10 0.00
MDL procedure 0.67 0.09 0.24
scenario Gp n =500 Kn = Rn 0.52 0.20 0.28
(K*=2) Kkn = logn 0.00 0.00 1.00
Kn =+/n 0.39 0.44 0.17
MDL procedure 0.44 0.40 0.16
n = 1000 Kn = Rn 0.56 0.10 0.34
Kkn = logn 0.00 0.00 1.00
Kp =+/n 0.42 0.48 0.10
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Let M a family of parametric causal affine models.

For m € M with parameter 8(™) define the criterion:
Crit(m) = =2 x Lp(0\™) + k, x #(60™),
with kK, — oo (n — o0) and

m= Al’%én/\i/? { Crit(m)}

Two open problems:

e Asymptotic legitimacy of the BIC criterion (k, = log n) and its
consistency ?

@ Consistency of the slope heuristic procedure?
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Conclusion

@ Laplacian vs Gaussian:

» Strong consistency obtained for r = 1 (Laplacian) vs r = 2 (Gaussian);
Asympto. normality obtained for r = 2 (Laplacian) vs r = 4 (Gaussian);
Simulations show more accurate and robust results for Laplacian;
Confidence intervals require the estimation of g(0) and o¢ for Laplacian.

v vy

@ Change-point detection:

» Convergence rates almost the same than for independent r.v.!
» Slope heuristic provides best numerical results
» Online detection also possible

© Model selection: on going work!
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