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Extended Tchebycheff spaces

Tp(J) ⊂ C p(J) extended Tchebycheff space on J:

dim(Tp(J))=p + 1

any Hermite interpolation problem with p + 1 data on J has a
unique solution in Tp(J)

⇓
any non-trivial element in Tp(J) has at most p roots in J

Examples

Pp :=< 1, x , . . . , xp−2, xp−1, xp >,

Gexp
p,α := 〈1, x , . . . , xp−2, eαx , e−αx 〉,

Gtrig
p,α := 〈1, x , . . . , xp−2, sin(αx), cos(αx)〉,

E2n := 〈1, sin x , cos x , . . . , sin(nx), cos(nx)〉

. . .
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Extended Complete Tchebycheff spaces

w0, . . . ,wp positive on J

u0(x) := w0(x)

u1(x) := w0(x)

∫ x

a

w1(t1)dt1

...

up(x) := w0(x)

∫ x

a

w1(t1) . . .

∫ tp−1

a

wp(tp)dtp . . . dt1

Tp(J) := 〈u0, . . . , up〉
extended complete Tchebycheff (ECT) space on J

Examples

(1, . . . , 1) ⇒ ui (x) = (x−a)i

i!
⇒ Tp(J) = Pp

(1, . . . , 1, cos(αx), 1
cos2(αx)

⇒ Tp(J) = 〈1, x , . . . , xp−2, sin(αx), cos(αx))〉
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Tchebycheffian splines

polynomial spline spaces

a = x0 < x1 < . . . < xn+1 = b

{s ∈ C r [a, b] : s|[xi ,xi+1) ∈ Pp, i = 0, . . . , n}
Pp :=< 1, x , . . . , xp−2, xp−1, xp >,

spline spaces with sections in Tp([a, b]) :

a = x0 < x1 < . . . < xn+1 = b

{s ∈ C r [a, b] : s|[xi ,xi+1) ∈ Tp, i = 0, . . . , n}
Tchebycheffian splines

[Schumaker, 1976], [Lyche, CA 1985], [Dyn et al., JAM 1988], [Mazure, NM 2011],

[Peña et al,...] ...
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Tchebycheffian splines

Tp(J) extended (complete) Tchebycheff space

spline spaces with sections in Tp(J) : same properties as polynomial
splines, including a B-spline like basis

section spaces to be selected with a problem-dependent strategy

useful tool in geometric modeling and numerical simulation (IgA)

straightforward bivariate extension: tensor-product
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Tensor product structures: DRAWBACKS

/tensor-product structure NO efficient local refinements

Alternatives in modeling and/or simulation: local tensor -product
structures

T-splines [Sederberg et. al, AMC ToG, 2003 ], ...

LR splines [Dokken, Lyche, Pettersen, CAGD 2013], ...

Hierarchical splines [Giannelli, Jüttler, Speleers, CAGD 2012], ...

Splines over T-meshes
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Planar T-meshes

T-mesh: collection of axis-aligned rectangles

T := (T2, T1, T0)

T2 is the collection of cells: σ

T1 = T h
1 ∪ T v

1 edges: τ

T0 :=
⋃
τ∈T1

∂τ vertices: γ

T o
1 interior edges,

T o
0 interior vertices.
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T-meshes

not necessarily rectangular, simply connected, regular

3 7 7
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Spline spaces over T-meshes

T2 is the collection of cells: σ

Srp(T ) := { s ∈ C r (T ) : s|σ ∈ Pp, σ ∈ T2 }

r := (rh, rv ), p := (ph, pv ) Pp := Pph ⊗ Ppv ,

ph∑
i=0

pv∑
j=0

αi,jx
iy j

DIMENSION?
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Dimension of a spline space: instability

, stable dimension: only depending on degree, smoothness, topology

quadratic C 1

dim = 6 dim = 7

[Morgan Scott, 1974]
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Dimension of the spline space Srp(T ): instability

, stable dimension: only depending on degree, smoothness, topology

p = (2, 2), r = (1, 1)

dim
(
Srp(T )) = 36 dim

(
Srp(T )

)
= 37

[Li, Chen, CAGD 2011]
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Splines over T-meshes: dimension

Bernstein representation and minimal determining sets

[Alfeld, Schumaker, CA 1987]
[Alfeld, JCAM 2000]

[Deng et al., JCAM 2006]

[Schumaker, Wang, NM 2011, CAGD 2012]

smoothing cofactors

[Wang, 2001]

[Huang, et al., JCAM 2006]

[Li, Chen, CAGD 2011]

Homological approach

[Billera,Homology of smooth splines: generic triangulations and a conjecture of
Strang, TAMS 1988]

[Mourrain, MC 2014 ]
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Tchebycheffian splines over T-meshes: dimension

T2 is the collection of cells: σ

ST ,rp (T ) := { s ∈ C r (T ) : s|σ ∈ PTp , σ ∈ T2 }.

p := (ph, pv ), r := (rh, rv ) PTp := Th
ph
⊗ Tv

pv , T := (Th
ph
,Tv

pv ).
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Tchebycheffian splines over T-meshes

0
1

2

3 0

1
2

3
−1

−0.5

0

0.5

1

C1 bi-cubics

0
1

2

3 0

1
2

3
−1

−0.5

0

0.5

1

< 1, x , cosαx , sinαx >: C1 trigonometric (bi-cubics), α = 2
5
π, x ∈ [0, 1]
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Tchebycheffian splines over T-meshes: dimension

T2 is the collection of cells: σ

ST ,rp (T ) := { s ∈ C r (T ) : s|σ ∈ PTp , σ ∈ T2 }.

p := (ph, pv ), r := (rh, rv ) PTp := Th
ph
⊗ Tv

pv , T := (Th
ph
,Tv

pv ).

DIMENSION?

homological approach

instability
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Tchebycheffian splines over T-meshes: homology

ST ,rp (T ) := { s ∈ C r (T ) : s|σ ∈ PTp , σ ∈ T2 }. PTp = Th
ph ⊗ Tv

pv

for any vertical edge τ belonging to x = x̄

IT ,rp (τ) := {q ∈ PTp : D i
xq(x̄ , y) ≡ 0, ∀y ∈ [av , bv ], i = 0, . . . , r(τ)},

for any horizontal edge τ belonging to y = ȳ

IT ,rp (τ) := {q ∈ PTp : D j
yq(x , ȳ) ≡ 0, ∀x ∈ [ah, bh], j = 0, . . . , r(τ)},

for any vertex γ = (x̄ , ȳ)

IT ,rp (γ) := {q ∈ PTp : D i
xD

j
yq(x̄ , ȳ) ≡ 0, i = 0, . . . , rh(γ), j = 0, . . . , rv (γ)}.

16/28
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Tchebycheffian splines over T-meshes: homology

A : · · · → Ai+1
δi+1→ Ai

δi→ Ai−1 · · ·

δiδi+1 = 0

i -homology: Hi (A) := ker δi/ im δi+1

ST ,r
p : 0

∂̄3→
⊕
σ∈T2

PTp
∂̄2→

⊕
τ∈T o

1

PTp /I
T ,r
p (τ)

∂̄1→
⊕
γ∈T o

0

PTp /I
T ,r
p (γ)

∂̄0→ 0,

The maps of the complex are induced by the usual boundary maps

x x

x

↑

↓
→
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Tchebycheffian splines over T-meshes: homology
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x x
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↑
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↓
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∂̄1→
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→ t3 − t1 − t2
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Tchebycheffian splines over T-meshes: homology

ST ,r
p : 0

∂̄3→
⊕
σ∈T2

PTp
∂̄2→

⊕
τ∈T o

1

PTp /I
T ,r
p (τ)

∂̄1→
⊕
γ∈T o

0

PTp /I
T ,r
p (γ)

∂̄0→ 0,

H2(ST ,r
p ) = ker ∂̄2/ im ∂̄3 = ker ∂̄2.

s ∈ ST ,rp (T ) ⇒ sσ1−sσ2 ∈ IT ,rp (τ)⇒ sσ1−sσ2 = 0 in PTp /I
T ,r
p (τ), τ ⊂ σ1∩σ2

⇓
H2(ST ,r

p ) = ker ∂̄2 = ST ,rp (T )
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Dimension of the spline space ST ,rp (T )

A : · · · → Ai+1
δi+1→ Ai

δi→ Ai−1 · · ·

δiδi+1 = 0

i -homology: Hi (A) := ker δi/ im δi+1, dimHi (A) = dim ker δi − dim im δi+1

ST ,r
p : 0

∂̄3→
⊕
σ∈T2

PTp
∂̄2→

⊕
τ∈T o

1

PTp /I
T ,r
p (τ)

∂̄1→
⊕
γ∈T o

0

PTp /I
T ,r
p (γ)

∂̄0→ 0,

⇓

dim
(⊕
σ∈T2

PTp
)
− dim

( ⊕
τ∈T o

1

PTp /I
T ,r
p (τ)

)
+ dim

( ⊕
γ∈T o

0

PTp /I
T ,r
p (γ)

)
= dim

(
H2(ST ,r

p )
)
− dim

(
H1(ST ,r

p )
)

+ dim
(
H0(ST ,r

p )
)
.

↓ ↓ ↓

dim(ST ,rp (T )) ? 0
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Dimension of the spline space ST ,rp (T )

dim
(
ST ,rp (T )

)
=
∑
σ∈T2

(ph + 1)(pv + 1)

−
∑

τ∈T o,h
1

(ph + 1)(r(τ) + 1)−
∑

τ∈T o,v
1

(r(τ) + 1)(pv + 1)

+
∑
γ∈T o

0

(rh(γ) + 1)(rv (γ) + 1) + dim
(
H
)

[Bracco, Lyche, Manni, Roman, Speleers, CAGD 2016]
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Dimension of the spline space ST ,rp (T ): bounding dim(H)

MIS maximal interior segment

Tph ,Tpv complete Tchebycheff spaces

0 ≤ dim(H) ≤
∑

ρ∈mish(T )

(ph + 1− ω(ρ))+ (pv − r(ρ))

+
∑

ρ∈misv (T )

(ph − r(ρ)) (pv + 1− ω(ρ))+.

ω(ρ) depends on smoothness, degree, (topology of the) T-mesh
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Dimension of the spline space ST ,rp (T ): special cases

0 ≤ dim(H) ≤
∑

ρ∈mish(T )

(ph+1−ω(ρ))+ (pv−r(ρ))+
∑

ρ∈misv (T )

(ph−r(ρ)) (pv+1−ω(ρ))+.

T : T-mesh without cycles of MIS, p ≥ 2r + 1

⇒ ω(ρ) ≥ p + 1 ⇒ dim
(
H) = 0

Let T be a quasi-cross-cut
(= every edge is connected to the boundary =no MIS)

⇒ dim
(
H
)

= 0
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Dimension of the spline space ST ,rp (T ): instability

p = (2, 2), r = (1, 1)
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t6

ρ1

ρ3

ρ2 ρ4

Figure 1: Example of an unstable T-mesh.

Corollary 5.1 gives an explicit and computable expression for the dimension of the space ST ,r
p (T )

when the upper bound in (5.1) is zero (and so H0 = 0). It is evident that such configurations are
of practical interest, and therefore the upper bound in (5.1) plays an important role in the design of
T-mesh refinement algorithms. This upper bound depends on the bi-degree, on the smoothness, and
on the weights of MIS with respect to any ordering of MIS. If the T-mesh is obtained by successive
refinements, we can use the following algorithm (Algorithm 5.1) to generate a naturally induced or-
dering of MIS, which will be employed to construct a T-mesh refinement algorithm (Algorithm 5.2)
ensuring H0 = 0.

Algorithm 5.1. Given a T-mesh T with an ordering ι of mis(T ), let T̃ be the T-mesh obtained after
inserting a new segment τ (i.e., one or more consecutive edges). The ordering ι̃ of mis(T̃ ) is computed
as follows:

1. set ι̃(ρ̃) := ι(ρ̃) for all ρ̃ ∈ mis(T̃ ) \ {ρ(τ)} where ρ(τ) ∈ ms(T̃ ) is the maximal segment contain-
ing τ ;

2. if ρ(τ) ∈ mis(T̃ ):

(a) if ρ(τ) = ρ′ ∪ τ ∪ ρ′′ with ρ′, ρ′′ ∈ mis(T ), then ι̃(ρ(τ)) := min(ι(ρ′), ι(ρ′′));
(b) if ρ(τ) = τ ∪ ρ′ with ρ′ ∈ mis(T ), then ι̃(ρ(τ)) := ι(ρ′);
(c) if ρ(τ) = τ , then ι̃(τ) := 1 +maxρ′∈mis(T ) ι(ρ

′).

Figure 2 illustrates the different cases of inserting a new segment τ in Algorithm 5.1. Note that the
indices of the ordering of MIS produced by Algorithm 5.1 are not necessarily consecutive. As shown in
the next lemma, Algorithm 5.1 ensures that the weights of the already existing MIS do not decrease.

Lemma 5.1. Given a T-mesh T with an ordering ι of mis(T ), let T̃ be the T-mesh obtained after
inserting a new segment τ and let ι̃ be the ordering of mis(T̃ ) computed by Algorithm 5.1. Then, for
all ρ̃ ∈ mis(T̃ ) such that M(ρ̃) := {ρ ∈ mis(T ) : ρ ⊆ ρ̃} 6= ∅, there exists ρ̄ ∈ M(ρ̃) with ι(ρ̄) = ι̃(ρ̃)
and ωι(ρ̄) ≤ ωι̃(ρ̃).

Proof. Let us first focus on Step 1 in Algorithm 5.1. Since mis(T̃ ) \ {ρ(τ)} = mis(T̃ ) ∩ mis(T ), we
have M(ρ̃) = {ρ̃} for all ρ̃ ∈ mis(T̃ ) \ {ρ(τ)}. In such case, we set ρ̄ = ρ̃. When arriving at Step 2(a)
and considering ρ̃ = ρ(τ) ∈ mis(T̃ ), we have M(ρ̃) = {ρ′, ρ′′} and we set ρ̄ = ρ′ if ι(ρ′) < ι(ρ′′) and

12

36 ≤ dim
(
ST ,rp (T )) ≤ 37, ∀T

[Bracco, Lyche, Manni,Speleers, 2016]
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Polynomial vs Tchebycheffian spline space: Conjecture

dim
(
ST ,rp (T )

)
= dim

(
Srp(T )

)
generically
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Concluding Message

(complete) Tchebycheffian splines behave very similar to polynomial
splines

homology techniques can be extended to Tchebycheffian splines
(despite the lack of the ring structure)

we can extend to the Tchebycheff context

T-splines
LR splines
Hierarchical splines

[Bracco, Cho, CMAME 2014],

[Manni, Pelosi, Speleers, LNCS 2014],

[Bracco, Lyche, Manni, Roman, Speleers, App. Math. and Comput. 2016]

THANKS
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