Random matrices and
rarefied gases properties

Cone property: enjoyed by ..., T 1,71y, Ty, T,,... of d x d
real invertible matrices if

i.e. ;T C T/ and T''/O C of interior ' of T

Let H, nun def T, Thy1---Thon, vy € I asymptotically
prop. to AN7" with \ a “Lyapunov coefficient”?.

A is an “eigenvalue”. Maybe exists covariant h(n) 7 and
A(n,p) analytic?, s.t. ([6])

h(n) = An,p) T, ... Ty—1h(p), n<p
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Theorem 1: (1) Let ||T,[| < By, Bo > 0. Then given
any sequence {v;};>1,||v;|| = 1,v; € ', A, (n, N), et
V{v;}jz1

T Ty

= <n<
h(n) Jim X V) Vi<n<p
A(n,p) = lim /KXUNEP’]]\\?) > 0, Vi<n<p
— 00 uN n7

(2) A, h is analytic for small variations of entries.
(3) The h(n) are “eigenvectors” i.e. A(n,p) s.t.:
T2 ... T h(n) = A(n,p) h(p)

(4) 3B s.t. B7! <|[|h(n)|| < B and limsup, liminf of
p~tlog|A(n,p)|, as p — oo, are n independent.
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(T Tag1 - - Tnvw),
= Z ((Tn)in,in+1 (Tn+l)in+17in+2 s (TN)iN,iN+1UiN+1)

Ind1,.0IN

looks “partition function with boundary conditions” i, v.
If (T}.):; > 0 then (Ty);; = e~ V(9 with V; “random”.

Interpretation of “spin glass”; but (7%);; may be # >0

d—1
o=0

Pursue the idea: diagonalize T,, = > ' _ A\, |0, 0)(n, 0]

Hy, nvn wf 1,10 Thon
N N
= > o (TTve) TTG aili + 1ois)
Onyees ON j=n j=n
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Here |N + 1,0n41) = v (0n41 is label, not sum index)
Call (0,,...,0n) a “spin config”. Isolate the o; = 0.
00110001210 Fig.2

and form intervals J = [h, W] = (h,h +1,... 1),
n < h <h' <N and, on each, spin configurations o ;.
H(n,N)

onN+1=0
N N . .
Mo\ 1T Vs 0417 +1,0551)
= const |n’ Un> . ( Js J> ) 'J . Y

This is (simplifying contributions of stretches with o = 0)

Hn,NUN = K(TL, N) Z Z |7L, Un> H:—é(]n(:];\})ajz)
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UN+1—0
N )\ N
:H)\j’o Z |n70n <H )\] J)H j,O'j‘j—f-l,O'j-H)
OnyesON j=n Jj=n
H(n> N)UN+1:O

[n, ) <ﬂ Am> ﬂ (.31 + 1, 051)
Q(”, N) i=n )\j,O j=n <j>0‘.] + 170>

N)déf Z Z HI(‘]’UO.Ji)

s>0 J1<..<Js i=1
g0 g

~~~~~~

(H,.nvN)s = is therefore A(n, N) Yoo Pron In, o)
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where if J = [h, 1]
I(J,o w;f(ﬁ@)(ﬁ <j,o—j|j+1,o—j+l>>
o j=h )‘j,O j=h <j70‘]+1,0>

. <<<h -1, O\h,ah)>5h>n<(?',0h/\h' +1, O))

h—1,0|h,0) W, 0|h +1,0)
_ def N
A, N) 2 2 N TT (Ao (G:07 +1,0))
j=n

INEDYEDY HI Jiyo )

s>0 Ji1<..<Js =1
PR
The (H, nvN), is therefore P, , n|n,0) P, , N equal to the
“probability” that at site n the “spin” is ¢ in the model
with polymers activity I(.J, o )
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Bounds (gap % < 7, cone property “inclination o/,
polymers number (d — 1) per base site,

T2 LY A T (j, 057 +1,0511) < 1

‘)\0‘ N (7,017 +1,0) (cos /) —h+1
d_ 1 ! ’ e
Z [[(J, o) < ((Tw)}b Thl = phtmhl 5% cosa

The (H(n, N)v) can be written: > %_{ P, , x|n, o) with

By oy Yol N) Q ) des ) v I 1 o)

the %o indicates sum restricted to polymers with o, = 0.
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Polymers gas on [n, N] with activity |I(S,o)| < 1!
Actually “polymers” = “segments J decorated o ;”
Fisher droplet model (machine for (counter)examples)

Cluster expansion converges if:

= sup 11(J,0,)|2 exp Z 11(S,05)]2 <1
5O S,0 g

sum * = SNJ #£0. ie. if n=(d— 1)1y small enough
Pron =32 #'(Lan), Dl (as)l < Cnt
Jon,0 j,0n=0 (¥

with the sum exponentially convergent to a boundary
condition independent limit.

Necessary v=gap small enough: if not replace T}, by
TiTyy1 - - - Thq with g large enough! ...
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Application to Dynamical systems

F smooth bounded manif., 7 : F — F smooth, smooth
inverse, map on F. Let T'(z)E(x) = E(rx).

At each point x € F closed convex cones I'(z) D I"(z),
apex at = in a space E(z) (dimens. d).

Min. angle I'(z) — T'(x) = “inclination” &(z)
Max. angles in I'(x),I"(x) = “openings” be 6(z),0'(x).

Definition: Let T'(z) depend on a variable z, real analyic
for |z| <v; T(x)T'(z) C T'(1x) for z real, |z| < v, then T
“V'-z-analytic with cone p.”, V' < v. Let T, défT(T_”x).

Theorem 2: z — v(z) € I''(x),||v(z)|| = 1 measurable

(1) 3 continuous functions z — b(x) € I'(x), and
x— Az,p),p=0,1,... st. forall p> 0,2 € F,v, 3
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T(x)- T~ Va)u(r~"a))

b(x) = lim —
N—o0 A(x’ N)
A(mPxz, N
A(z,p) = lim M > 0, Yo
N—o0 A([L’, N)

(2) b(x) are “covariant” or “eigenvectors” for
products of T(77z) in the sense

T~ ® V). T (2)b(x) = Az, p) b(rPx)

(3) b(x), A(x,p) are v-indep., continuous and 3B s.t.

B~! < ||b(x)|| < B; the IIZE:;;II def. the “+ direction”,

at 7x.
(4) Az, p) analytic in z,|z| < v.
(5) limsup,,_, ., % log |A(z,p)| and liminf are constants of

motion (k-independent at TFz).
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Theorem 3: Let p be T—invariant distribution on F Then:
(1) the limits are p-a.e. equal (FK nor Ra not needed);
(2) p ergodic = also p—a.e. x-independent.

Consequence
If p is ergodic the logarithm = —\,, analytic in z.

Proof essence: understand case T} diagonalizable, real
eigenvectors and eigenvalues uniformly (in j7) pairwise
separated; furthermore

max [ Asnl/[Aonl < o, £o small
n,o=1,...,d—1

General case via 1] =T,/ Tpg+1---T((n+1)g —1): then
q large enough — large gap (& no diagonalization
need). Theorem holds for 7/ hence for T,,.
References: [1, 5, 6, 2, 4, 3]
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