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Motivation: error of approximation

Theorem (Dahmen, DeVore and Scherer 19801)
For appropriate domains � ™ R2 and f œ W n

p (�) for 1 Æ p Æ Œ

inf
sœS

n

(T ,�)

Îf ≠ sÎp,� Æ C (hn
1

1

Îˆn
1

1

f Îp,� + hn
2

2

Îˆn
2

2

f Îp,�) .

W n

p (�), n œ N2, is called anisotropic Sobolev space.

Problems:

1. � at least coordinate-wise convex

2. C = C(hi/hj):

C bounded, if c
1

Æ hi
hj

Æ c
2

for c
1

, c
2

œ R, i , j œ {1, 2}

1

Dahmen, DeVore and Scherer: Multi-dimensional spline approximation.

SIAM J. Numer. Anal., 1980
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Example: C depends on h

h
1

= 2, h
2

π 1

, n = (1, 1), p = Œ:

inf
sœS

n

(T ,�)

Îf ≠ sÎŒ,� Æ C (2Îˆ
1

f ÎŒ,� + h
2

Îˆ
2

f ÎŒ,�)

|x1|

f (x) = 0

f (x) = − x2 f (x) =2( ( x2
2( (

x1

x2
1

1
1 1

−

0

0−

Îf ≠ sÎŒ,� = 1 = h
1

2

Æ C · 2h
2

∆ C & h
1

h
2
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Uniform solution: diversified spline space2

“
1

“
2

supp b
k

“
1

= supp bj
1

supp bj
2

= “
2

I set of connected components C
�

(supp b
k

) = {“
1

, “
2

}

I diversified B-splines bj := b
k

‰(“), “ œ C
�

(supp b
k

)

I diversified spline space Sú
n

(T , �)

2

Reif and Sissouno: Approximation with diversified B-splines.

CAGD, 2014
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Uniform result

Theorem (Reif, S. 20142)
For graph domains � ™ R2, any uniform T with su�ciently small h and
f œ W n

Œ(�)

inf
sœSú

n

(T ,�)

Îf ≠ sÎŒ,� Æ C
n

(hn
1

1

Îˆn
1

1

f ÎŒ,� + hn
2

2

Îˆn
2

2

f ÎŒ,�) .

Here:

1. graph domain: ˆ� described by graphs of continuous functions

2. C
n

is not depending on h

2

Reif and Sissouno: Approximation with diversified B-splines.

CAGD, 2014

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 6 / 13



Uniform result

Theorem (Reif, S. 20142)
For graph domains � ™ R2, any uniform T with su�ciently small h and
f œ W n

Œ(�)

inf
sœSú

n

(T ,�)

Îf ≠ sÎŒ,� Æ C
n

(hn
1

1

Îˆn
1

1

f ÎŒ,� + hn
2

2

Îˆn
2

2

f ÎŒ,�) .

Here:
1. graph domain: ˆ� described by graphs of continuous functions

2. C
n

is not depending on h

2

Reif and Sissouno: Approximation with diversified B-splines.

CAGD, 2014

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 6 / 13



Uniform result

Theorem (Reif, S. 20142)
For graph domains � ™ R2, any uniform T with su�ciently small h and
f œ W n

Œ(�)

inf
sœSú

n

(T ,�)

Îf ≠ sÎŒ,� Æ C
n

(hn
1

1

Îˆn
1

1

f ÎŒ,� + hn
2

2

Îˆn
2

2

f ÎŒ,�) .

Here:
1. graph domain: ˆ� described by graphs of continuous functions

2. C
n

is not depending on h

2

Reif and Sissouno: Approximation with diversified B-splines.

CAGD, 2014

Nada Sissouno Adaption of tensor product spline spaces to approximation on domains 6 / 13



Diversified spline space

I set of connected components C
�

(supp b
k

)

I diversified B-splines bj := b
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�

(supp b
k
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n
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Non-uniform result

Theorem (S. 20163)
For graph domains � ™ R2, any non-uniform T with su�ciently small h

and f œ W n

p (�) for 1 Æ p Æ Œ

inf
sœSú

n

(T ,�)

Îf ≠ sÎp,� Æ C
n,p (hn

1

1

Îˆn
1

1

f Îp,� + hn
2

2

Îˆn
2

2

f Îp,�) .

Again:

1. graph domain: ˆ� described by graphs of continuous functions

2. C
n,p is not depending on h

3

Sissouno: Anisotropic spline approximation with non-uniform B-splines.

Preprint, http://arxiv.org/abs/1601.05275, 2016.
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Ingredients of proof

1. arbitrary grid cell �|
�

2. uniformly bounded quasi-interpolant Q
a) ÎQf Îp,�|

�

Æ c
n,pÎf Îp,�ú

b) Qq = q, q œ P
n

3. Bramble-Hilbert Lemma for graph domains4

Sketch of proof
Îf ≠ Qf Îp,�|

�

2b)

Æ Îf ≠ qÎp,�|
�

+ ÎQ(f ≠ q)Îp,�|
�

2a)

Æ c
n,p Îf ≠ qÎp,�

3

Æ c
n,p

! hn
1

1

Îˆn
1

1

f Îp,� + hn
2

2

Îˆn
2

2

f Îp,�
"

4

Reif: Polynomial approximation on domains bounded by di�eomorphic

images of graphs. JAT, 2012
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Quasi-interpolant

with prefix

Q : W n

p æ Sú
n

: ÎQf Îp,�|
�

Æ c
n,p Îf Îp,�ú and Qq = q, q œ P

n

Qf :=
ÿ

j
bj Qj f

with uniformly bounded Qj : W n

p ( supp bj) æ R

I Qj local quasi-interpolant

I Aj local Legendre approximation
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How to adapt tensor product B-splines?

1. Diversification
supp b

k

“
1

“
2

supp bj
1

supp bj
2

2. Condensation
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Summary

Diversified condensed B-splines

I diversification ∆ spline space

I condensation ∆ basis

We get:

New anisotropic error estimate

1. for graph domains in R2

2. with C
n,p not depending on h

Ω

Ω Ω
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Thank you for your attention!
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