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Tp(J) C CP(J) extended Tchebycheff space on J:
o dim(T,(J))=p + 1

@ any Hermite interpolation problem with p + 1 data on J has a
unique solution in T, (J)

¢

any non-trivial element in T,(J) has at most p roots in J
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Extended Complete Tchebycheff spaces

® Wy, ..., W, positive on J
up(x) = wo(x)

u1(x) = wo(x) /X wy (t1)dty
up(x) == wo(x) /X wl(tl).../tpl wo(t,)dt,. .. dt

Tp(J) == (uo, ..., up)
extended complete Tchebycheff (ECT) space on J
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Extended Complete Tchebycheff spaces

® Wy, ..., W, positive on J
to(x) = wo(x)
u(x) = W()(X)/ wy (t1)dty

up(x) == wo(x) /X wl(n).../tpl wo(t,)dt,. .. dt

Tp(J) == (uo, ..., up)
extended complete Tchebycheff (ECT) space on J
Examples
o (1,...,1) = u(x) = &= = T,(U) =

@ (1,...,1,cos(ex), = Tp(J) = (1,x,...,xP~2 sin(ax), cos(ax)))

cos2 (ax)
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Tchebycheffian splines

polynomial spline spaces
=X <Xx3<... <X,,+1:b

{S S Cr[a, b] D S[xxia) € ]Pp, i=0,..., n}

—2

— -1
Py i=<1,x,...,xP7% xP

P
’X >7
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Tchebycheffian splines

polynomial spline spaces
a:X0<X1<...<X,,+1:b
{S S Cr[a, b] D S[xxia) € ]Pp, i=0,..., n}

P, =<1,x,... L xPT2 xPTL xP >,

spline spaces with sections in Tp([a, b]) :
a:xo<x1<...<x,,+1:b

{se C'a,b] : sjpx.0) €Tp, i =0,...,n}
Tchebycheffian splines

[Schumaker, 1976], [Lyche, CA 1985], [Dyn et al., JAM 1988], [Mazure, NM 2011],

[Pefia et al,...] ...
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Tchebycheffian splines

T,(J) extended (complete) Tchebycheff space

@ spline spaces with sections in T,(J) : same properties as polynomial
splines, including a B-spline like basis

@ section spaces to be selected with a problem-dependent strategy
@ useful tool in geometric modeling and numerical simulation (IgA)

@ straightforward bivariate extension: tensor-product
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Tensor product structures: DRAWBACKS

@ Otensor-product structure NO efficient local refinements

@ Alternatives in modeling and/or simulation: local tensor -product
structures

T-splines [Sederberg et. al, AMC ToG, 2003 ], ...
LR splines [Dokken, Lyche, Pettersen, CAGD 2013], ...
Hierarchical splines [Giannelli, Jiittler, Speleers, CAGD 2012], ...

o Splines over T-meshes
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Planar T-meshes

T-mesh: collection of axis-aligned rectangles

T = (T2, T1, To)

7> is the collection of cells: o
Ti =T UT) edges: T
To := U, e, OT vertices: v

T2 interior edges,

Ty interior vertices.
7/28



T-meshes
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@ not necessarily rectangular, simply connected, regular

DA
8/28



Tchebycheffian splines  Spline spaces over T-meshes Tchebycheffian spline spaces over T-meshes

Spline spaces over T-meshes

7> is the collection of cells: o

9/28



Tchebycheffian splines  Spline spaces over T-meshes Tchebycheffian spline spaces over T-meshes

Spline spaces over T-meshes

7> is the collection of cells: o

Sp(T) :={se€ C(T): 5o €Pp,0€T2}

Ph Py
ri=(rn, 1), p:=(pn,pv) Pp:=Pp, @Pp,, Zzai,jxlyj
i=0 j=0
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Spline spaces over T-meshes

7> is the collection of cells: o

Sp(T) :={se€ C(T): 5o €Pp,0€T2}
Ph Py .
ri= (), p=(Phpv) Bpi=PFp, @Fp, > > aipxy/

i=0 j=0

DIMENSION?
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Dimension of a spline space: instability

© stable dimension: only depending on degree, smoothness, topology

quadratic C!

dim =6 dim=7

[Morgan Scott, 1974]
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Tchebycheffian splines  Spline spaces over T-meshes Tchebycheffian spline spaces over T-meshes

Dimension of the spline space S;(7): instability

© stable dimension: only depending on degree, smoothness, topology

p=(22), r=(1,1)

dim(S5,(T)) = 36 dim(S5,(T)) =37

[Li, Chen, CAGD 2011]
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Splines over T-meshes: dimension

@ Bernstein representation and minimal determining sets

[Alfeld, Schumaker, CA 1987]
[Alfeld, JCAM 2000]
[
[

Deng et al., JCAM 2006]
Schumaker, Wang, NM 2011, CAGD 2012]
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Splines over T-meshes: dimension

@ Bernstein representation and minimal determining sets

[Alfeld, Schumaker, CA 1987]
[Alfeld, JCAM 2000]

[Deng et al., JCAM 2006]
[Schumaker, Wang, NM 2011, CAGD 2012]

@ smoothing cofactors

[Wang, 2001]
[Huang, et al., JCAM 2006]
[Li, Chen, CAGD 2011]

@ Homological approach

[Billera,Homology of smooth splines: generic triangulations and a conjecture of
Strang, TAMS 1988]

[Mourrain, MC 2014 ]
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Tchebycheffian splines over T-meshes: dimension

T is the collection of cells: o

SI(T)={seC(T): s, €B], 0 €T }.

po

p:=(pn,pv), r:=(rnr) Py :=Th ®Ty, T:=(Tp T5).
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Tchebycheffian splines over T-meshes

C! bi-cubics

< 1,x,cos ax,sinax >: C! trigonometric (bi-cubics), o = %w, x € [0,1]
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Tchebycheffian splines over T-meshes: dimension

7> is the collection of cells: o

S;—"(T) ={seC(T): s, € Pl oeT}.

P

p = (pn,pv), r:=I(rn,n) IP’; = ']I‘gh ®T,, T:= ('H‘gh,’ﬂ‘;v).

DIMENSION?
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Tchebycheffian splines over T-meshes: dimension

7> is the collection of cells: o

S;—"(T) ={seC(T): s, € Pl oeT}.

po

p:=(Pnpy), ri=(mr) By =Ty @Ty, T:=(T} T}).

DIMENSION?
homological approach
instability
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Tchebycheffian splines over T-meshes: homology

Sp(T):={seC(T): s, €P), 0T} P} =Th T}

@ for any vertical edge 7 belonging to x = X

I, "(r):={g € Pl : Diq(x,y) =0,Vy € [av, b, i =0,...,r(7)},
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Tchebycheffian splines over T-meshes: homology

SI'(T):={seC(T): s, €Pl,ceT} Pl =TT,

@ for any vertical edge 7 belonging to x = X
I (r) = {q € P : Diq(%,y) =0, Vy € [av, b], i =0,...,r(7)},

@ for any horizontal edge 7 belonging to y =y

I, (7)) :={q € P} : Diq(x,7) =0, ¥x € [ap, by], j = 0,...,r(1)},

o for any vertex v = (X,¥)

I, (v) :=={qg €PB] : DIDiq(%,7)=0,i=0,...,m(%),j = 0,..., ()}
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Tchebycheffian splines over T-meshes: homology

Sy (T)={seC(T): s, €P}, 0T} Pl =TTy
@ for any vertical edge 7 belonging to x = X

I,"(r) = {qg € Pl : Diq(%,y) =0,y € [av, b)), i = 0,...,r(7)},

DA
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Tchebycheffian splines over T-meshes: homology

Sy (T)={seC(T): s, €P}, 0T} Pl =TTy
@ for any vertical edge 7 belonging to x = X

]I;- '(T) = {q € ]P; D q()_(my) = 07 v.y € [aV7 bV]7 i= 07 AR r(T)}a

Di(so; — 50,)(,¥) =0,i=0,...,r(1) (x,y) €T Co1No2

= Sy, — S, € H;”(T)

DA
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Tchebycheffian splines over T-meshes: homology

5 .
A -~~—>A,'+1 _+)1 A;iA,‘,l'”
6i6iy1 =0
i-homology: H;(A) := kerd;/imd;41
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Tchebycheffian splines over T-meshes: homology

i S
A "'—)A,:H —Jr)lA,'4A,',1-~-

5,’5,'_'_1 =0

i-homology: H;j(A) := ker§;/imd;11
o€T2

TETP

YETY

0l Prr B Priltn 3 @rlait) 3o,
The maps of the complex are induced by the usual boundary maps

Dae
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i S
A "'—)A,:H —Jr)lA,'4A,',1-~-

5,’5,'_'_1 =0

i-homology: H;j(A) := ker§;/imd;11
o€To

TETY

YETY

0l Prr B Priltn 3 Prli) 3o,
The maps of the complex are induced by the usual boundary maps
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Tchebycheffian splines over T-meshes: homology

i S
A "'—)A,:H —Jr)lA,'4A,',1-~~

5,’5,'_'_1 =0

i-homology: H;j(A) := ker§;/imd;11
o€T2

YETY

el 0% PrI 3 PrIim A eIl %o
7'67—10

The maps of the complex are induced by the usual boundary maps
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Tchebycheffian splines over T-meshes: homology

i S
A "'—)A;+1 —+>1A,'4A,',1-~~

5,‘5,'_'_1 =0

i-homology: H;j(A) := ker§;/imd;11
o€T2

YETY

el .04 Pl 3 @ rlnn 4 @ Bl () % o,
7'67—10

The maps of the complex are induced by the usual boundary maps

DA
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Tchebycheffian splines over T-meshes: homology

el 0% pT % P/ () B I/ () % o,
p P PP P

o€ TETY VETY

HQ(G;{J) =ker8>/im 83 = ker 8,.

s€E S,,T"(T) = S0y —Soy € ]I,,T"(T) = S0, —S0, =0 in ]P"Z-/]I;"('r)7 T CoiNoy
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Tchebycheffian splines over T-meshes: homology

el 0% pT % P/ () B I/ () % o,
p P PP P

o€ TETY VETY

HQ(G;{J) =ker8>/im 83 = ker 8,.

s€E S,,T"(T) = S0y —Soy € ]I,,T"(T) = S0, —S0, =0 in ]P"Z-/]I;"('r)7 T CoiNoy

4

Hay(&] ") = ker 0, = SJ"(T)
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Dimension of the spline space S;"(T)

dj S
A '~~—>A,'+1 —+>1A,'4A,'_1-~~

(5,’5,’+1 =0
i-homology: H;(A) := ker§;/imd;11, dim H;(A) = dimker §; — dimim &;41
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Dimension of the spline space Sp (7

5 .
A: -~-—>A,‘+1 /_+)1 A;ﬁA,‘_l---
(5,’(5,’+1 =0
i-homology: H;(A) := ker§;/im §;11, dim H;(A) = dim ker ; — dimim 8,41

oI ol el B @l @Hm o

g€Th TETY YETY

0

dim( @D Py) — dim( P P} /1, (7)) +dim( P P} /15" (7)

g€Tr TETY YETY

= dim(Hz(G )) - d'm(Hl( &y ’)) + dim(HO(G;-J )

1 1 {
dim(Sp (7)) ? 0
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Dimension of the spline space S;"(T)

dim(S5 (7)) = >~ (P +1)(pv +1)

o€Th

_ Z (pn+1)(r(7) +1) — Z (r(7) + 1)(py + 1)
T€7'1°’h 7_67-10,\/

+ > () + 1)(r(y) + 1) + dim(H)
~eETP

[Bracco, Lyche, Manni, Roman, Speleers, CAGD 2016]
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Dimension of the spline space Sp"(7): bounding dim(H)

@ MIS maximal interior segment
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Dimension of the spline space Sp"(7): bounding dim(H)

@ MIS maximal interior segment

@ T, ,T, complete Tchebycheff spaces

0<dim(H)< > (pn+1-w(p))s (p —r(p))

pemMisy(T)

+ > (e=r(p) (P +1—w(p))s-

peMIs, (T)

w(p) depends on smoothness, degree, (topology of the) T-mesh

24/28
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Dimension of the spline space S (7): special cases

0<dim(H) < > (prt1-w(p)+ (pv—r(p))+ D> (pr—r(p)) (Pv+1-w(p))+-
peMIsy(T) pemis, (T)
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Dimension of the spline space S (7): special cases

0<dim(H) < > (prt1-w(p)+ (pv—r(p))+ D> (pr—r(p)) (Pv+1-w(p))+-
peMIS,(T) peMsy (T)

@ 7: T-mesh without cycles of MIS, p > 2r 41
= w(pp)=p+1l =dim(H)=0
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Dimension of the spline space S (7): special cases

0<dim(H) < > (patl-w(p)+ (pv—r(p))+ D> (Pa—r(p)) (pv+1-w(p))+-
pemisy(T) peMIS,(T)
@ 7: T-mesh without cycles of MIS, p > 2r + 1
= w(pp)=p+1l =dim(H)=0

@ Let 7 be a quasi-cross-cut
(= every edge is connected to the boundary =no MIS)

= dim(H) =0
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Dimension of the spline space Sp " (7): instability

p=(22), r=(1,1)

te

t P3

t3

P2 P4

to

t1

to
S0 S1 52 53 S4 S5 S6

36 < dim(S;"(7)) <37, VT
[Bracco, Lyche, Manni,Speleers, 2016]
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Polynomial vs Tchebycheffian spline space: Conjecture

dim (S;—”(T)) =dim <SI,(T)> generically
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Concluding Message

@ (complete) Tchebycheffian splines behave very similar to polynomial
splines
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Concluding Message

@ (complete) Tchebycheffian splines behave very similar to polynomial
splines

@ homology techniques can be extended to Tchebycheffian splines
(despite the lack of the ring structure)

@ we can extend to the Tchebycheff context

e T-splines
e LR splines
e Hierarchical splines

[Bracco, Cho, CMAME 2014],
[Manni, Pelosi, Speleers, LNCS 2014],

[Bracco, Lyche, Manni, Roman, Speleers, App. Math. and Comput. 2016]
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Concluding Message

@ (complete) Tchebycheffian splines behave very similar to polynomial
splines

@ homology techniques can be extended to Tchebycheffian splines
(despite the lack of the ring structure)

@ we can extend to the Tchebycheff context

e T-splines
e LR splines
e Hierarchical splines

[Bracco, Cho, CMAME 2014],
[Manni, Pelosi, Speleers, LNCS 2014],

[Bracco, Lyche, Manni, Roman, Speleers, App. Math. and Comput. 2016]

THANKS
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