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Neurodegenerative diseases

Neurodegenerative diseases are quite a concern for our
society. No effective treatment for them –not even to slow
down their progression– is currently known.

Many such neurodegenerative diseases (e.g. Alzheimer’s,
Prion) belong to the group of amyloid diseases, being
characterized by an abnormal accumulation of protein
aggregates.

The infectious agent causing these diseases is (strikingly)
believed to be a protein.

(Griffith 1967 – Prusiner 1982 Nobel prize)
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An example of neurodegenerative diseases: Prion
Disease (Scrapie) in sheep

Healthy vs infected limph nodes

(Picture authorship: Gillian McGovern, Martin Jeffrey, Plos One)

J.Calvo, M. Doumic, B. Perthame Long time behavior for polymerization models



Prion replication and fibril formation

(Picture authorship: Joanna Masel, wikipedia)
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Fibril formation in neurodegenerative diseases

The intrinsic mechanisms of these chain reactions are currently
not very well known.

The processes may involve an infinite number of species
-polymer sizes- and reactions (e.g. nucleation,
(de)polimerization, fragmentation, etc).

We want to understand what are the main reaction
mechanisms and which are secondary. Currently this cannot be
achieved solely on an experimental basis.

Mathematical models can forecast the consequences of
modeling assumptions at time and size scales that nowadays
are not accesible to experiments.
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Continuous (in vitro) models for protein polimerization

Polymerization + fragmentation

Let V (t) be the quantity of monomers. We use the variable
x ≥ 0 to represent polymer size, being u(t , x) the density of
polymers of size x :

dV
dt

= −V
∫ ∞

0
g(x)u(t , x) dx

∂u
∂t

+ V
∂

∂x
(g(x)u) = −B(x)u + 2

∫ ∞
x

B(y)k(y , x)u(t , y) dy .

(Prüss, Pujo–Menjouet, Webb, Zacher, Disc. Cont. Dyn. Syst. B 2006)

(Calvez, Lenuzza, Doumic, Deslys, Mouthon, Perthame, J. Biol. Dynamics 2010)
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Conservation of mass (in vitro)

x 7→ u(x) gives the size distribution, thus

ρ(t) :=

∫ ∞
0

u(t , x) dx

yields the number of polymers,
x 7→ x u(x) is the polymerized mass distribution, and hence∫ ∞

0
x u(x) dx

amounts for the polymerized mass,
The total mass of the system is a conserved quantity,

M := V (t) +

∫ ∞
0

x u(t , x) dx .
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Experimental measurements

consisting of 235 progress curves was obtained at monomer
concentrations ranging from 8 to 244 !M monitored by the
fluorescence of the amyloid-specific dye thioflavin T (ThT) (Fig.
1A). Twelve replicate reaction traces were typically collected at
each protein concentration. In all cases, the samples were
agitated (see Materials and Methods) to facilitate rapid fibril
growth. Each curve displays lag-phase kinetics typical of nucle-
ated growth. ThT fluorescence was chosen as the reporter to
monitor the reaction progress because of its high sensitivity and
signal to noise ratio (Fig. S2), which became particularly impor-
tant at low protein concentrations. Control experiments, using
intrinsic tryptophan fluorescence, light scattering, turbidity and
EM, showed that the binding of ThT does not perturb the rate
of assembly and confirmed that ThT reports on the same fibril
formation process as the other detection methods (Fig. S2).
Negative stain EM showed, in addition, that the fibrils formed
under every condition used have a long-straight morphology
typical of amyloid (Fig. 1 D and E). Principal parameters
describing the transitional regions of the progress curves: The lag
time (tlag) and the transition slope (k) were extracted from the
normalised progress curves (see Materials and Methods and Fig.
1B) for subsequent analysis.

As shown in Fig. 1 A (as expected for a nucleated reaction), the
length of the lag-time is increased as the protein concentration
is decreased. However, at each protein concentration, a signif-
icant variation in the lag time is observed. This is particularly
obvious at the lowest concentrations used (dark blue traces in
Fig. 1A). The standard deviation of tlag at each protein concen-
tration is plotted against the average of tlag in Fig. 1C. The plot
shows that the variation in tlag is linearly correlated with the
average, with the fitted intercept close to zero, demonstrating the
random nature of the variation, independent of the average. This
suggests that the variations observed in the data are likely to
originate from subtle experimental differences between the
replicates, but may also reflect contributions from the stochastic
nature of the nucleation mechanism (17, 18). Another important

feature of the data is that all of the curves have steep transitions
similar to the progress curves observed for the assembly of fibrils
from other amyloidogenic proteins and peptides (e.g., refs. 8 and
11) but distinctively different from those predicted by nucleated
assembly models alone (4, 5) (Fig. S1). The steepness of the
transitions indicates the presence of a secondary process accel-
erating the reaction under the conditions used (4).

Construction of a Generic Mechanistic Modeling Approach for Fibril
Self-Assembly. To gain new insights into the mechanism of
amyloid formation, a model capable of describing the self-
assembly process, including the progress curves and their con-
centration dependence, is required. Many different mechanistic
models have been used to describe the assembly of amyloid and
other self-assembled protein polymers (e.g., refs. 4, 5, 12, 14, and
19–23). Because of the complexity of the system and the
consequent large number of different possibilities involved, a
modular approach was used here to model amyloid assembly. We
have rationalized the mechanism into three distinct modules:
prepolymerization, polymerization, and secondary processes
(Fig. 2). Each possible assembly model is then composed of a
variant of each of the three modules (a full mathematical and
thermodynamical description is given in SI Text and Table S1).
Key features of the model design are: (i) The modular design
enables a large number of different assembly mechanisms to be
tested and ranked. (ii) The generic assembly reaction scheme
used (Fig. 2A and SI Text, Eq. 1) does not itself constrain the
assembly model but allows the assembly mechanism to be
derived by the choice of functions describing the rate constants
and reaction free energies for each step of the assembly (here
step, linear, and power functions were tested, each correspond-
ing to a distinct assembly scenario where different free energy
contributions, such as specific interactions or translation/
rotational entropies, dominate; see Fig. 2C and SI Text). (iii) The
structural and thermodynamic aspects of assembly are separately
and exactly defined, with the shape of the reaction free energies
for each assembly step as function of the extent of assembly
defining the structural nucleus size nS (SI Text, Eq. 9). The free
energy for each assembly species compared with the monomer
(taking into account the contribution of translational entropy
loss by reduction in the number of particles during assembly)
then defines the thermodynamic nucleus size nT (SI Text, Eq. 10).
(iv) A secondary fragmentation process that includes a length
and position-dependent rate of fragmentation is used (Fig. 2D,
SI Text, and Eq. 13). (v) The progress curves for different
possible mechanisms are calculated numerically, which elimi-
nates the need for additional, potentially erroneous, assumptions
used in analytical models such as negligible oligomer populations
and irreversible steps (4, 12). In summary, the key idea behind
our approach is that, instead of using a single model containing
simplifications that are based on predetermined assumptions
that may be difficult to justify or validate in the analysis of
experimental data, we use a flexible approach that allows a large
number of possible models to be tested against the experimental
data.

Comparing Model Variants. Next, we applied our modeling ap-
proach to the analysis of the experimental fibril growth curves
for "2m depicted in Fig. 1. The transitional regions described by
the curve parameters tlag and k were extracted from the numer-
ical solutions of the models in the same way as for the experi-
mental reaction progress traces shown in Fig. 1B. The resulting
values were then compared with the experimental data through
least-square analysis in order that the model(s) best representing
the experimental progress curves can be determined. Key to this
analysis were: (i) the acquisition of data over the largest possible
protein concentration range (limited by the sensitivity of the
assay and the need to avoid nonspecific aggregation); (ii) the

Fig. 1. Reaction progress curves of amyloid fibril formation of "2m. (A)
Reaction progress curves monitored by ThT fluorescence. A total of 235 traces
are shown at 20 different protein concentrations ranging from 8 to 244 !M
(color bar on the Right). (B) Representative illustration of the method by which
tlag and k are extracted from the reaction traces. (C) The variation in the
replicates shown as the standard deviation of tlag plotted vs. the average tlag.
The error bars represent the standard error of the standard deviation and the
standard error of the mean, respectively. A free linear fit is also shown. (D and
E) Negative stain EM images of samples after the reaction reached completion
obtained at a protein concentration of 244 !M (D) or 8 !M (E). (Scale bars,
100 nm.)

Xue et al. PNAS ! July 1, 2008 ! vol. 105 ! no. 26 ! 8927
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(Xue, Homans, Radford, PNAS 2008)

For a given protein concentration, a significant variant in
the lag time is observed. (previous talks)
The steepness of the transitions indicates the presence of
“secondary processes” accelerating the reaction.
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Analyze continuous models combining some basic
ingredients: To what extent do we get similar dynamics?
Here we will combine: Polimerization, nucleation,
fragmentation and/or depolimerization.
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A slight diversion: Lifshitz–Slyozov’s model

Kinetics of precipitation from supersaturated solid solutions:
Cluster grow/diminish solely by the attachment/detachment of
monomers.

dV
dt

= −V
∫ ∞

0
g(x)u(t , x) dx +

∫ ∞
0

d(x)u(t , x) dx

∂u
∂t

+
∂

∂x
((g(x)V − d(x))u) = 0.

Usual physical setting: g(x) = x1/3, d(x) = 1. No need for a
boundary condition.

(Niethammer, Pego, Velazquez, Goudon, Tine, Lagoutière, Collet, Vasseur, Poupaud,

Laurençot, Mischler...)
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Ostwald ripening

Large clusters tend to become larger and larger at the extent of
small ones

(Niethammer, Pego, Velazquez, Goudon, Tine, Lagoutière, Collet, Vasseur, Poupaud,

Laurençot, Mischler...)
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Lifshitz–Slyozov revisited

When describing fibrils we expect to have g(x) = 1 and d(x) to
be increasing. This requires a boundary condition at zero size.

No nucleation case (J.C., M. Doumic, B. Perthame)

Let 0 < α ≤ d ′ ≤ β and g(x) = 1. Assume that V (0) > d(0).
Consider a solution (u,V ) of Lifshitz–Slyozov equations
together with the following boundary condition:

(V (t)− d(0))u(t ,0)χV (t)−d(0)>0 = 0.

Then, there holds that

lim
t→∞

V (t) = d(x̄) and lim
t→∞

u(t , x) = ρ0δ(x − x̄)

weakly as measures, being x̄ the unique solution of

M = ρ0x̄ + d(x̄).
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Lifshitz–Slyozov revisited (no nucleation)
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Lifshitz–Slyozov revisited II

When describing fibrils we expect to have g(x) = 1 and d(x) to
be increasing. This requires a boundary condition at zero size.

Nucleation case (J.C., M. Doumic, B. Perthame)

Let 0 < α ≤ d ′ ≤ β and g(x) = 1. Assume that V (0) > d(0).
Consider a solution (u,V ) of Lifshitz–Slyozov equations
together with the following boundary condition:

(V (t)− d(0))u(t ,0)χV (t)−d(0)>0 = aV (t)i0χV (t)−d(0)>0.

Then, there holds that

lim
t→∞

V (t) = d(0), lim
t→∞

ρ(t) = +∞

and (fibril instability)

lim
t→∞

x u(t , x) = (M − d(0))δ(x) weakly as measures.
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Lifshitz–Slyozov revisited II (with nucleation)

J.Calvo, M. Doumic, B. Perthame Long time behavior for polymerization models



Lifshitz–Slyozov revisited II (with nucleation)

J.Calvo, M. Doumic, B. Perthame Long time behavior for polymerization models



Adding fragmentation

dV
dt

= −V
∫ ∞

0
g(x)u(t , x) dx +

∫ ∞
0

d(x)u(t , x) dx .

∂u
∂t

+
∂

∂x
((g(x)V−d(x))u)−B(x)u = 2

∫ ∞
x

B(y)k(y , x)u(t , y) dy ,

Lifshitz–Slyozov+fragmentation (J.C., M. Doumic, B. Perthame)

Let 0 < α ≤ d ′ ≤ β and g(x) = 1. Assume that V (0) > d(0).
Consider a solution (u,V ) of Lifshitz–Slyozov equations with
fragmentation, with or without nucleation. Then, as before,

lim
t→∞

V (t) = d(0), lim
t→∞

ρ(t) = +∞

and (fibril instability)

lim
t→∞

x u(t , x) = (M − d(0))δ(x) weakly as measures.
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Adding fragmentation II

If we consider Lifshitz–Slyozov plus fragmentation with
decreasing depolymerization then nucleation stops after a
while.

Lifshitz–Slyozov+fragmentation (J.C., M. Doumic, B. Perthame)

Let d(x) be decreasing and g(x) = 1. Assume that
V (0) > d(0). Then, under balance assumptions for B, k and d
there exists a unique steady state solution (U, V̄ ) of
Lifshitz–Slyozov+fragmentation,

V̄
∫ ∞

0
g(x)U(t , x) dx =

∫ ∞
0

d(x)U(t , x) dx .

∂

∂x
((g(x)V̄ − d(x))U)−B(x)U(x) = 2

∫ ∞
x

B(y)k(y , x)U(y) dy ,

Depolimerization may stabilize the system.
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Adding fragmentation II
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To sum up

We have consider different theoretical designs for fibril
formation reaction pathways in the framework of
continuous polimerization models.
Our models considered combinations of the following:
Polimerization, nucleation, fragmentation and/or
depolimerization.
The only combination so far that led to useful dynamics
was polimerization+ decreasing depolimerization
+fragmentation.

These results were obtained under the framework of the ERC
grant SKIPPERAD (2013–2017)
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