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Something Unusual 

 L. Landau, E.M. Lifshitz, Quantum mechanics:  
Non-relativistic theory, 3rd ed., Pergamon Press,  

1977, page 3. 

 

 

"Thus quantum mechanics occupies a very unusual  

place among physical theories: it contains classical  

mechanics as a limiting case, yet at the same time it  

requires this limiting case for its own formulation."  

L & L   rule 
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Triviality of  

 

• Covariant scalar models (imaginary time)                 

  

 

    ``It is known that self-interacting scalar fields with a 

quartic non-linearity do not exist in dimension five 

or more.  (The proofs apply to field theories with a 

single, scalar field.)’’  

                        A. Jaffe and E. Witten  (Nov. 2005) 

                            http://www.claymath.org/sites/default/files/yangmills.pdf 
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List of Topics 

1 Classical/Quantum connection  

       “Enhanced Quantization” 

   Canonical & Affine quantization                                    

Enhanced classical theories  

2 A toy model of gravity 

3 Two soluble examples 
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Action Principle Formulations  
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Restricted Action Principle   
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Unification of                       

Classical and Quantum (1) 
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Unification of                       

Classical and Quantum (2) 
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Unification of                       

Classical and Quantum (2) 
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 Canonical Transformations 
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Cartesian Coordinates 
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CONVENTIONAL 

QUANTIZATION     

RECOVERED 

 

  

BIG DEAL    YIPPEE    BIG DEAL    HOORAY    BIG DEAL 
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Is There More? 

• Are there other two-dimensional sheets 

of normalized Hilbert space vectors that 

may be used in restricting the quantum 

action and which lead to an enhanced 

classical canonical formalism? 

YES ! 
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Affine Variables 
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Affine Quantization (1) 

        

 ))](~),(~(
~

))(~),(~('
~

)(~)(~[               

)(~),(~)],(/[)(~),(~         

,~,~     :ation transformCanonical

  ))](),(()()([               

)(),()],(/[)(),(         

  )(),()(   :action Restricted

)()],(/[)(          

:action Quantum

dttqtpHtqtpGtptq

dttqtpQDtitqtpA

qpqp

dttqtpHtptq

dttqtpQDtitqtpA

tqtpt

dttQDtitA

R

R

Q

 





 

















H'

H'

H'





subset 



20 

Affine Quantization (2) 
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The Q/C Connection : Summary 

• The classical action arises by a restriction of 
the quantum action to coherent states 

• Canonical quantization uses P and Q which 
must be self adjoint   

• Affine quantization uses D and Q which are self 
adjoint when Q > 0 (and/or Q < 0)  

• Both canonical AND affine quantum versions 
are consistent with classical, canonical  
phase space variables p and q 

 

• Now for a few applications! 
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  Toy Model    

• A toy model of gravity has singularities 

 

 

 

 

• Canonical quantum corrections 

• Affine quantum corrections 

• Affine quantization resolves singularities! 
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 • Ultralocal scalar field models 

 

 

• Non-renormalizable quantum theory 

 

 

• Also a trivial (=free) theory 

• Affine quantization is the key idea  

• But first, two important remarks 
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Free & Pseudofree Theories - 1 
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Free & Pseudofree Theories - 2 
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Ultralocal Scalar Models (1) 
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Central Limit Theorem 
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Ultralocal Scalar Models (2) 
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Ultralocal Scalar Models (3) 
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Ultralocal Scalar Models (4) 
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Ultralocal Models : Summary 

• Canonical quantization of interacting ultralocal 

scalar fields is perturbatively non-

renormalizable and rigorously trivial 

• Affine quantization of interacting ultralocal scalar 

fields is rigorously nontrivial & NO divergences 

• Ultralocal scalar models involve discontinuous 

perturbations for which interacting theories are 

continuously connected to a pseudfree theory 

and not to their own free theory 

• Hyper-spherical radius variable measure is a                                

simple key to solution :   RRN    ;  11' 
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Rotationally Sym. Models  

• Rotationally symmetric models 

 

 

• Free quantum models for   

• Interacting quantum models for  

 

• Reducible operator representation is the key 
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Rotationally Sym. Models (1) 
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Rotationally Sym. Models (2) 
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Magic Dots 
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Rotationally Sym. Models (3) 
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Rot. Sym. Models : Summary 

• Conventional quantization works if N is 
finite but leads to triviality if N is infinite 

• Enhanced quantization applies even for 
reducible operator representations 

• Using the Weak Correspondence 
Principle  

   a nontrivial quantization results if N is finite 
or N is infinite  --- with NO divergences ! 

• Class. & Quant. formalism is similar for all N 

 

 

qpqpqpH
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,,),( H
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• Canonical quantization requires Cartesian 
coordinates, but WHY is not clear 

• Canonical quantization works well for 
many problems, but NOT for all problems 

 

• Enhanced quantization clarifies coordinate 
transformations and Cartesian coordinates 

• Enhanced quantization can yield canonical 
results -- OR provide proper results when 
canonical quantization fails 

 

Canonical vs. Enhanced  
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Other Enh. Quant. Projects 

• Ultralocal and Rotationally Symmetric models 
completely solved with Enh. Quant. (done) 

• Covariant scalar models                   (done) 

• Nonrenormalizable scalar fields       (done) 

• Simple models of affine quantization eliminating 
classical singularities                        (on going)  

• Incorporating constrained systems within 
enhanced quantization                      (partially) 

• Affine quantum gravity                       (partially) 

• Extension to fermion fields                 (hints) 

 

 

 

4
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Main Message of Today 

               

 

                  

          

 

        
c 

q q 
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   Class./Quan.  Coexistence  IS 

Possible   AND   IT  IS   Beneficial 

GOOD BETTER 

Vladimir  

Margarita 
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              MERCI 



43 

Spin States & Enh. Quant. 
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Positive or  Non-negative ? 
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