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polynomial time algorithm for any y > 0 (lossy)
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An Application
DNF: (X4 AX3AX:)V (X, AX3AXg). ..

PAC Model: distribution D on examples, given
the example and its evaluation

Theorem [Klivans, Servedio STOC 2001]: There
is a 20("173) time algorithm to PAC learn DNFs

Theorem [folk]: There is a quasi-polynomial time
algorithm to PAC learn DNFs under the uniform
distribution
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An Application
DNF: (X4 AX3AX:)V (X, AX3AXg). ..

PAC Model: distribution D on examples, given
the example and its evaluation

This is black-box access to the formula

Is there a natural grey-box model? Can we design
better algorithms?




e
Restriction Access (Dvir et al)

DNF: (X4 AX3AX:)V (X, AX3AXg). ..




e
Restriction Access (Dvir et al)

DNF: (X4 AX3AX:)V (X, AX3AXg). ..

New Model: Set each bit independently with prob
1-M, given the restricted formula




e
Restriction Access (Dvir et al)

DNF: (X4 AX3AX:)V (X, AX3AXg). ..

New Model: Set each bit independently with prob
1-M, given the restricted formula

Each clause that survives, we get a fragment of its
variables




Restriction Access (Dvir et al)

DNF: (X4 AX3AX:)V (X, AX3AXg). ..

New Model: Set each bit independently with prob
1-M, given the restricted formula

Each clause that survives, we get a fragment of its
variables

Learning DNFs in

Population Recovery = o iriction Access



e
Restriction Access (Dvir et al)

DNF: (X4 AX3AX:)V (X, AX3AXg). ..

New Model: Set each bit independently with prob
1-M, given the restricted formula

Each clause that survives, we get a fragment of its
variables




Restriction Access (Dvir et al)

DNF: (X4 AX3AX:)V (X, AX3AXg). ..

New Model: Set each bit independently with prob
1-M, given the restricted formula

Each clause that survives, we get a fragment of its
variables

Corollary: There is a polynomial time algorithm for
learning DNFs in the Restriction Access Model for
any u > 0.
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Robust Local Inverse (Dvir et al)

Set x = ¢,A, then xb = ¢,A'Aq = q,
/ ™
But x has exponentially large norm, so we’d

kneed to know b within exponentially small error )

Idea: Add a perturbation (vector) n so that

Set x = (eg*+n)A", then x b = (e;+n)A'Aq = gq,+Nng

[Can we perturb e, s.t. (e,+n)A' has bdd norm? }
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Idea: Write a linear program for computing a good
RLI, and prove that the dual has no solution



We can write an LP for finding a RLI:



We can write an LP for finding a RLI:

(accuracy) X A —gyll.= €



We can write an LP for finding a RLI:

(accuracy) XA-¢gl.s¢€

(insensitivity) X ||. < C = poly(n,1/g)



We can write an LP for finding a RLI:

(accuracy) XA-¢gl.s¢€

(insensitivity) X ||. < C = poly(n,1/g)

Instead, use a natural basis of estimators:



We can write an LP for finding a RLI:

(accuracy) XA-¢gl.s¢€

(insensitivity) X ||, < C = poly(n,1/g)
Instead, use a natural basis of estimators:

l.e. can we find a good RLI as a linear combination
of estimators of the form:

[1, a, a2, a3, ... a™]



We can write an LP for finding a RLI:

(accuracy)

(insensitivity)

X ||. < C = poly(n,1/g)

Instead, use a natural basis of estimators:

l.e. can we find a good RLI as a linear combination
of estimators of the form:

[1, a, a2, a3, ... a™]

[Why IS this basis natural for population recovery? }
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Basis: [1, Q, aZ, a3, ... GM]

This transforms the constraints of the LP to be
monomials of a polynomial

Hence the dual program wants to construct a
certain type of polynomial

If we can prove no such polynomial exists

. 4

There is a good RLI, which we can find via an LP
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An Uncertainty Principle?

The dual program wants to construct p(x) s.t.

P(0) 2 € [IPllcoesr + C 1lAllcoets
where [|P|lcoerr = Zi [Pi| for p(X) = ZpX
and q(X) = p(1-y + px)

Conversely, for a polynomial are its coefficients
large in at least one of the two representations?




Relaxation #1



Relaxation #1

Claim: [|p]|soerr 2 SUPy in 11,11 [P(X)]



Relaxation #1

Claim: |[p]coerr 2 SUPy in 1,17 IP(X)]
Proof: Consider x in [-1,1]:

POl = Zi[pil IX] = 2 il =[Pl coer



Relaxation #1

Claim: |[p]coerr 2 SUPy in 1,17 IP(X)]
Proof: Consider x in [-1,1]:

POl = Zi[pil IX] = 2 il =[Pl coer

[New Question: }

For all polynomials is it true that:

P(0) < € supy i 11, IPX)|+ C supy i 1, 49lP(1- pHUXx)[ ?



For all polynomials with p(0) =1 is it true that:

1<e SUPy in [-1,1]|p(x)|+ C SUPy in [-1,1]|p(1' “+|JX)| ?



For all polynomials with p(0) =1 is it true that:

1<e SUDPy in [-1,1]|p(x)|+ C SUP, i [-1,1]|p(1' “+|JX)| ?

P(X) , one at the origin




For all polynomials with p(0) =1 is it true that:

1 <‘£ SUDPy in [-1,1]|p(x)’|+ C SUP, i [-1,1]|p(1' “+|JX)| ?
|

Try: [|p(x)| < 1/e on [-1,1] }

P(X) , one at the origin




For all polynomials with p(0) =1 is it true that:

1 <‘£ SUDPy in [-1,1]|p(x)’|+ C SUP, i [-1,1]|p(1' “+|JX)| ?
|

Try: [|p(x)| < 1/e on [-1,1] }

at most 1/¢ p(x) one at the origin




For all polynomials with p(0) =1 is it true that:

1 <‘£ SUDPy in [-1,1]|p(x)’|+ \C SUP, i [-1,1]|p(1' “+|JX)|’?
| !

Try: [lp(x)| <1/e on [-1,1] } [lp(x)| <1/C on [1-2p,1]}

at most 1/¢ p(x) one at the origin




For all polynomials with p(0) =1 is it true that:

1 <‘£ SUDPy in [-1,1]|p(x)’|+ \C SUP, i [-1,1]|p(1' “+|JX)|’?
| !

Try: [lp(x)| <1/e on [-1,1] } {lp(x)| <1/C on [1-2p,1]}

at most 1/¢ p(x) one at the origin

at most 1/C



For all polynomials with p(0) =1 is it true that:

1 <‘£ SUDPy in [-1,1]|p(x)’|+ \C SUP, i [-1,1]|p(1' “+|JX)|’?
| !

Try: [lp(x)| <1/e on [-1,1] } [lp(x)| <1/C on [1-2p,1]}

No, set p(x) = (1-x2)"2



For all polynomials with p(0) =1 is it true that:

1 <‘£ SUDPy in [-1,1]|p(x)’|+ \C SUP, i [-1,1]|p(1' “+|JX)|’?
| !

Try: [lp(x)| <1/e on [-1,1] } [lp(x)| <1/C on [1-2p,1]}

No, set p(x) = (1-x2)"2




[Does this p(x) refute our original conjecture too? }




[Does this p(x) refute our original conjecture too? }

p(x) = (1-X2)"2




[Does this p(x) refute our original conjecture too? }

p(x) = (1-X2)"2

[Is 1P| coers tOO SMall? }




[Does this p(x) refute our original conjecture too? }

p(x) = (1-X2)"2

[Is 1P| coers tOO SMall? }

No, it is exponentially large!



[Does this p(x) refute our original conjecture too? }

p(x) = (1-X2)"2

[Is 1P| coers tOO SMall? }

No, it is exponentially large! Substitute x = i

p(l) = 2n/2
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p(x) = (1-X2)"2

[Is 1P| coers tOO SMall? }

No, it is exponentially large! Substitute x = i
p(i) = 2n

Claim: {|p||coerr = SUPyin p IP(X)], Wwhere D is the unit
complex disk
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Hadamard Three Circle Theorem

Hence M, is bounded by a geometric average
of M, and M, (that depends on the radii)!

radius R; max value M, radius R, max value M,

radius R, max value M,
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pictures?

{Is there a holomorphic map between these two}

£\

Can we analyze this? Three Circle Thm

Yes! And it is called the Mobius Transform
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Theorem: There is a robust local inverse for A,
(binomial) at e; any p > 0, even though its condition
number is exponentially large

Theorem: There is a polynomial time algorithm for
lossy population recovery for any y >0

Corollary: There is a polynomial time algorithm for
learning DNFs in the Restriction Access Model for
any u > 0.
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Summary and Open Questions

We solved an inverse problem, despite
exponentially large condition number!

...using tools from complex analysis

Can RLIs be useful for other problems in statistical
iInference?

Is there a polynomial time algorithm for noisy
population recovery?
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Further Discussion

Previously, even the sample complexity was
unknown (still open for noisy)?

General issue: Why can’t there be two different
sets of parameters that yield almost the same distr?

Here we designed a family of contrast functions
via complex analysis

Can other tools from analysis lead to
fundamentally new estimators/algorithms?




Thanks!

~t

Any Questions?



