Modelling of cross linked fiber networks
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Biological Framework

Goal: Model the Extra-Cellular Matrix as a network of cross-linked fibers
having the ability to reorganize

Derive a hierarchy of models to account for several scales

Use it as a component of a model of tissue self-organization



Modelling process

Goal: Mathematical modelling of cross-linked networks

Microscopic scale Macroscopic scale
Agent based models Continuum models
Variables Agent position, speed Density, mean variables
(Xi(2),vi(r)), i € [1,N]... p(x,1),0(x,1) ...
Advantages | - Description of each interaction | - Computationally efficient
- Link with experimental data - Mathematical framework
Drawbacks | - Computationally challenging - Lost of information
- Lack of theoretical results at the agent scale

Intermediate scale : Mesoscopic scale (Kinetic models)
Variables: probability density f(x, t)



Literature: Microscopic and Macroscopic models for cells
in fibrous networks

Microscopic models
Cross-linked fibers/ lattice spring models

[Astrom et al], [Broedersz et al],
[Head et al], [Buxton and Clarke],

Macroscopic models

Phenomenological continuum models

[Joanny, Jiilicher, Kruse, Prost, New J. Phys. 07], [Oelz, Schmeiser, Small,
Cell Adh Migr 08], ...

Micro to macro approaches: [Degond et al], [Barocas and Tranquillo],
[Cacho et al], [Gasser |, ...



Microscopic model for an interconnected fiber network
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Biological features:
» Fiber cross-linking/unlinking
» Random motion and reorientation

Mechanical features:

» External potential
» Cross-linked fibers retraction force
» Cross-linked fiber alignment force

Global potential:
Wiot = Wext + Wiinks + Walign + Whoise-

Motion (overdamped regime):

dax; do; .
E:_ﬂVX,-Wton E:_)\ae,-wtota ie{l,...,N}

1 and \ are mobility coefficients.



Detail of the potential elements

‘/Vlot = ext + minks + Walign + Wnoise‘

External potential U

Fiber links:
» Retraction potential between linked fibers
£k ok
(k) (k)
g ® K
Vide,jco Wiinks = 5 21 [ Vig
Yicry Yt

» Alignment force between linked fibers:

Walign = % Zf:l |Sin(9i - 9])|
Yo Yo

Tissue movements: Random noise of intensity d
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Detail of the potential elements

Wot = ext + W/Iinks + Walign + Wnoise-

External potential U
Fiber links:

» Retraction potential between linked fibers

L(k) J(k)
l(k)](k) Wiinks = 3 Zk 1 |Vz‘/|2
Yiao Yitk)

» Alignment force between linked fibers:

Watign = $ 35y | sin(6; —

Yioo Yo

Tissue movements: Random noise of intensity d

0;)-



Kinetic model

| Rescaling
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Density distributions: One and two particle distribution functions
» V(x,0,1): density distribution of the N individual fibers
> g&(x1,01,01,x2, 04, 05,1): density distribution of the K fiber links.

For all observable function ®(x, 8), ¥(x;, 01, {1, x2, 602, ¢>):
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Limit of large number of individuals

,—[The’oréme P. Degond, F. Delebecque, D.P.]

In the formal limit K, N — oo, £

— &, where £ > 0 is a fixed pa-
rameter, the kinetic equation for the density distribution of individual
fibers reads:

% - N(Vx . ((vaext)f) +§Vx : Fl +dAxf>

— ! (89((89 Uen)f) + €09F2 + dagf) —0,

where

do
Fl(x1,01) :/nglV d€1d£2—2dx27
™

do
F2(x1,6’1) :/g(891V+89,b)d€1d€272dx2




Limit of large number of individuals

,—[Théoréme P. Degond, F. Delebecque, D.P.J

In the formal limit K,N — oo, £

— &, where £ > 0 is a fixed pa-
rameter, the kinetic equation for the density distribution of individual
fibers reads:

T (v (ValUexf) + €V Fi + dAJ)

A (30((39 Uew)f) + £09F> + dagf> —0,

where db,
F] (xl, 91) = /nglV d£1d£27dX2,

do
Fa(x,61) = /g(601V+ aelb)dgldfzfdxz

\

External potential Uly;.




Limit of large number of individuals

,—[Théoréme P. Degond, F. Delebecque, D.P.J

In the formal limit K,N — oo, £

— &, where £ > 0 is a fixed pa-
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% - ﬂ(vx : ((Verxt)f) +§vx : Fl +dAxf>

- A(aa((aGUexl)f) iy 589F2 —+ dagf) =0,

where

F](X],G]) Z/gvxIVdfldfzdiadeQ,
s

do
Fa(x,61) = /g(aﬂlv'f‘ 891b)d51d€272dx2

\

Restoring force between linked fibers V : force terms F; and F5.




Limit of large number of individuals
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Alignment force between linked fibers b: force term F5.




Limit of large number of individuals

,—[Théoréme P. Degond, F. Delebecque, D.P.]

In the formal limit K, N — oo, & — &, where £ > 0 is a fixed pa-

rameter, the kinetic equation for the density distribution of individual
fibers reads:
af

a .U<vx ((VaUext)f) + €V - F1 + dAxf)

- /\(69((89Uexl‘)f) I fang —+ daﬁf) = 07
where i,
Fi(x1,60,) = / gV V dhidly—dxy,

do
FZ(xlagl) :/g(aglv-Faglb)dEldEz?deZ

\

Random motion and reorientation: diffusion terms.



Equation for g

System for g has a similar structure
8lg - val' |:g(VX(U + legf) + f(Fl/f)) |(x1,91):|

- 30000 (U + dlogs) + EE21) )
— 1V [...] = AOg,[- . .] = S(g)
Source term S(g) describes link creation/removal:

S(g) = vpf (x1,01)f (x2,02)0¢0(x,,61x2,6,) (€1) 0t (x,00,31,0,) (£2) — Vag

£(x41,601,x2,0
(1,01, % £(x2,02,%1,01)



Rescaling

Rescaling
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Macroscopic scaling and scaling assumptions:
X=+/ex, t=et, fszjg g =%,

External potential: U(x,6) = U°(x) + eU' ()
Alignment potential between linked fibers: o = O(e~ 1),
Restoring force between linked fibers: x = O(e),

Random motion and reorientation: d, ¢ = O(1).

vV Vv v VY

process of linking/unlinking is supposed to occur at a very fast time
scale, i.e. vy = szuf and 7y = €%vy.
= simplification of g*

V.
g = V—j;f(xl, 01)f (x2,62)00(x,,6,%2,65) (€1) Ve (x3,05.3,,0,) (£2)



Rescaled equation

Rescaling
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o - V.- () - 0y |00 + €611 0) |17 ) - ang = L0
ey

where Q(f*) is the collision operator:

(%) = 0y <3e<1>[f€](x, 9)f€) T d}f*

External potential
Fibers links:

> Restering-foree-betweenlinkedfibers.
» Alignment force between linked fibers.

Random motion and reorientation
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Rescaled equation

Rescaling
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Of = V- (VUF7) = 0y ( {anl + €6l (x, 0)}f€) — AT = %Q(ff),
(M

where Q(f*) is the collision operator:

(%) = £y (aecb[fﬂ(x, e)ff) T aoife

External potential
Fibers links:
> Restoringforee-betweenlinkedfibers.
» Alignment force between linked fibers.
Random motion and reorientation



Equilibria
Equilibria of the collision operator:
O(f°) =0 = f°=pMqy,(0)  (equilibrium),

with My, (6) a generalized Von Mises distribution of 6 with ¢ mean and

variance r:

rcos2(0—0o)
e

My, = — ,
f7 er0052(0790)ﬁ
-z P

0

[2 cos26e"os2? %
2

2 .
. EaLl?pe(r)yy or
4dVd

- f%w ercosZGﬁ
-z p=

Need for two equations BUT momentum not preserved = Generalized
Collision Invariants: function Wy, such that for functions f* with local
orientation 6

/ O(f)Wgydf = 0

To find Egs. for p and 6y:
» Integrate Eq (1)
» Multiply (1) by GCI associated with 6~ and integrate



Continuum model

General case:
p — V- (V,U) —dAp =0,

,0(9;9() — ,OVXUO . VXGQ — zazvxp . VXOO - Oészxeo
a3 (pV20p + Vb @ Vip + Vip @ Vi) : [wo @ wo — wy @ wiy |
+ (2pa3vx00 ® V.0 — 044pr) : wo ® wol + wol ® wo| + a5p<8gU1> =0,

where a;, . . ., as are fully determined by the model parameters.

Special case: p = Constant, U’ = 0

0,00 — aszx60+a3V§90 : wo ® wo — woL ® w(ﬂ
+2a3V 0y @ V., 0y : [WO ® wd‘]s + as <89U1> =0

» Problem is parabolic

» Existence of solutions to the stationary problem



Buckling

Experimental setting: Numerical method:
Finite differences, Newton algorithm,
Continuation method

Periodic

U(e) ('g/)
> «
N

Periodic

Simulation results:

05 0 05
X X X

Typical behavior of non linear elastic media



Numerical Micro-Macro comparison: Von Mises
distribution

Goal: Compare Individual-based VS Continuum model in the case of
homogeneous fiber density

Von Mises distribution for the fiber mean local orientation

2.5 2.5

> — > —
£ 2 Macro £ 2 Macro
b5 b5
T 1.5 T 1.5
2 2
s 1 £ 1
8 8
& 0.5 & 0.5

0 0




Numerical Micro-Macro comparison: case of small link
concentration

Methodology:
» Fit the order parameter from the microscopic simulation
» Use the value for the macroscopic model

,N ,; ‘ \,“'. N 9/1 ‘ i i W




Micro-Macro comparison: case of large link concentration

Methodology:
» Fit the order parameter from the microscopic simulation does not work
» Fit the order parameter such that macro simulation match

Medium link concentration (10 x higher)




Conclusions/perspectives of the works

Summary:

» Derivation of a physically relevant macroscopic model for
interconnected fibers

» Macroscopic model in good agreement with the microscopic dynamics

Future works:
» Rigorous derivation of the macroscopic model
» Numerical and theoretical analysis for a non homogeneous fiber density

» Case of non instantaneous linking/unlinking
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Equations for p and 6,

Main tools:
» Integrate in 0 ([ Q(f°)d6 = 0):

/9(8J€_Vx.(VxUOf€)—8e({%U]_y_gG[fE](x’ 9)]]’5) _dAxfg>d9 o,



Equations for p and 6,

Main tools:
» Integrate in 0 ([ Q(f°)d6 = 0):

/9(&fe_VX.(VxUOfE)—ae({39U1+§G[f€](x’ 9)]]’5) _dAxfg>d9 o,

» Integrate against Collision Invariants W:
[ (o5 =92 @)~ an [onv +ecir o] ) — ang
— Loy )ao
Problem: Momentum not preserved = integrate against Generalized

collision invariant Wy, i.e function Wy, such that for functions f with local
orientation 6

/Q(f)‘l’eodo =0
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