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Motivation: error of approximation

Theorem (Dahmen, DeVore and Scherer 1980%)
For appropriate domains Q C R? and f € W3(§2) for 1 <p < oo

inf f— < C(h'*||OMF h52||05% f
Seer(‘T,Q)H 5‘p,Q— (h{']]0g ’p,QJr 5 ||05% f |

p,Q) :

W2(2), ne N2, is called anisotropic Sobolev space.

IDahmen, DeVore and Scherer: Multi-dimensional spline approximation.
SIAM J. Numer. Anal., 1980
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Theorem (Dahmen, DeVore and Scherer 1980%)
For appropriate domains Q C R? and f € W3(§2) for 1 <p < oo

inf || m hy? |0
. o2 + B30

Q).

W2(2), ne N2, is called anisotropic Sobolev space.
Problems:

1. € at least coordinate-wise convex

2. C= C(hi/hj):

C bounded, if c; < Z— <
for a1, o € R, i, j € {1,2}

IDahmen, DeVore and Scherer: Multi-dimensional spline approximation.
SIAM J. Numer. Anal., 1980

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains

3/13




Motivation: error of approximation

Theorem (Dahmen, DeVore and Scherer 1980%)
For appropriate domains Q C R? and f € W3(§2) for 1 <p < oo

inf f— < C(h'*||OMF h52||05% f
Seer(‘T,Q)H 5‘p,Q— (h{']]0g ’p,QJr 5 ||05% f |

p,Q) :

W2(2), ne N2, is called anisotropic Sobolev space.

Problems:

1. € at least coordinate-wise convex

C bounded, if c; < Z—J’ < o

for c1, x € R, i, j€{1,2} -

IDahmen, DeVore and Scherer: Multi-dimensional spline approximation.
SIAM J. Numer. Anal., 1980

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 3/13



Motivation: error of approximation

Theorem (Dahmen, DeVore and Scherer 1980%)
For appropriate domains Q C R? and f € W3(§2) for 1 <p < oo

inf || m hy? |0
. o2 + B30

Q).

W2(2), ne N2, is called anisotropic Sobolev space.

Problems:

1. € at least coordinate-wise convex

C bounded, if ¢ < Z— < o : )
for c1, x € R, i, j€{1,2} o .

IDahmen, DeVore and Scherer: Multi-dimensional spline approximation.
SIAM J. Numer. Anal., 1980

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains

3/13




Motivation: error of approximation

Theorem (Dahmen, DeVore and Scherer 1980%)
For appropriate domains Q C R? and f € W3(§2) for 1 <p < oo

inf || m hy? |0
. o2 + B30

Q).

W2(2), ne N2, is called anisotropic Sobolev space.

Problems:

1. € at least coordinate-wise convex

C bounded, if ¢ < Z— < o : )

for c1, x € R, i, j€{1,2} o .

IDahmen, DeVore and Scherer: Multi-dimensional spline approximation.
SIAM J. Numer. Anal., 1980

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains

3/13




Example: C depends on h | UpVERSITAT

Fakultiit fiir Informatik und Mathematik

h=2 h<l1

= 5 %,
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» set of connected components Cq(supp bx) = {v1,72}
» diversified B-splines b; := bix(7), v € Ca(supp bk)

» diversified spline space §;(T,Q)

2Reif and Sissouno: Approximation with diversified B-splines.
CAGD, 2014
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Uniform result

Theorem (Reif, S. 2014?)

For graph domains Q C R?, any uniform T with sufficiently small h and
feWh(Q)

inf If = sl < Co (W07 flloo + h2°1105Flloc2)
el o I = Slloo < Co (A 107 Flloci + h21105° 1 .0)
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Diversified spline space

» set of connected components Cq(supp by)

» diversified B-splines b; := bix(7), v € Ca(supp bk)

/
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» diversified spline space S (T,Q)
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Non-uniform result

Theorem (S. 2016°)

For graph domains Q C R?, any T with sufficiently small h
and f € Wp(2) for

inf  ||f —s| p.2 + %1032 f|[pq) -

< ( h |0 F
s€SH(T.Q) p,2 = n,p( 1 H 1 |

3Sissouno: Anisotropic spline approximation with non-uniform B-splines.
Preprint, http://arxiv.org/abs/1601.05275, 2016.
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Ingredients of proof

1. arbitrary grid cell I'|q

2. uniformly bounded quasi-interpolant @
a) [[Qfllpriq < cnpllfllp,r

b) Qe =q, qe€P,

3. Bramble-Hilbert Lemma for graph domains*

Sketch of proof

2b)
If = Qfllpry < [If —ql

prle T 1Q(F —q)

Pl o

2a
< apllf —all,F

“Reif: Polynomial approximation on domains bounded by diffeomorphic
images of graphs. JAT, 2012

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains

9/13




Ingredients of proof

1. arbitrary grid cell I'|q

2. uniformly bounded quasi-interpolant @
a) [[Qfllpriq < cnpllfllp,r

b) Qe =q, qe€P,

3. Bramble-Hilbert Lemma for graph domains*

Sketch of proof

2b)
If = Qfllpry < [If —ql

prle T 1Q(F —q)

Pl o

N
IN

cp If —all, 7

3
< cop (W07 Fllpa + h52 052 F]p0)

“Reif: Polynomial approximation on domains bounded by diffeomorphic
images of graphs. JAT, 2012

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 9/13




Ingredients of proof

1. arbitrary grid cell I'|q
2.

a) [|Qflprie < Gapllfllpr
b) Qe =q, qe€P,

3. Bramble-Hilbert Lemma for graph domains*

Sketch of proof

2b)
If = Qfllpry < [If —ql

prle T 1Q(F —q)

Pl o

N
IN

cp If —all, 7

3
< cop (W07 Fllpa + h52 052 F]p0)

“Reif: Polynomial approximation on domains bounded by diffeomorphic
images of graphs. JAT, 2012

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 9/13




Quasi-interpolant //;QEANSEVXSyTAT

QW2 =8i @flpria < cuplfllpr- and  Qg=g, g€ Py
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Quasi-interpolant

Q: W >S5t @flry < cpllflpre and  Qq=g. qE P |

Qf = Z bj ij
J

with uniformly bounded Q; : W] (supp b;) — R

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 10 / 13



Quasi-interpolant g YERSITAT
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Q: Wy =S Qflariy < cnpllflpr  and  Qq=g. g Pa |

Qf = Z bj ij
J

with uniformly bounded Q; : W(supp b)) - R
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Quasi-interpolant //;}]HL\JSI%/XSSITAT

thultit fii

QWS =& @ lora <npllflor and  Qa=g, g€ Pa |

Qf = Z bj ij
J

with uniformly bounded Q; : W(supp b)) - R

> () local quasi-interpolant

X X X
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Quasi-interpolant with prefix
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QWS =& @ lora <npllflor and  Qa=g, g€ Pa |
Qf = Z bj ij
J
with uniformly bounded Q; : Wj( ) — R
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Quasi-interpolant with prefix //;}]%vgﬁsm

thultit fii

QWS =& @ lora <npllflor and  Qa=g, g€ Pa |

Qf = Z bj ij
J

with uniformly bounded Q; : W(supp b)) — R
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Quasi-interpolant with prefix DT versiTiT

PASSAU

Q:W;—>S:;: | QF |

oo < Gnpllfllpr=  and  Qg=gq, g€ ]P,,J

Qf L= Z bj QjAjf
J

with uniformly bounded (Q;A;) : Wp(I'7) A, P, 9 R

X X 23
> ; local quasi-interpolant x  x %
X 3
N
> A; local Legendre approximation [* \
j
o),
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Quasi-interpolant with prefix

Q: Wy =8+ Qo < pllflpr- and  Qa=g, g€ Pa |

Qf = Z bj QjAjf
J

Q)

A:
with uniformly bounded (@;A;) : W2 (I'7) — P, — R

— X X et
> ; local quasi-interpolant | |

— X X X —
> A; local Legendre approximation X ‘ \ ‘ ‘ B

Q
s | | |
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Quasi-interpolant with prefix DY ivesiar

PASSAU

Q:W, — S, | Qf |

oo < Gnpllfllpr=  and  Qg=gq, g€ ]PnJ

Qf L= Z b;-k QjAjf
J

with uniformly bounded (Q;A;) : W2(*) <% B, % R

> @ local quasi-interpolant _x %
> A; local Legendre approximation /I'*
/ j
Q
1
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How to adapt tensor product B-splines?
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How to adapt tensor product B-splines?

1. Diversification

supp by
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How to adapt tensor product B-splines?
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1. Diversification

supp b

Fakultiit fiir Informatik und Mathematik

supp

2. Condensation

condensed knots

A

a

| |supp

*
b.jl
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How to adapt tensor product B-splines?

=i

1. Diversification

supp b
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Fakultiit fiir Informatik und Mathematik

supp

2. Condensation

'condensed’ knots

A
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Summary f;}zlgg&sswm
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Diversified condensed B-splines

» diversification = spline space - -
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Summary

Diversified condensed B-splines

» diversification = spline space

<
-

» condensation = basis

e s /N

New anisotropic error estimate

1. for graph domains in R? L

2. with G, p not depending on h A AR R
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Thank you for your attention!
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