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(Discrete) frames of Hilbert spaces

We fix:
> a separable Hilbert space H with (-,-) and | - ||
> a discrete index set /
» a family of functions ® = (¢p)ne; C H.
IfforO< A< B < 0

Al < STIUF, on)|? < BIIf|? for all f € H,

nel

then @ is a frame of H.

29



Injectivity up to global phase factors:
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Injectivity up to global phase factors:

PrH = H/{1, -1}
PcH = H/S*
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Injectivity up to global phase factors:

PrH = H/{1, -1}
PcH = H/S*

with distance

du(x,y) = min{|x —7y[;7 € K, |7 = 1}.
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Injectivity up to global phase factors:

PrH = H/{1, -1}
PcH = H/S*

with distance

du(x,y) = min{|x —7y[;7 € K, |7 = 1}.

Phase retrieval: Inversion of

Ao 1 BH — £2(1), x> (I{F, 0n) )ner-
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Injectivity up to global phase factors:

PrH = H/{1,—-1}
PcH = H/S!

with distance

du(x,y) = min{|x —7y[;7 € K, |7 = 1}.

Phase retrieval: Inversion of
Ao : PxH — 2(1), x— ({f,0n))ner-

"® does phase retrieval” <= A¢ is injective.
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Injectivity and the complement property (CP)?

!Balan, Casazza and Edidin '06
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Injectivity and the complement property (CP)?

Definition (Complement property)
A frame ® = (p)nes for H satisfies the complement property
(CP) if for every subset S C [, either

span{@n}nes = H,

or
span{@n}ngs = H.

!Balan, Casazza and Edidin '06
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Injectivity and the complement property (CP)?

Definition (Complement property)

A frame ® = (p)nes for H satisfies the complement property
(CP) if for every subset S C [, either

span{@ntnes = M,

or
span{@n}ngs = H.

Theorem

> & does phase retrieval = ® has the CP
» For K =R: & does phase retrieval <= & has the CP

!Balan, Casazza and Edidin '06
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Stable recovery?
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Stable recovery?

We need: c¢1,c > 0 s.t.

CldH(fag) < ||-’4(D(f) - Ad)(g)H < C2d7'[(f7g) for all fag cH.
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Stable recovery?

We need: c¢1,c > 0 s.t.

CldH(fag) < ||-’4(D(f) - Ad)(g)H < C2d7'[(f7g) for all fag cH.

Lemma

C = Bl/z.
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What about c,?
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What about c,?

‘H finite dimensional: ¢; > 0 always exists

Proposition
Phase retrieval is always stable when ‘H is finite dimensional.
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What about c,?

‘H finite dimensional: ¢; > 0 always exists

Proposition

Phase retrieval is always stable when ‘H is finite dimensional.

H infinite dimensional: such a ¢; > 0 can never exist!

Theorem

Phase retrieval is never uniformly stable when H. is infinite
dimensional.
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Finite dimensional subspaces

Finite dimensional subspaces (Vi) men of H, s.t.

dim(Vpy,) < dim(Vpi1)
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Finite dimensional subspaces

Finite dimensional subspaces (Vi) men of H, s.t.
dim(Vpy,) < dim(Vpi1)

Good news: Stable phase retrieval is possible for elements in H
that can be approximated sufficiently well by finite-dimensional
expansions.
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Finite dimensional subspaces

Finite dimensional subspaces (Vi) men of H, s.t.
dim(Vpy,) < dim(Vpi1)

Good news: Stable phase retrieval is possible for elements in H
that can be approximated sufficiently well by finite-dimensional
expansions.

Bad news: Stability can deteriorate very fast with increasing
dimension.
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Example: Unsigned samples of real-valued band-limited
signals

H = {f € [2(R,R) : supp  C [—m, 7]}

and n
©n(x) = sinc(x — Z)
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® = (pn)nez does phase retrieval.
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Example: Unsigned samples of real-valued band-limited
signals

H = {f € [2(R,R) : supp  C [—m, 7]}

and n
©n(x) = sinc(x — Z)

® = (pn)nez does phase retrieval.

V,, = span{was : £ € [—n, n]}
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Example: Unsigned samples of real-valued band-limited
signals

H = {f € [2(R,R) : supp  C [—m, 7]}

and n
©n(x) = sinc(x — Z)

® = (pn)nez does phase retrieval.
V,, = span{was : £ € [—n, n]}
There exist fpy, gm € Vom such that with C > 0 (m-independent):

dy(fms gm) > C(m+ 1) 123" || Ao (fr) — Ao(gm)]| for all m € N.
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The proof is constructive.

fm, &m for m=5.
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