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Goal

Given:

• f : Ω → R
n and Df : Ω → R

n×n derivative matrix, Ω ⊆ R
n

• C : Ω → R
n×n symmetric, positive definite

• For M : Ω → R
n×n let M ′ be the orbital derivative defined by

(M ′(x))ij = ∇M(x)ij · f (x).

Goal: Find M symmetric and positive definite, solving

Df T (x)M(x) +M(x)Df (x) +M ′(x) = −C (x), x ∈ Ω.
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Riemannian Contraction Metric

Consider ẋ = f (x)

Theorem

Let ∅ 6= G ⊆ R
n be a compact, connected and positively invariant set

and M be a Riemannian contraction metric in G, i.e.

• M ∈ C 1(G ,Rn×n), such that M(x) is symmetric and positive
definite for all x ∈ G.

• Df (x)TM(x) +M(x)Df (x) +M ′(x) is negative definite for all
x ∈ G.

Then there exists one and only one equilibrium in x0 in G; x0 is
exponentially stable and G is a subset of the basin of attraction A(x0).
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General Definition

• W = Hilbert Space

• L(W ) = {L : W → W : linear and bounded}

• H(Ω;W ) = {f : Ω → W } Hilbert space

Definition

The Hilbert space H(Ω;W ) is called a reproducing kernel Hilbert
space if there is a function Φ : Ω× Ω → L(W ) with

1. Φ(·, x)α ∈ H(Ω;W ) for all x ∈ Ω and all α ∈ W .

2. 〈f (x), α〉W = 〈f ,Φ(·, x)α〉H for all f ∈ H(Ω;W ), all x ∈ Ω and all
α ∈ W .

The function Φ is called the reproducing kernel of H(Ω;W ).
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Elementary Properties

Lemma

1. The reproducing kernel Φ of a Hilbert space H(Ω;W ) is uniquely
determined.
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Lemma

1. The reproducing kernel Φ of a Hilbert space H(Ω;W ) is uniquely
determined.

2. The reproducing kernel satisfies Φ(x , y)∗ = Φ(y , x) for all x , y ∈ Ω.
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Elementary Properties

Lemma

1. The reproducing kernel Φ of a Hilbert space H(Ω;W ) is uniquely
determined.

2. The reproducing kernel satisfies Φ(x , y)∗ = Φ(y , x) for all x , y ∈ Ω.

3. The reproducing kernel is positive semi-definite, i.e. it satisfies

N
∑

i ,j=1

〈αi ,Φ(xi , xj)αj〉W ≥ 0

for all x1, . . . , xN ∈ Ω and all α1, . . . , αN ∈ W.
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Interpolation

Theorem

If x1, . . . , xN are pairwise distinct points from Ω and if f1, . . . , fN ∈ W
are given, then there is exactly one interpolant of the form

sf (x) =
N
∑

j=1

Φ(x , xj)αj

which satisfies sf (xi ) = fi , 1 ≤ i ≤ N.
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Generalised Interpolation

Theorem

Let H be a Hilbert space. Let λ1, . . . , λN ∈ H∗ be linearly
independent linear functionals with Riesz representers v1, . . . , vN ∈ H.
Then the element s∗ ∈ H which solves

min{‖s‖H : s ∈ H with λj(s) = fj , 1 ≤ j ≤ N}

is given by

s∗ =
N
∑

k=1

βkvk ,

where the coefficients are determined by AΛβ = f with the positive
definite matrix AΛ = (aik) having entries aik = λi (vk) = 〈vk , vi 〉H .
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Special Case

Theorem

Assume that {αj}j∈J is an orthonormal basis of W . Then, the Riesz
representer of a functional λ ∈ H(Ω;W )∗ is given by

vλ(x) =
∑

j∈J

λ(Φ(·, x)αj)αj , x ∈ Ω.
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Special Case

Theorem

Assume that {αj}j∈J is an orthonormal basis of W . Then, the Riesz
representer of a functional λ ∈ H(Ω;W )∗ is given by

vλ(x) =
∑

j∈J

λ(Φ(·, x)αj)αj , x ∈ Ω.

s∗ =

N
∑

k=1

βk
∑

j∈J

λy
k(Φ(y , ·)αj)αj ,

the coefficients βk ∈ R are determined by

N
∑

k=1

λx
i



λy
k

∑

j∈J

(Φ(y , x)αj)αj



βk = fi , 1 ≤ i ≤ N.
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Specific Setting

W = R
n×n or W = S

n×n,

〈α, β〉W =
n
∑

i ,j=1

αijβij , α = (αij), β = (βij).

A kernel Φ is now a mapping

Φ : Ω× Ω → L(Rn×n) or Φ : Ω× Ω → L(Sn×n),

i.e. a tensor of order 4 represented as Φ = (Φijkℓ) with

(Φ(x , y)α)ij =
n
∑

k,ℓ=1

Φ(x , y)ijkℓαkℓ, α ∈ R
n×n(Sn×n)
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Sobolev Spaces
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Sobolev Spaces
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n
∑
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Sobolev Spaces

• H(Ω,Rn×n) = Hσ(Ω;Rn×n) or Hσ(Ω; Sn×n) component-wise.

• Inner product:

〈M, S〉Hσ(Ω;Rn×n) :=
n
∑

i ,j=1

〈Mij , Sij〉Hσ(Ω);

• Reproducing kernel: Let φ : Ω× Ω → R be a reproducing kernel of
Hσ(Ω) and set

Φ(x , y)ijkℓ := φ(x , y)δikδjℓ, x , y ∈ Ω, 1 ≤ i , j , k , ℓ ≤ n.

Solving the PDE Holger Wendland



Main Result

Theorem

Ω ⊆ R
d bounded, Lipschitz. σ, τ > d/2. Let

F : Hσ(Ω;Rn×n) → Hτ (Ω;Rn×n) (F : Hσ(Ω; Sn×n) → Hτ (Ω; Sn×n))
be linear and bounded. Finally, let X = {x1, . . . , xN} ⊆ Ω be given
and let

λ
(i ,j)
k (M) := eTi F (M)(xk)ej , 1 ≤ k ≤ N, 1≤i ,j≤n

1≤i≤j≤n.

Then each λ
(i ,j)
k belongs to the dual of Hσ(Ω;Rn×n) (Hσ(Ω; Sn×n)).

If they are linearly independent and if S denotes the optimal recovery
of M ∈ Hσ(Ω;Rn×n) (Hσ(Ω; Sn×n)) then

‖F (M)− F (S)‖L∞(Ω;Rn×n) ≤ Ch
τ−d/2
X ,Ω ‖M‖Hσ(Ω;Rn×n).
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Contraction Metric

F (M)(x) := Df T (x)M(x) +M(x)Df (x) +∇M(x) · f (x) = −C . (1)

Theorem

f ∈ C ⌈σ⌉(Rn;Rn), σ > n/2 + 1. Let x0 be an exponentially stable
equilibrium of ẋ = f (x) with basin of attraction A(x0). Let C ∈ S

n×n

be a positive definite (constant) matrix and let M ∈ Cσ(A(x0), S
n×n)

be the solution of (1). Let K ⊆ Ω ⊆ A(x0) be a positively invariant
and compact set, where Ω is open with Lipschitz boundary. Finally,
let S be the optimal recovery. Then,

‖M − S‖L∞(K ;Sn×n) ≤ c‖F (M)− F (S)‖L∞(Ω;Sn×n)

≤ Ch
σ−1−n/2
X ,Ω ‖M‖Hσ(Ω;Sn×n).
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The ODE

• The system:
ẋ = −x + y , ẏ = x − 2y ,
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The ODE

• The system:
ẋ = −x + y , ẏ = x − 2y ,

• Solution to the matrix valued PDE (C = I )

M(x) =

(

1 1
2

1
2

1
2

)

,

• The RBF:

φ(r) = (1−cr)10(2145(cr)4+2250(cr)3+1050(cr)2+250cr+25)+

with c = 0.9 which is a reproducing kernel in Hσ(R2) with σ = 5.5.
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Errors

Xα = {(x , y) ∈ R
2 : x , y = −1, . . . ,−2α,−α, 0, α, 2α, . . . , 1} with

α = 1, 12 ,
1
22
, . . . , 1

25
.
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Errors

Xα = {(x , y) ∈ R
2 : x , y = −1, . . . ,−2α,−α, 0, α, 2α, . . . , 1} with

α = 1, 12 ,
1
22
, . . . , 1

25
.

eα = max
x∈Xcheck

‖Sα(x)−M(x)‖max = max
x∈Xcheck

max
i ,j=1,2

|Sα
ij (x)−Mij(x)|

esα = max
x∈Xcheck

‖F (Sα)(x)− F (M)(x)‖max,
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Errors

Xα = {(x , y) ∈ R
2 : x , y = −1, . . . ,−2α,−α, 0, α, 2α, . . . , 1} with

α = 1, 12 ,
1
22
, . . . , 1

25
.

eα = max
x∈Xcheck

‖Sα(x)−M(x)‖max = max
x∈Xcheck

max
i ,j=1,2

|Sα
ij (x)−Mij(x)|

esα = max
x∈Xcheck

‖F (Sα)(x)− F (M)(x)‖max,

α esα es2α/e
s
α eα e2α/eα

1/2 2.5724 1.2334
1/4 1.2833 2.0045 0.9169 1.3452
1/8 0.3516 3.6499 0.0124 73.9435
1/16 0.0329 10.6838 5.6040e-4 22.1271
1/32 0.0025 13.1918 1.6311e-5 34.3572

23.5 11.3137 11.3137
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Figure: Left: trace F (S)(x , y), right: − detF (S)(x , y). If both functions
are negative, then F (S)(x , y) is negative definite.
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Figure: Left: traceS(x , y), right: det S(x , y). If both functions are positive,
then S(x , y) is positive definite.
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Figure: Left: Points used for RBF approximation and areas where
trace F (S)(x , y) = 0 (red) and detF (S)(x , y) = 0 (green). Right: We have
plotted the curve of equal distance with respect to metric S(x), in particular
the set {x+ v | (v − x)TS(x)(v − x) = const}.
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