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Selection-Mutation Models:Reproduction Operator, Age Structure

Mutation-selection model

Adaptation

» Adaptation to a local environment: result of a mutation/selection
process acting on phenotypical traits x

» Adapted population: dominant trait equals optimal trait

Population dynamics

Oef(t,x) + p(x) f(t,x) = B Bo(f(t,-))(x)

> f(t, x) density of population, continuous trait x € R

» Selection: p(x) heterogeneous mortality rate, symmetric:
best adapted trait x =0

» [ birth rate, B, reproduction operator
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Selection-Mutation Models:Reproduction Operator, Age Structure

Asexual /Sexual reproduction operators

Asexual reproduction

1 _ !
B, (f)(x) = /]R - K <X UX > f(x")dx’, K a probability measure.

Sexual reproduction: infinitesimal model

Bo(N0) = Ty X)dx J[ ey 6 (- X5 axae

Gy xf(2-)xf(2),

N fRf(X)d
2

G, a centered Gaussian function with variance o<.

Xoffspring = E(xparentl + Xparent2) + normally distributed random variable
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Selection-Mutation Models:Reproduction Operator, Age Structure

Age structure

Ageing increases mortality.

p(a, x) =d—+ m(x) L,sa+;

LMQJJDZ2| p(a,x) = d + m(x) 6oz se
;4 WQ;ZA “A » d intrinsic death rate

Figure : Jones et al., Nature 2014 > a* ageing impact threshold

Model with ageing

Oif(t,a,x) + 0.f(t,a,x) + p(a, x) f(t,a,x) =0,

f(t,0,x) =B, (/ B(a ta,-))(x).
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Selection-Mutation Models:Reproduction Operator, Age Structure

Time scales, changing environment
> evolutionary time scale > ecological time scale
» changing environment: p(x) — u(y) with y = x — ct

ths: O,f(t,x) + p(x) f(t,x) = Ocf(t,y) — cOyf(t,y)+ ply) f(t,y)
rhs: unchanged

Gbssed TemperstarsiShasge r= Jandach,
< T Based on trend over significant
oG 2 n o 1901-2012 (°C over period) !?:;fﬁuem

N\
\

\. b)\\%/\ &(/i,
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Selection-Mutation Models:Reproduction Operator, Age Structure

Goals

» What are the adaptive dynamics induced by a changing
environment?

» How ageing (and sexual reproduction) affects adaptation to a
changing environment?

In particular, quantification of the impacts of the change of environment:
» Joad \. — \g, global adaptation of the population,
> lag y. = argmaxf (yp = 0), dominant trait
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Selection-Mutation Models:Reproduction Operator, Age Structure

Background

Infinitesimal operator

» Blmer, 1980
Turelli-Barton, 1994
Tufto, 2000
Mirrahimi, Raoul, 2013
Cotto, Ronce, 2014

v

vV v v

Concentration around the dominant trait
» Diekmann, Jabin, Mischler, Perthame, 2005
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Adaptive Dynamics for Sexual Reproduction

Ansatz for F°¢
Small mutations, long time dynamics
» concentrated mutation kernel B,

> t—te” a>0,
e%(0cf® = cOyf*) + u(y)f* = BB(F(t,-))(y)
Adaptive dynamics limit: spectral approach
£5(t,y) = exp(Ac te™*)F*(y)
Ac F*—e%c 0y F* + u(y)F* = BB(F°)(y)
Maximal speed c* for which population persists: Acx =0

Concentration around dominant trait

U® = —e“InF®
N+ U () + () = Ly B(FO)()
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Adaptive Dynamics for Sexual Reproduction

Asexual reproduction

(\&, UF) = (o, Up) + €% (M1, Ur) + 2% (N2, Un)

time scaling t — t/e

F%(X) B.(F*)(x) = /R éK (X*TX/) exp G%X/)) dx’ exp (UT(X)>

-/ K(y)exp<“€(x)* “E(X*”)) dy = [ Kly) e (0% () dy

£

Ao + cUy(x) + u(x) = BH(Up(x))

Hamiltonian H: two-sided Laplace transform
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Adaptive Dynamics for Sexual Reproduction

Adaptive dynamics for sexual reproduction without ageing
» Time scaling: t—t/e?

» 0" order, equilibrium of G,.

Uo(x) =

2 2( —x¢)?,  xc unknown
o

» 15t order.

Mo+ cUs(x) + u(x) = Bexp (—(LUL)(x))

X + Xc

Non local derivation:  (LU)(x) =2U < 5 > — U(x) — U(x)

Ao+ alxe) =B, 1ix)+
Particular solution to LU = f:
Us(xc + h) = Us(xe) + hUL(xc) +Z2 f(27"h),
with f(h) =1+ % ((h+ xc) — p(xe) — hu'( XQOB

» 2" order. Determination of Uj(xc), A1, LUs ; Ub(xc) missing

2%2 —0 = x.)o LU
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Adaptive Dynamics for Sexual Reproduction

Proof: Oth order

B

Xt e (U (0 + ) = o

Ge(F7)(x)

~—

> hs: Ao + cUj(x) + p(x) + €2 (M1 + cUj(x))
» rhs:

/ 1y 2
B8 //RZ exp |:52 (UE(X/) + Us(xX") + % (x X —;X ) — UE(X)>] dx’ dx"”

eoV2m /Rexp(7572UE(X))dx

. / " L
Vx € R x',Lr)feR f(x")+ f(x") + 552

’ my 2
1 ( _x—|2—x) _f(x) =0

Legendre transformation: f*(s) = sup,cp (sx - f(x))

S

2

*(s)—2f* ( ) -7° f*(s) = 0%s*+x.s **(x) = i2(xf><c)2

4o
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Adaptive Dynamics for Sexual Reproduction

Proof: 1% order

Us = Uy + g2 Uy
» Denominator concentrates at x = x, X =Xc+¢€z

e2y/mo exp(—Ui(xc))

» Numerator concentrates at x' = x// = *t*
XX .

The form g has a minimum value (0) at x’ = x” = *5

1N / 2 " 2 X/+X// ? 2
g(x', x")y = (X" = x)"+ (X" = x)*+2 X—T —(x—xc)

2032702 exp ( (2u1 (XZXC) - ul(x)>)

» 2"d order. Determinations of U](x.), then )\;:

Bo? Uy (xc) + 2cUj(xc) + 2\ =0,
—Ui(xe) U (xe) + U1 (xc) + 552 Ui (%) = 0
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Adaptive Dynamics for Sexual Reproduction

Numerics
Scheme on proportions: p(t, x)

///\\\

( ) ~+ add viscosity term wp

Figure :
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Figure :

Thibault Bourgeron with: E. Bouin, V. Calvez, J. Garnier, T. Lepoutre O.
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Profiles ¢, ¢ = 0,05; 0,2.

0.5

-10

trait variable (z)

Lag. Profiles.
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Adaptive Dynamics for Sexual Reproduction

0 and 1°¢ orders with ageing

AE + cOx Uta*Za Uf + p(a,x) =0

1= o O ([ @R @) @

Us(a,%) = Us(0,%) + V(a,x),  V(a,x) = )\oa—i—/ u(a, ) da’
0

Up(x) = 222 (x — xc)?

402
B{L&jfﬁ)z = exp (~(LU(0,))(x))
with B(x) = [~ B(a) exp(—V(a, x)) da

ImpI|C|t determinations of x., then A\g: B(x.) =1, B’(x.) = 0.
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Adaptive Dynamics for Sexual Reproduction

Nonlinear effects of Age-structure: Bistability

w(a,x) = m(x) 0z = %X2 Oa=ar

B0) = ey (1= [1— e (-mG0) exp (= (o + clx = x0) a))

o1 0z 03 y Y
04 o5

Figure : Maximum speed f(a*): ¢ > f(a") no principal eigenelements.
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Adaptive Dynamics for Sexual Reproduction

More Numerics for aging

Figure : Lag. Profiles.
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Adaptive Dynamics for Sexual Reproduction
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Uniqueness: discretized problem, traits 0, 1

» Discretized operator

( )( )=(x+y+2) (ax2+2bxy+cy2+2cxz+2dyz+e22)
G(f)(0) = (x+y+z)7! (cx® + 2bxy + ay® + 2axz + 2byz 4+ cz*)
G(F)(—1) = (x+y+2)7" (ex? + 2dxy + cy? + 2cxz + 2byz + az?)

with: x = f(1),y = f(0),z = f(-1),a= G(0), b= G (+3}) ,c =
G(+1),d =G (£3),e= G (£2).
» Mass conservation: a=1—-2e,2b=1—-d,c=c¢e
» K nonnegative orthant, K™ = int(K), Ko = K — {0},
standard simplex S = {x € K| (x,1) =1} ({ , ) cip in R3)
> Positivity: G: Kt - KT iff0<d<land0<e<}
> mass conservation: if A\ ev associated to ev x € Ky then A =1
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Existence: Brouwer theorem
» fixed point in the convex compact set K of R3

Uniqueness: Hilbert’s projective metric, Birkhoff’'s theorem

»
X ¥
VX, Kt d =1 ==
X,y € (x,y) = log max Vi
metric on half-lines included in int(K)
> A linear positive:

1
k(A) :=inf{\ | Vx,y € KT d(Ax, Ay) < Ad(x,y)} = th (4diam(A(K+))>
If A(KT) is bounded, A is a contraction for d.

Here k(G) > 1 but uniqueness.
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Existence of mutation-selection Equilibrium for Sexual Reproduction

Principal eigenelements, age structure, speed ¢ = 0

f(t,a,x) = eF(a,x)

AF(a, x) + 0,F(a,x) + p(a,x)F(a, x) =0,

F(0,x) gg/ B(a )(X)v

F(0,x)dx =1 (homogeneity).
R

Hypothesis. There exists A\ € R:

Vx € R 1</ B(a)e o2e™ Jok <“dada</ B(a)e ™ da < o
0

Theorem. There exists a solution (), F).
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Existence of mutation-selection Equilibrium for Sexual Reproduction

Proof 1/2: Properties and difficulties

Properties of G,

» 1-homogeneous operator (non linear), not increasing

» double convolution: regularizing effect
> G, conserves moments of orders 0 and 1 (My(f) = [ x*f(x) dx)
> If Mo(f) = 1, My(f) = 0: Ma(G,(f)) = Ma(G,) + 3 Ma(F).

{f € L' | My(f) = 1, My(f) = 0, Ma(f) < 2My(G,)}
is mapped into itself by G,

Age structure

» breaks conservation of moments

» no dispersion relation
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Existence of mutation-selection Equilibrium for Sexual Reproduction

Proof 2/2: Sketch
> (transport in age) F(a, x) is determined by ¢(x) = F(0, x):
¢(x) = Go (V(A, ) <p) (x), with

V(A x) :/ 5(a)e”\ae*1}fu(a’,x)da’ da
0

> (dispersion relation) If ¢ is positive, fR @dx =1, there exists a
unique A = A(p) € R such that:

/ (A, x)p(x)dx = 1.
R

> (Schauder theorem) Closed convex set of L*(R), mapped into itself
by M: ¢ — G, (V(A(<P)7 ) sa):

C={fel'|f>0,M(f)=1,f(—x)=F(x), Ma(f) <2M(G,)}.

Regularizing effect of G,: M(C) relatively compact
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