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The	  tensor	  nuclear	  norm	  is	  NP-‐hard	  to	  compute!	  	  
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Most Tensor Problems are NP-Hard 0:3

Table I. Tractability of Tensor Problems

Problem Complexity

Bivariate Matrix Functions over R, C Undecidable (Proposition 12.2)

Bilinear System over R, C NP-hard (Theorems 2.6, 3.7, 3.8)

Eigenvalue over R NP-hard (Theorem 1.3)

Approximating Eigenvector over R NP-hard (Theorem 1.5)

Symmetric Eigenvalue over R NP-hard (Theorem 9.3)

Approximating Symmetric Eigenvalue over R NP-hard (Theorem 9.6)

Singular Value over R, C NP-hard (Theorem 1.7)

Symmetric Singular Value over R NP-hard (Theorem 10.2)

Approximating Singular Vector over R, C NP-hard (Theorem 6.3)

Spectral Norm over R NP-hard (Theorem 1.10)

Symmetric Spectral Norm over R NP-hard (Theorem 10.2)

Approximating Spectral Norm over R NP-hard (Theorem 1.11)

Nonnegative Definiteness NP-hard (Theorem 11.2)

Best Rank-1 Approximation NP-hard (Theorem 1.13)

Best Symmetric Rank-1 Approximation NP-hard (Theorem 10.2)

Rank over R or C NP-hard (Theorem 8.2)

Enumerating Eigenvectors over R #P-hard (Corollary 1.16)

Combinatorial Hyperdeterminant NP-, #P-, VNP-hard (Theorems 4.1 , 4.2, Corollary 4.3)

Geometric Hyperdeterminant Conjectures 1.9, 13.1

Symmetric Rank Conjecture 13.2

Bilinear Programming Conjecture 13.4

Bilinear Least Squares Conjecture 13.5

Note: Except for positive definiteness and the combinatorial hyperdeterminant, which apply to 4-tensors,
all problems refer to the 3-tensor case.

and n be positive integers. For the purposes of this article, a 3-tensor A over F is an
l ⇥m⇥ n array of elements of F:

A = Ja
ijk

Kl,m,n

i,j,k=1 2 Fl⇥m⇥n. (1)

These objects are natural multilinear generalizations of matrices in the following way.
For any positive integer d, let e1, . . . , ed denote the standard basis1 in the F-vector

space Fd. A bilinear function f : Fm⇥Fn ! F can be encoded by a matrix A = [a
ij

]

m,n

i,j=1 2
Fm⇥n, in which the entry a

ij

records the value of f(e
i

, e
j

) 2 F. By linearity in each
coordinate, specifying A determines the values of f on all of Fm ⇥ Fn; in fact, we have
f(u,v) = u

>Av for any vectors u 2 Fm and v 2 Fn. Thus, matrices both encode 2-
dimensional arrays of numbers and specify all bilinear functions. Notice also that if
m = n and A = A> is symmetric, then

f(u,v) = u

>Av = (u

>Av)

>
= v

>A>
u = v

>Au = f(v,u).

Thus, symmetric matrices are bilinear maps invariant under coordinate exchange.

1Formally, ei is the vector in Fd with a 1 in the ith coordinate and zeroes everywhere else. In this article,
vectors in Fn will always be column-vectors.

Journal of the ACM, Vol. 0, No. 0, Article 0, Publication date: June 2013.
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