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Introduction

A classical result

Theorem (Obata-Lichnerowicz)

Let (M", g) be a compact Riemannian manifold of dimension n and
assume Ricg > (n — 1)g. Then the first non-zero eigenvalue \i(M)
of the Laplacian Ag is larger or equal than n, with equality if and
only if (M", g) is isometric to the round sphere (S", can).
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Introduction

A classical result

Theorem (Obata-Lichnerowicz)

Let (M", g) be a compact Riemannian manifold of dimension n and
assume Ricg > (n — 1)g. Then the first non-zero eigenvalue \i(M)
of the Laplacian Ag is larger or equal than n, with equality if and
only if (M", g) is isometric to the round sphere (S", can).

Question : Is it possible to obtain such a lower bound on the
spectrum of the Laplacian on a stratified space?
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Introduction

Stratified space

A compact stratified space X is a compact metric space which
admits a finite decomposition in strata ¥/, j = 0,...n such that :

X:QuUZf
j

@ Q is an open smooth manifold, of dimension n, dense in X ;
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Introduction

Stratified space

A compact stratified space X is a compact metric space which
admits a finite decomposition in strata ¥/, j = 0,...n such that :

X=qul ¥

J

@ Q is an open smooth manifold, of dimension n, dense in X ;

o Y/ is a smooth manifold of dimension j; X" = ();
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Introduction

Stratified space

A compact stratified space X is a compact metric space which
admits a finite decomposition in strata ¥/, j = 0,...n such that :

X=qul ¥
j

@ Q is an open smooth manifold, of dimension n, dense in X ;
o Y/ is a smooth manifold of dimension j; X" = ();

@ For any x € ¥/ there exists a neighbourhood U C X and a
homeomorphism

ox 1 BI(6x) x Co.s)(Zj) — Us.

where Z; is a stratified space, called link of the stratum /.
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Introduction

Metrics and angles

A model metric gy on X such that :
@ gp is a Riemannian metric on €;
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Introduction

Metrics and angles

A model metric gy on X such that :
@ gp is a Riemannian metric on €;
@ for any x € ¥/, the metric on Uy has the form :
go=h+d?+ r2kj,

where h is a Riemannian metric on R/, r € (0,1) and k; is a
model metric on the link Z;.
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Introduction

Metrics and angles

A model metric gy on X such that :
@ gp is a Riemannian metric on €;
@ for any x € ¥/, the metric on Uy has the form :
go=h+d?+ r2kj,
where h is a Riemannian metric on R/, r € (0,1) and k; is a
model metric on the link Z;.

For j =n—2: the link Z; is a circle S* and for « fixed we consider
metrics :
g = h+ dr* + (a/27)?r?d6?,

We call o the angle of the stratum ¥"2.
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Introduction

Metrics and angles

A model metric gy on X such that :
@ gp is a Riemannian metric on €;
@ for any x € ¥/, the metric on Uy has the form :

go=h+d?+ r2kj,
where h is a Riemannian metric on R/, r € (0,1) and k; is a
model metric on the link Z;.

For j =n—2: the link Z; is a circle S* and for « fixed we consider

metrics :
g = h+ dr* + (a/27)?r?d6?,

We call o the angle of the stratum ¥"2.

An admissible metric g, satisfying : there exist A > 0, v > 1 such
that for any x € ¥/ and for any j, the metric g on U, satisfies :

loxg — gollgy <A, re (0,04
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Introduction

Analytic and geometric tools

One can define

o Sobolev space W12(X) : the closure of the Lipschitz
functions on X with the usual norm.

o Laplacian A; : the Friedrichs extension of the quadratic form
on C5°(2) given by the Dirichlet energy.
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Introduction

Analytic and geometric tools

One can define

o Sobolev space W12(X) : the closure of the Lipschitz
functions on X with the usual norm.

o Laplacian A; : the Friedrichs extension of the quadratic form
on C5°(2) given by the Dirichlet energy.

For any point x € ¥/ define :
o the tangent cone at x : C(Sx) = R/ x C(Z)).

o the tangent sphere at x : S, = {07
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Introduction

A lower bound for the curvature

Definition (Ricci lower bound)

We say that (X", g) stratified space has Ricci tensor bounded
below by (n — 1) if :
® Ricg > (n—1)g on the regular set Q;
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Introduction

A lower bound for the curvature

Definition (Ricci lower bound)

We say that (X", g) stratified space has Ricci tensor bounded
below by (n — 1) if :

® Ricg > (n—1)g on the regular set Q;

o The angle along the stratum ¥"2 is a < 2.
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Obata-Lichnerowicz singular theorem

Singular Lichnerowicz theorem

Theorem (M., 2014)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then the first non-zero eigenvalue \1(X) is larger than
or equal to the dimension n.
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Obata-Lichnerowicz singular theorem

Singular Lichnerowicz theorem

Theorem (M., 2014)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then the first non-zero eigenvalue \1(X) is larger than
or equal to the dimension n.

Remarks :

o If o > 2, this theorem does not hold. Counterexample :
ST =1[0,7/2] x S"2 x S,
8o = dp? + cos?(p)gsn—2 + (a/2m)? sin?(¢)d6?.
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Obata-Lichnerowicz singular theorem

Singular Lichnerowicz theorem

Theorem (M., 2014)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then the first non-zero eigenvalue \1(X) is larger than
or equal to the dimension n.

Remarks :
o If o > 2, this theorem does not hold. Counterexample :
ST =1[0,7/2] x S"2 x S,
8o = dp? + cos?(p)gsn—2 + (a/2m)? sin?(¢)d6?.

o K. Bacher, K-T. Sturm 2011 : same result for spherical cones
over compact manifolds with Ricci tensor bounded below by

(n—1).
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Obata-Lichnerowicz singular theorem

Obata singular theorem

Theorem (Myers singular theorem, M. 2015)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then its diameter is less than or equal to .
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Obata-Lichnerowicz singular theorem

Obata singular theorem

Theorem (Myers singular theorem, M. 2015)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then its diameter is less than or equal to w. Moreover,
A1 (X) = n if and only if diam(X) = .
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Obata-Lichnerowicz singular theorem

Obata singular theorem

Theorem (Myers singular theorem, M. 2015)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then its diameter is less than or equal to w. Moreover,
A1 (X) = n if and only if diam(X) = .

Theorem (M., 2015)

Let (X", g) be a stratified space with Ricci tensor bounded below
by (n —1). Then A\i(X) = n if and only if there exists a stratified
space (T"~1, h) such that (X", g) is isometric to the warped
product ([—7/2,7/2] x T, dt? + cos?(t)h).
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Obata-Lichnerowicz singular theorem

Outline of proof

<« is trivial : for ([-7/2,7/2] x T, dt? + cos?(t)h), we have an
explicit eigenfunction relative to n, p(t) = sin(t).
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Obata-Lichnerowicz singular theorem

Outline of proof

<« is trivial : for ([-7/2,7/2] x T, dt? + cos?(t)h), we have an
explicit eigenfunction relative to n, p(t) = sin(t).

As for = ...

Step 0. Induction on the dimension : true for n = 1; assume that
the result holds for any kK < (n —1).
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Obata-Lichnerowicz singular theorem

Outline of proof

<« is trivial : for ([-7/2,7/2] x T, dt? + cos?(t)h), we have an
explicit eigenfunction relative to n, p(t) = sin(t).

As for = ...

Step 0. Induction on the dimension : true for n = 1; assume that
the result holds for any kK < (n —1).

Step 1. Locally g is a warped product.
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Obata-Lichnerowicz singular theorem

Outline of proof

<« is trivial : for ([-7/2,7/2] x T, dt? + cos?(t)h), we have an
explicit eigenfunction relative to n, p(t) = sin(t).

As for = ...

Step 0. Induction on the dimension : true for n = 1; assume that
the result holds for any kK < (n —1).

Step 1. Locally g is a warped product.

Step 2. On the regular set g is a warped product.
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Obata-Lichnerowicz singular theorem

Outline of proof

<« is trivial : for ([-7/2,7/2] x T, dt? + cos?(t)h), we have an
explicit eigenfunction relative to n, p(t) = sin(t).

As for = ...

Step 0. Induction on the dimension : true for n = 1; assume that
the result holds for any kK < (n —1).

Step 1. Locally g is a warped product.
Step 2. On the regular set g is a warped product.

Step 3. Globally g is a warped product.
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Obata-Lichnerowicz singular theorem

Step 1. Locally g is a warped product.

Step 2. On the regular set g is a warped product.

Step 3. Globally g is a warped product.
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Obata-Lichnerowicz singular theorem

10/ 15

Step 1. Locally g is a warped product.

Indeed, if Agp = np and Ty = ¢~1(0) N Q, for any x € Ig there
exist neighbourhoods Wy C Q, Vi C g, an interval I, and
E : I, x Vs — Wy such that

E*g = dt* + cos’(t)h, where h = g|r,.

Step 2. On the regular set g is a warped product.

Step 3. Globally g is a warped product.
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Obata-Lichnerowicz singular theorem

10/ 15

Step 1. Locally g is a warped product.
Indeed, if Agp = np and Ty = ¢~1(0) N Q, for any x € Ig there
exist neighbourhoods Wy C Q, Vi C g, an interval I, and
E : I, x Vs — Wy such that
E*g = dt* + cos’(t)h, where h = g|r,.
Step 2. On the regular set g is a warped product.

For any x € g we have /. = (=3, %) (use the induction hypothesis
on tangent spheres)

Step 3. Globally g is a warped product.
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Obata-Lichnerowicz singular theorem

10/ 15

Step 1. Locally g is a warped product.

Indeed, if Agp = np and Ty = ¢~1(0) N Q, for any x € Ig there
exist neighbourhoods Wy C Q, Vi C g, an interval I, and
E : I, x Vs — Wy such that

E*g = dt* + cos’(t)h, where h = g|r,.

Step 2. On the regular set g is a warped product.

For any x € g we have /, = (=3, %) (use the induction hypothesis

on tangent spheres) =- Extend E from (—%, g) x g to Q.

Step 3. Globally g is a warped product.
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Obata-Lichnerowicz singular theorem

10/ 15

Step 1. Locally g is a warped product.

Indeed, if Agp = np and Ty = ¢~1(0) N Q, for any x € Ig there
exist neighbourhoods Wy C Q, Vi C g, an interval I, and
E : I, x Vs — Wy such that

E*g = dt* + cos’(t)h, where h = g|r,.

Step 2. On the regular set g is a warped product.

For any x € g we have /, = (=3, %) (use the induction hypothesis

on tangent spheres) =- Extend E from (—%, g) x g to Q.

Step 3. Globally g is a warped product.

The closure of [y with respect to g is the desired stratified space.
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Obata-Lichnerowicz singular theorem

Obata singular theorem

Some remarks :
@ In dimension n = 2 result by R. Mazzeo, H. Weiss 2015.
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Obata-Lichnerowicz singular theorem

Obata singular theorem

Some remarks :
@ In dimension n = 2 result by R. Mazzeo, H. Weiss 2015.

o C. Ketterer, 2014 : Obata-Lichnerowicz theorem for metric
measure spaces satisfying the curvature dimension condition
RCD*(K, n) (uses N. Gigli's Splitting theorem).
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Consequences on the Yamabe problem

Some consequences on the Yamabe problem

The Yamabe problem : Given a stratified space (X", g) does
there exist a metric § = u*/"2g, conformal to g, with constant
scalar curvature Sz 7
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Consequences on the Yamabe problem

Some consequences on the Yamabe problem

The Yamabe problem : Given a stratified space (X", g) does
there exist a metric § = u*/"2g, conformal to g, with constant
scalar curvature Sz 7

The Yamabe constant :
Jx Sgdvg

Y(X,[g]) = inf e
(% e) gelel Volg(X) "
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Consequences on the Yamabe problem

Some consequences on the Yamabe problem

The Yamabe problem : Given a stratified space (X", g) does
there exist a metric § = u*/"2g, conformal to g, with constant
scalar curvature Sz 7

The Yamabe constant :
Jx Sgdvg

Y(X,[g]) = inf e
(% e) gelel Volg(X) "

The Yamabe constant of a ball ;

Y(B(p,r)) = inf{/XSg,u € W (B(p.r) N Q). [|ull 2o = 1}'
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Consequences on the Yamabe problem

Some consequences on the Yamabe problem

The Yamabe problem : Given a stratified space (X", g) does
there exist a metric § = u*/"2g, conformal to g, with constant
scalar curvature Sz 7

The Yamabe constant :
Jx Sgdvg

Y(X,[g]) = inf e
(% e) gelel Volg(X) "

The Yamabe constant of a ball :
Y(B(p,r)) = inf{/XSg, ue W,*(B(p,r)NQ), lull 2o = 1}.
The local Yamabe constant :
Yi(X) = inf lim Y (B(p. "))
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Consequences on the Yamabe problem

13/15

Theorem (K. Akutagawa, G. Carron, R. Mazzeo, 2012)

Let (X", g) be a stratified space. If Sg belongs to L9 with ¢ > 5
and if the Yamabe constant Y (X, [g]) is strictly smaller than the
local Yamabe constant Y;(X) then there exists a conformal metric
with constant scalar curvature.
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Consequences on the Yamabe problem

13/15

Theorem (K. Akutagawa, G. Carron, R. Mazzeo, 2012)

Let (X", g) be a stratified space. If Sg belongs to L9 with ¢ > 5
and if the Yamabe constant Y (X, [g]) is strictly smaller than the
local Yamabe constant Y;(X) then there exists a conformal metric
with constant scalar curvature.

Problem : value of the local Yamabe constant?
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Consequences on the Yamabe problem

The singular Lichnerowicz theorem allows one to

@ give a lower bound for the Yamabe constant of stratified
spaces with Ricci tensor bounded below.

v(x.le) = =2 vl ()3,
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Consequences on the Yamabe problem

The singular Lichnerowicz theorem allows one to

@ give a lower bound for the Yamabe constant of stratified
spaces with Ricci tensor bounded below.

v(x.le) = =2 vl ()3,

e compute the local Yamabe constant when the links carry an
Einstein metric.
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Consequences on the Yamabe problem

The singular Lichnerowicz theorem allows one to

@ give a lower bound for the Yamabe constant of stratified
spaces with Ricci tensor bounded below.

v(x.le) = =2 vl ()3,

e compute the local Yamabe constant when the links carry an
Einstein metric.

For example, for (X", g) stratified space with one singular
stratum Y772 of angle o < 2, the local Yamabe constant is :

2
n

) Y(S", [can]).

(0}

Yo(X) = (%
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Consequences on the Yamabe problem

Einstein metrics and the Yamabe problem

Thanks to the Obata-Lichnerowicz singular theorem :

Theorem (M., '15)

Let (X", g) a stratified space such that Ric, = (n — 1)g on the
regular set Q and the angle along the stratum ¥"~2 is less than or
equal to 2. Then the metric g attains the Yamabe constant

Y(X,g])-
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Consequences on the Yamabe problem

Einstein metrics and the Yamabe problem

Thanks to the Obata-Lichnerowicz singular theorem :

Theorem (M., '15)

Let (X", g) a stratified space such that Ric, = (n — 1)g on the
regular set Q and the angle along the stratum ¥"~2 is less than or
equal to 2. Then the metric g attains the Yamabe constant
Y(X,[g]). Moreover, there exists other conformal metrics g, not
homothetic to g, with constant scalar curvature, if and only if
(X", g) is isometric to a warped product

([=7/2,7/2] x X"~1, dt? + cos? tg).
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Consequences on the Yamabe problem

Einstein metrics and the Yamabe problem

Thanks to the Obata-Lichnerowicz singular theorem :

Theorem (M., '15)

Let (X", g) a stratified space such that Ric, = (n — 1)g on the
regular set Q and the angle along the stratum ¥"~2 is less than or
equal to 2. Then the metric g attains the Yamabe constant
Y(X,[g]). Moreover, there exists other conformal metrics g, not
homothetic to g, with constant scalar curvature, if and only if
(X", g) is isometric to a warped product

([=7/2,7/2] x X"~1, dt? + cos? tg).

e Lower bound on Y(X, [g]) attained if Ric; = (n—1)g.
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Consequences on the Yamabe problem

Einstein metrics and the Yamabe problem

Thanks to the Obata-Lichnerowicz singular theorem :

Theorem (M., '15)

Let (X", g) a stratified space such that Ric, = (n — 1)g on the
regular set Q and the angle along the stratum ¥"~2 is less than or
equal to 2. Then the metric g attains the Yamabe constant
Y(X,[g]). Moreover, there exists other conformal metrics g, not
homothetic to g, with constant scalar curvature, if and only if
(X", g) is isometric to a warped product

([=7/2,7/2] x X"~1, dt? + cos? tg).

e Lower bound on Y(X, [g]) attained if Ric; = (n—1)g.

e 3§ = u*/"~2g non-trivial, Sz = const = Jp s.t. Ngp = ny.
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