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Part 1. Channel noise for a single neuron



Conductance-based neuron models

A family of deterministic multidimensional models

dv

CE = —ln(V, w . W(n)) + (1)
o o(V)(1 - wl) — 5j(V)W(j)

w() € [0, 1] probability that channels (or gates) of type j
are open at time f,

lion : the sum of ionic currents

for type j ions, I; = Gi(w("), -, -, -, wM)(V — V,) where Vj=
reversal potential, G;= varying conductance to be specified
I(t)=external stimulus.



Deterministic 3D Morris-Lecar model

dv

CE = I(t) — gcalca(V — Veca) — gxux(V — Vi) — gr(V — V1),
duca

Y02 (1~ aga(V))uica ~ Boa(V)tica

d;’;( = (1 —ak(V))uk — Bk(V)uk

C is the membrane capacitance,

Jdcas 9k are the maximal conductances,

Vca, Vk are the reversal potentials associated with ions Ca, K,
I(t) is the input current.



3D Morris-Lecar (I)

2 types of ions : calcium and potassium
e current balance

dV,
CTJ+ICQ+IK+IL:/

Gca = gcalca, Gk = gxUk, GL = gL = const.

Uc, (resp. uk) interpreted as proportion of open calcium
(resp. potassium) channels



3D Morris-Lecar (II)

We use Morris-Lecar model with functions «, § given by

aca(V) =

ak(V) =

5 (
% )
BeaV) = %cosh <V2_V2V1> <1 — tanh <V ;2V1 >>
]
2
)

Br(V) =



av

at
dw

dt

2D Morris-Lecar

Ik w (Vk = V) + gcameo(V) (Vea — V)

= ao(V)(1 —w) = B(V)w



4D Hodgkin-Huxley (1)

3 types of gates : mand h (resp. n) for a sodium (resp.
potassium) channel,

e current balance

dV;
C— 4+ lNa+ 1 l, =1
dt+N+K+L

e currents [; = G; (V - V)),
Gna = gnamPh, Gk = grn®, GL = g1 = const.

e m, h, n are probability that gate of each type is open

e the probability that a sodium (resp. potassium) channel is
open is m3h (resp. n*).



4D Hodgkin-Huxley (1)

CCQI? = _gNamSh(V — Via) — QKn4(V — Vi) —a(V— V) + (1)
OZ?, = am(V)(1 = me) = fm(Ve)my
h
di/tt = ap(V)(1 — ht) — Br( Vi) by
t
dCZ:ft = an(Ve)(1 = ne) = Ba(Ve)ne

Set of constant values :
C=1,

gk =36,9n. =120, = 0.3
Vk = —12, Vna = 120, V. = 10.6



4D Hodgkin-Huxley (I1l)

The opening/closing rates depend on V :

0.1-0.01V
(V) = (T =04 V)= 1

Bn(V) = 0.125 exp(— V/80),

2501V
am(V) = Gp@5 =01 V)= 1°

Bm(V) = 4exp(- V/18),

1
~ exp(83—-0.1V)+1°

ap(V) =0.07exp(—V/20), Bu(V)



The Hodgkin-Huxley Model :
a fully coupled evolution
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Common structure of conductance-based models

They are made of 2 parts :
e current balance for V,

¢ underlying stochastic gating mechanism of channels/gates
for an infinite number of channels/gates.

However the number of gates/channels is finite.

Question : which stochastic version would be the most relevant
and how to choose it ?



Two possible stochastic HH models (I)

The two states model : the building blocks are the gates.
Let N be the number of each type of channels (sodium and
potassium),

e continuous component is V), the membrane potential of a
neuron with this amount of channels

e any single gate is modeled by a two-state jump process
with V) dependent rates

¢ the jumping component uy is the vector of proportions of
open gates. For (HH), uy = (u,(vm), u,(\7)7 u,(\f)) where

1
uP(0) = N ™ ()

where c,(m) are jump processes in { 0,1 } with rates
am(Vi), Bm(Vw). 1dem for uf, ul)".



Two possible stochastic HH models (ll)
« Evolution of Vi, 2 — f(Vy, uly™, ul, u{") with
F(v.P,G. 1) = —gnaP’Q(V — Vi) = g (v = Vi)) = gL(v — V)

o 1t (L7(0), u{(0), Ul (0)) = (us, U, Us) let v solve

dv
E = f(Va U17U27U3)7 V(O) = VN(O)
Then the first jump time 7 is defined by

P(r > t) = e N o TLA SNy oy (V) (1 -t)ds



Two possible stochastic HH models (llI)

Skaugen and Walloe : the building blocks are channels.
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Gating of a sodium channel.



Two possible stochastic HH models (1V)

I¥3
n

4o, 3 20, o,
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Gating of a potassium channel.



Two possible stochastic HH models (V)

Eight (resp. five) states for a sodium (resp. potassium) channel.

A single open state m3h1 (resp. n4).

o In this model 2 = f(Vi, pn. na» PN, k), With

f(v,p,9,r) = —gNa PN, Na (V—VNa) =9k Pn,k (V—Vk)—9L(Vv—V1),
* PN, Na IS the proportion of sodium channels in state m3h1,

* pn,k the proportion of potassium channels in state n4.

The complete PDMP is (Vy, pY)) where pU) are the proportions
of channels in the total 13 possible states.



N — +o0o for the two types of PDMP sequences

(HH)-gates converges (u.c. compacts) to 4D HH.

(HH)-channels converges to a HH of dim. 14 whose first
component V; coincides with that of 4D HH only if initial
conditions are related by

These convergence results can be proved with the classical
methods about convergence of sequences of processes (cf. the
courses by B. Cloez and J. Fontbona).



Piecewise Deterministic Markov Processes

Deterministic dynamics between successive random events

Data (cf. Davis) :
e a multidim. countable set K, an integer d
e (f(-,u))yek family of vector fields
e \:R? x K — [0, 1] family of jump intensities
e Q: B x (RYx K) — [0, 1] family of jump measures.



lterative construction of process (X;) = (Y3, u;)

Take initial value Xo = (Yo, Up)

Solve % = f(y(1), uo); Yo = Yo

Define T4 such that

P(Ty >t)=e JENY(8),u0)ds

Define & € R x K with law Q(-; (y(Ty), tp)) conditionally
on Ty

Define

Xt = (y(t),uw) if t<T;
Xr = &



PDMP as Markov processes

e (Y:, ut) is a Markov process
e Infinitesimal generator

Lh(x) = A(X)Vh(x) + A(X) / (h(%) — h(x))Q(d%, x)

with f(x)Vh(x) := f(y,u)Vyh(y,u) if x = (y, u).
e (Y:) is not a Markov process

e Davis (1984,1993), Costa (1990), Jacobsen (2006),
Costa-Dufour (2008)



The Fluid Limit Assumption
Fluid Limit assumption in presence of jumps : small jumps
at high frequency.

For sequences of Markov jump processes in the fluid limit,
LLN, CLT have been proved (Jacod, Kurtz) as well as CLT
for exit times and exit points.

Fluid Limit assumption for a sequence (Xy) :
Fu(x) = An0) [ (2= x)Qn(x. d2) = F(x). .

when N — oo, where My is the jump intensity, Qy the jump
measure of Xy.

Fluid Limit provides LLN. Stronger assumption is required
to prove CLT : convergence of

G/ (x) = afAn(x) / (21 = xi)(2) — %) Qu(x, 02)



Check Fluid Limit

For fully coupled systems of the form

dVn

— = f(V

ot (Vn, un)
UI(\;) = NZI:1 CI(I)

e )y is proportional to N
o [(z— x)Qn(x,dz) is proportional to 7,
e take ay = VN

Then both LLN and CLT are satisfied.



LLN and CLT

Let xy = (W, un) and x = (V, u) solve
av

s f(V,u)
0)] . .
W= a1~ )~ vy

e LLN

VT >0,¥5 >0, lim P(sup|xy—x|>06)=0
N—+o0 [0,7]

o CLT Set bW (x) = a;(V)(1 — uW)) — g;(V)ul).

V/N(xy — x) converges in distribution to z = (z¥, z0) s.t.
dzy = Vf(x)- zdt

dz¥) = vb(x)- zat + q(x;Y aW!

» when each u¥) € R, ¢/(x \/oz, (1 —uD) + B(V)ul



A comment on CLT

e Second CLT statement :

t
VN(un(t) — un(0) - / b(Va(s), un(s))ds)

converges in distributionto R = fo xs)dW/ )t>0-
o Diffusion approximation for (Vy, uy) by

dVy = f(Vy,in)dt

o) = b(n(\"/N,uN)dtJriqf'(\"/NﬂN)de

VN



A comment on exit time/point

Let ¢ of class C' such that ¢(x(0)) > 0. Denote x = F(x) and

define
Ty :=inf{t > 0; p(xn(1)) < 0}

T :=inf{t > 0; ¢(x(t)) < 0}
H(T) e - _YO(D).2(T)
- Vo(x(T))-F(x(T))
If T <ooand Vo(x(T)).F(x(T)) < 0, then convergence in
distribution when N — oo :

VN(Ty — T) — =(T)

VNGn(T) = x(T)) = 2(T) +a(T)F(x(T))

This can be used to study the variance of the latency time.



A comment on speed of convergence

With exponential inequalities for martingales we can prove the
following

e —B(T)T

1
lim sup — log P(sup |x, X|>46 —_—
Sup ylog ([ PIXn = x| >0) < ——F&¢



Example (1)

Consider Model 1 with channels of a single type having 3
possible states (ms is the open state)

2om(V) L‘zm(‘”‘r:’
Il — Iy r— My
Bm (\;) 28 l:\"r:'

and Model 2 where each channel has two gates of a single
type m having two possible states in {0, 1} (channel is open
when the two gates are open).



Example (Il)

Corresponding deterministic limits :
to Model 1 : (V(t), mo(t), my(t), ma(t)),

dv
“a
dm2
at
dm1
at
dmo
at

—gma(V — Vi) — g (V- Vi)
—26mo + amy
28my — (a+ f)my + 2aumg

Bmy — 2amg.

to Model 2 : (v(t), m(t)),

dv
Cat

om
at

—gmP(v — Vi) — gL (v — V),

(1 = m)a(v) — ms(v),



Example (lll)

If the initial conditions satisfy V(0) = v(0),
(mo(0), my(0), m2(0)) = ((1 — m(0))?,2m(0)(1 — m(0)), m(0)?)

then at any time ¢ > 0,

V() = v(1),
mo(t) = (1-m(t))?,
mi(t) = 2m(t)(1 — m(t)),
my(t) = m(t)>.

In the sequel we assume that these conditions are satisfied.



Multiscale character of the previous models

In the (HH) above models the variable m is faster than the other
variables : we replace am and 3, by <2 and %"’ for e > 0.

It is possible to perform a dimension reduction.



Reduction of deterministic HH

Let us denote
F(V,m, n, h) = —gam®h(V — Vaa) — gicn* (V — Vi) — gL(V — Vi)
Then the reduced model (the ¢ — 0 limit) is 3D :

dV;

CW = F(V,mx(V),n, h)
T = (W~ )~ (Vo
T = a1 = m) — BV

am V
where my (V) = W(ﬁl,w)-



Reduction of (HH)-gates

The reduced model is again a PDMP :
h and nremain two states with rates ay, 8y (resp. an, £n).

Evolution of V between jumps of hor nis

av;

= F(Vmao(V),n.h) = gna h(V = Vi) Kiv(V).

There is an additional term in %/t which depends on the
number N of sodium channels



The additional drift in (HH)-gates

K(V) = Mo (VP = ma(V) + e (V)(1 -+ 2mac(V)P)

Corrective term (uA/cm?)
“w B o

vvv



Reduction of (HH)-channels

Again the reduced model is a PDMP,
2 states sodium channels : h has two states and rates ay, Sy,
5 states potassium channels :

o,

4o, Jer, 20,
B, 3,

2B,

l'yl

4,

evolution of V between jumps of hor nis

aV
g = MV h(V = Vi) = gk pr (V= Vi) = au(V = W),

where h is the proportion of open sodium channels,
and pk the proportion of potassium channels in state n4.



Previous limits are LLN

Remark : we have encountered previously two limit results.

o N — o, eis fixed, (HH)-gates and (HH)-channels converge
to deterministic HH type models,

e ¢ — 0, Nis fixed, (HH)-gates and (HH)-channels converge
to stochastic PDMP models.

In both results the convergence is in the following sense

lim P(sup |Zk(s)—Z(s)]>a)—0
N—+oo  “sel0,7]

forall T > 0, a > 0 (resp. lim._,o) cf. the course by B. Cloez.



Associated CLT in € (1)

In the sequel we focus on limits when ¢ — 0 for fixed N.

We can prove that (HH)-gates and (HH)-channels admit
switching diffusion approximations. The CLT is read in the V;
evolution.

For (HH)-gates :

dVi = [F(V,mx(V),h,n)— gnah(V — Wna)Kn(v)]dt
+ \/EO’(Vt,ht)th.

Note that o( V4, ht) does not depend on Nyj,.



Associated CLT in € (Il)

For (HH)-channels :

dVy = [~gnaMee(V)3H(V = Via) — gkpx(V — V) — g (V — V))at

,\fNa o( Vs, he) dW.

+

In this case the diffusion term depends on Ny,.



Combined effect of N and ¢ on ISI.

(HH)-gates. (1)
10* gates hand n, N = 30, ¢ = 0.1 : periodicity

@
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Combined effect of N and ¢ on ISI.
(HH)-gates. (ll)
N =70,e = 0.1 : bursting

(b)l 20




Combined effect of N and ¢ on ISI.
(HH)-gates. (lll)

N =120,e¢ = 0.1 : small oscillation around equilibrium point,
rare excursions.

(c)
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(HH)-channels (1)
N = 30, e = 0.001 (bold), ¢ = 0.01 (dashed), e = 0.1 (thin) : no
bursting for e = 0.1.

1 distribution for =30

100 150




(HH)-channels (lI)
N = 40,¢ = 0.001 (bold), ¢ = 0.01 (dashed), ¢ = 0.1 (thin) : no
bursting for e = 0.1.

151 dissribution for N=40




(Reference for this part

This part is based on the paper in collaboration with Khashayar
PAKDAMAN and Gilles WAINRIB published in

e J. Comput. Neuroscience, 13 August 2011 (for the
numerics part)
e Advances in Applied Probability (2010) and Stochastic

Processes and their Applications (2012) for the
mathematical proofs.



Part 2. Neuronal populations



Leaky Integrate and Fire Models

These models are 1D and composed of
e a threshold value Vg,

e the underthreshold evolution of the membrane potential
described by an sde (mainly Ornstein-Uhlenbeck
avi = (—% + p)dt + odW;, or Cox-Ingersoll-Ross),

e the initial value V;,

¢ the reset value : when the potential reaches the threshold it
is instantaneously set back to the value V.

Compared to conductance-based models,
e LIF models contain less parameters,
¢ populations of LIF neurones are easier to simulate,
¢ however they are not biologically detailed.



A population of LIF neurons (l)

In two papers F. Delarue, J. Inglis, E. Tanré and S. Rubenthaler
consider N neurons, fori e {1,-,-,-, N},

. . t . N . . .
Vi = v(g+/0 b(Vi)ds + 3" M+ W] — M.
j=1

where M is the number of times neuron i has spiked before

time t, ‘ .
M= 104(r),

k>1

with

76:=0, 7ho=inf{t>7L_; VI >1}, Vk>1.



A population of LIF neurons (ll)

the potential at the soma of each neuron is a LIF model,
In this model Ve = 1, reset value Vg = 0,

the (7x) are the jump or reset times of V : each time V
reaches the threshold, M (resp. V) is increased (resp.
decreased) by 1 and V is instantaneously resetto Vg =0,

if one neuron in the system fires at some time t, the
potential of any other neuron undergoes a jump
proportional (with coefficient «) to the proportion of
neurons firing simultaneously at that time t because of the
interaction term & SV, M.

The W' are independent Brownian motions.



A population of LIF neurons (lll)

o Additional assumption : the initial values V} are
independent.

Delarue et al. address the question : does the system converge
when N — 400 ? Can we prove a propagation of chaos result
for this model ?

Propagation of chaos holds if given a subset of k neurons, they
are independent and follow the same law when N — +o0.



A population of LIF neurons (IV)

Then the typical behavior of a neuron in the population is given
by the LLN limit.

Here a typical neuron should satisfy

t
Vt:VO—i-/b(Vs)dS+OéE(Mt)+UWt—Mt (1)
0

called the mean field evolution.



A population of LIF neurons (V)

Actually the process solution is the pair (V;, M;) satisfying (1)
and (2)-(3) as follows

M= " 104(7k), )

k>1
T0 = 07 Tk ‘= |nf{t > Tk—1,; Vt— > 1}7 Vk > 1. (3)



Population density model

This is the PDE version of (1).

Suppose that e(t) := E(M;) is C'. Remember that Vg = 1,
Vg = 0.

Orp(t,y) + 0y (—y +aé'(t)p(t.y)) — %ayy p(t,y) = do(y) €'(t)

on | — oo, 1[x]0, +o0f,

with p(t,1) = 0, p(t,—o0) = 0, p(0,y) = P°(y).

We have moreover €/(t) = —% dy p(t, 1) since p(t,x)dx is a
probability density on | — oo, 1].



History of the model

Omurtag, Knight, Sirovich (2000) Nykamp, Tranchina (2000)
Somers et al. (1995)

Brunel, Hakim (1999, 2000)

Cai et al. (2006)

Caceres, Carrillo, Perthame (2011)

Dumont, Henry (2012, 2013)

Delarue et al. (2014, 2015),

Inglis, Talay (2015).



Propagation of chaos in Probability

Propagation of chaos for diffusions has been extensively
studied in Probability by for instance by A. S. Sznitman,

S. Méléard, C. Graham (cf. for instance Ecole d’été de Saint
Flour 1991, LNM 1464 and C.I.M.E. Course, 1995, LNM 1627).

In the model considered by Delarue and coauthors, neurons
interact through their hitting time of V.

This type of interaction does not fit the assumptions of these
previous works.



The meaning of €'(t)

e(t) = SE(M;) = —} 9, p(t,1) is the mean firing rate of the
infinite network with N = 4oc.

€/(t) very large, means that a large proportion of neurons in the
network spike at that time t. The network is said to synchronize
at time t.

Corresponding mathematical meaning : if €' (t) = +oc, the
solution of (1) does not exist for times larger than t : there is a
blow-up.



Example of result (1)

e (V. Mp)iepo, 17 is a solution of (1)-(3) if e € C* ([0, T]) and
(Xt) is a strong solution of (1).

e (cf. Delarue et al. (2014)) Let Xy = xo < 1. There exists
ag €]0, 1] depending on xp such that for all a €]0, ap[ and
all T > 0, there is a solution on [0, T] in the previous sense
and it is unique.



Example of result (1)

Let xo = 0.8, b = 0. Numerics (particle method) suggest that a
global solution exists for o < 0.38 but fails to exist for o« > 0.39.




A model without blow-up (I)

Problem :

e blow up is not biologically meaningful,
e instantaneous transmission from one neuron to the others
is not either.

Inglis and Talay (2015) proposed another model. Note that their
model allows for different synaptic weights and a non constant
diffusion matrix.



A model without blow-up (II)

. . t . t . .
Vi = V(’)+H(t)+/ b(VS’)ds+/ a(VE)dW.
0
N
+ Z / G(t — s)Mids — M,

where SN = SN | Jj, and as before

M= "1p4(mh),

k>1
with

=0, 7L =inf{t>7] ;,21}, Vk > 1.



A model without blow-up ()

The J; > 0 are the synaptic weights.
Ji ot
sy Jo
N Zj’\; M, in the model of Delarue et al. Here there is no
instantaneous transmission.

The interaction term is Z/-’L G(t— s)Méds compared to

The kernel G is bounded and twice differentiable with bounded
derivatives, and satisfies G(0) = G'(0) = 0.

Delarue et al. corresponds to G = dp. It is not a particular case
of Inglis, Talay.

We still have V/ < 1 a.s. for all i and t.



Motivation for the model without blow-up (I)
For simplicity ignore the axon part of a neuron.

¢ Dendritic tree : modeled as R. The potential at a point £ on
the dendritic tree follows

AU(,) = ke U(1,€) ~1U(LE) +1(8. )

with v > 0, f(t, &) an applied current.

e Soma (located at £ = 0) : the potential at the soma follows
a LIF with an external current /(t),

t t
v, = V0+I(t)+/ b(Vs)ds+/ o (Vs)dWs
0 0
- Mb

where M; is the number of spikes of the neuron in [0, {] and
I(t) depends on the potential along the dendritic tree.



Motivation for the model without blow-up (1)

Now let us go back to the previous network, take neuron J.
Then

¢ the potential at a point £ on the dendritic tree of neuron i

U'(t.€) = faggU’(t &) — U (t,€) +f(t,9),
e and the potential at the soma of neuron i
Vio= Vi+ I / b(VY) ds+/ o(VE)dWg
0
- M.

Now f(t, £) depends on the spike trains of neurons connected
to neuron i.



Motivation for the model without blow-up (llI)

o (1) := U'(t,0) for all t > 0 (think to Ohm’s law),
f'(t, &) is taken as follows

SN Z Jiip(& Zéo (4)

] / 1

The first choice (more complicated) would be

N %)
> i€ ot -
j=1, j#i k=1
where p;_,; is the density of synapses on dendritic tree of /

coming from presynaptic neuron j. Distribution of synapses
is supposed homogeneous in (4) for simplicity.



Motivation for the model without blow-up (IV)

This leads to the coupled system

i / 1

Vi

. . . t . . .
V6+U’(t,0)+/ b(VS’)ds+/ (VYW — M.
0 0



Motivation for the model without blow-up (V)

It remains to deduce a self-contained system for the V/, M’
from the previous coupled system.

This is done by expressing U'(t, 0) (actually U'(t, €)) using the
Green kernel ]
ta = - _%527
Gg(t,¢) Nz e e

that is
U't,e) = [6(t,-)=U(0,)](€)
+ /gt—sg )ZJ”p(f)iéo(t—vi)df’dS-
k=1

j=1




Motivation for the model without blow-up (V)

Note that 357, do(t — 71) = L M.. We obtain the formal
expression

Ui(t,0) = [G(t,-) U'(0,-)](0)

N
/[QT—S ) % p](0 52



Motivation for the model without blow-up (V)

The formal term is given a meaning through an integration by
parts. To get rid of boundary conditions it is assumed that there
are no synapses at the soma : p(0) = 0 as well as p(¥)(0) = 0.
This leads to

Vi = v5'+/ot b(Vé)ds+/0to—(Vé)dW£
+ [Q(t )*U’(O )1(0)
3 gk [ o= o) miat



Limit equation without blow-up

The limit of the previous interacting system should satisfy
t t
0 0
t
+ H(t) +/ G(t — s, ) E(Ms) ds — M,
0

where
Me = 104(7%),
k>1
T0 = O, Tk -— |nf{t > Tk—1, Vt— Z 1}

In their paper Inglis and Talay show that indeed there is
convergence when N — 400 and that there is no blow-up for
the limit equation.
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Part 3. Infinite dimensional PDMP models



Reminder : gating mechanism of ionic channels (l)

Channels open and close at rates depending on membrane
potential V : example of Hodgkin-Huxley model
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for a sodium channel



Reminder : gating mechanism of ionic channels (ll)

for a potassium channel



Reminder : channel noise

We want to model a neuron with a finite number of channels
and study the impact of their stochastic gating mechanism :

channel noise

We also want to consider spatial models to take into account
the propagation of the potential along the axon including
inhomogeneous repartition of channels along the axon.

We want to handle the different time scales present in the
gating mechanisms.



Deterministic Conductance-based Models (1)

Point models : multidimensional models

av
CE _ —/ion(V7p(1)7'v'v'7p(n))+l(t)
ado¥ ' j
% = Y aik(V)p? - ari(V)pY

ik

o p,((j) € [0, 1] probability that a channel of type j is in state k.
e lion : the sum of ionic currents
e [(t)= applied current (external stimulus).



Deterministic Conductance-based Models (Il)

lonic currents :
/j = Gj(p(1)a BEE ,p(n))( V- Vj)
for type j channels, where V= reversal potential.

Gj= varying conductance
= proportion of channels in the open state.

Current balance equation :

dvf_ Z/+/



Example of Hodgkin-Huxley model

In the first course we introduced the Hodgkin-Huxley model,
¢ two types of channels : sodium and potassium

¢ 8 possible states for sodium channels, 5 possible states for
potassium channels

e sodium open state is msghy, potassium open state is ny

. p57173)h1 (resp. pf,f)) the proportion of sodium (resp.

potassium) channels in open state

Gna = gNapE:, )

3

hy Gk = QK,O%), GL = gL = const.



Deterministic Conductance-based Models (lll)

Hodgkin-Huxley model was originally a spatial models : in a
simplified form,

dv

CE = AV - lion(va(”a',’a‘ap(n))+/(t)
o) | |
T’; = Z aik(V)pY — anei( V)oY

e here V = V(t,x)
o pUW) = pi(t, x) since it is a function of V(t,x) :
conductances vary with position x along the axon.



Piecewise Deterministic Markov Models or PDMP (I)

Deterministic dynamics between successive random events

We need characteristics (cf. Davis) :
e a countable set K (may be multidimensional), an integer d
e (f(-,p))ueck family of vector fields with values in RY
e \:R? x K — [0, 1] family of jump intensities
e Q: B x (R?x K) — [0, 1] family of jump measures.



lterative construction of process X; = (U, p)

Take initial value Xy = (Up, po)

Solve A = f(y(t),po);  ¥o = Uo

Define T4 such that

P( T > t) —e” fot A(Y(8),po)ds

Define & € RY x K with law Q(-; (y(T3), po)) conditionally
on Ty

Define

Xe = (y(t),po) if t<T
Xr = &



Comments on PDMP

e same iterative construction applies with PDE instead of
ODE

o the PDMP (U, p;) is a Markov process
e (U;) is not a Markov process

e (U;) may have jumps too (for neuron models it is
continuous : it is the membrane potential)



PDMP - HH Model (1)

Take N channels of each type (two types).

adV,

CTtN = —gnaP" (Vi — Vi) — gk PRV — Vi) — 9u(Viv — Vi)
dpk .
% = > aix(Vw)Py — aki( Vn)oN

i#k

where we consider the set of all possible state. There is no
ambiguity on the type of channels : mshy is a possible state for
sodium channels only.

pk(t) is the proportion of channels that are in state k at time ¢.



PDMP - Spatial Models (1)

the axon is an interval D

for each n € N, P, is a partition of D in a finite collection of
mutually disjoint intervals Dy , (the compartments)

each compartment either contains no channel or a fixed
deterministic number

w(n) := the number of compartments Dy , containing
channels

I(k, n) the total number of channels in Dy ,

configuration of channels : @f’”(t) is the number of
channels in Dy , that are in state 7 at time t.



PDMP - Spatial Models (I1)

Remember @f."”(t) := the number of channels located in Dy
that are in state / at time ¢.

e The jumping part of the PDMP is :

Z/(e"(t) :=

for each state /,
e Zz" = 0 on compartments with no channels,
e given configuration ef."”, one channel in Dy , switches from
state / to state j at instantaneous rate
1

@k’na--(i
" ""\IDknl Joy,

Vi(x) dx)



PDMP - Spatial Models (IIl)

The deterministic evolution between two successive jumps is
given by a PDE.

Example of HH : V/(x) satisfies the PDE
oVI(t,x) = AV(t, x) Zg, ) (V(t, x) — E))

where i € { 1,3} stands for the two open states mzhy and ny4
and E; are the reversal potentials of Na and K.



General Mathematical Framework (1)

PDMP in Hilbert spaces : Xi(w) = (Ui(w), ©¢(w)) where
e O(w) € K a countable set.

e Foreach 6 € K, U satisfies an abstract evolution equation
with unique solution

0= A(0) u+ B0, u), (5)

A(9) alinear operator, B(0, -) a possibly nonlinear operator



General Mathematical Framework (11)

We obtain limit theorems (LLN, CLT) and Langevin
approximation
for sequences of PDMPs (U", z"(©")) when

Un = A(Z"(0")) Up + B(2"(0"), Up)
where z"(0) is a finite dimensional vector, its dimension not
depending on n.

Example of HH :

w(n) ~k,n
(O (0)= Y. T To,

k=1

where the dimension of z” is the number of open states the
channels can be in.



Limit Theorems

LLN : the deterministic limit of the sequence (U", z"(©")) is
(u, p) satisfying

u = Alp)u+ Bp,u)
P = iz qi(u)pi — gj(u) pj := Fi(p, u)

We also obtain a CLT and the Langevin approximation of
(U", z"(©")) takes the form

dlp = (ABYUF + B(EY. UD)) ot

dpp = F(p. Uf) ot + &=/ G(Up, Bf) dW,



Conditions on the partition (l)

The validity of LLN is expressed via two parameters of P,

e 04(n) —0and¢_(n) - oo when n — oo
e and initial conditions (Ug, z2"(©g)) converge in probability
to (o, po)

then Law of Large Numbers holds for the PDMP (U", z"(©"))
which converges to (u, p).



Conditions on the partition (I1)

Remember that

dr(n) = k:m%(n)diam(Dkyn) and (_(n) = kzmiﬂr;(ﬂ) I(k, n).

...........



Conditions on the partition (ll1)

If, when n — oo,
e 61(n)—0and ¢_(n) — oo
o L=(nv_(n)
€ (n) vy (n)
« initial conditions (U, z"(©g)) converge in probability to
(u0>p0)

then Central Limit Theorem holds : ( > §ng M”) 0 converges

to a diffusion where M" is the martingale part of z"(9").

—1




Comments

only compartments which contain channels are used to
establish LLN and CLL
heterogeneities are possible with the limitation that

{_(n)v_(n)
Tmvi(m ]

normalization coefficient of CLT depends on parameters of
the partition P,

size of the noise in Langevin approximation :




Another family of infinite dimensional PDMP.
Multiple time scales study. (I)

For a given scale N € N*, we consider it is populated by N
channels of different types (for Hodgkin-Huxley, Na, K),

located at sites z; € 4(Z N N]O,1[).

For z; € Iy consider (qﬁ’zci) a sequence of smooth functions
approximating 4. The parameter K can be interpreted as a
small area around z;, when K — 0, the area shrinks to the point
z; itself. We will not write K in the sequel.

81V:8XXV+I

where 7 is the ionic current.



Another family of infinite dimensional PDMP.
Multiple time scales study. ()

A channel configuration is a vector (r;);c(s....ny Where
ri=(cj,z;) € S x Iy and S is the set of all possible states.

As before the current sources are single (or families of) ion
channel(s) in open conducting states.

r, NZ cr(E V ) bz,

where h; := [, h(x) ¢(x) dx for a function h.

Several time scales are naturally present. With A. Genadot we
have proved averaging and associated CLT for this family of
spatial PDMP.
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