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Motivation

Serre’s problem: Find restrictions imposed on a group by the
fact that it can be realized as the fundamental group of a
complex algebraic quasi-projective manifold.

Such groups are called quasi-projective groups.

Most finitely presented groups (e.g., free abelian groups of
odd rank) cannot be projective groups, i.e., π1 of a complex
projective manifold.

By contrast, Taubes (1992) showed that every finitely
presented group is π1 of a compact complex manifold (of
dimC = 3).

Morgan (1978), Kapovich-Milson (1997), etc. found infinitely
many non-isomorphic examples of non-quasiprojective groups.
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Consider only complex algebraic quasi-projective manifolds
which are complements to hypersurfaces in Cn (or in CPn).

Reduction to a low-dimensional topology problem: by a
Zariski-Lefschetz type theorem, possible π1’s of complements
to hypersurfaces in Cn (or CPn) are precisely the fundamental
groups of complements to plane curves in C2 (resp. CP2).

Question of the day: What groups can be π1 of complements
to curves in C2 (resp. CP2)? What obstruction are there?

E.g., many knot groups cannot be realized as π1(C2 \ C) for a
curve C (to be justified later).

Slogan: Lots of obstructions on π1(C2 \ C) can be derived by
using knot theory invariants, e.g., Alexander-type invariants,
or L2/Novikov-type invariants.
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The use of such invariants is also motivated by Zariski’s problem:

Find examples of Zariski pairs, i.e., pairs of plane curves which have
homeo tubular neighborhoods (hence same type of singularities),
but non-homeo complements (due to the position of singularities.)
E.g., Let C̄ ⊂ CP2 be a sextic with 6 cusps (i.e., locally defined by
x2 = y3). Zariski showed that the moduli space of such curves has
two irreducible components, representatives in each component
being distinguished by π1 of their complements.
However, π1’s of plane curve complements are difficult to handle.
E.g., Zariski’s conjecture (proved by Deligne and Fulton):
If C̄ ⊂ CP2 has only nodal singularities (i.e., locally defined by
x2 = y2), then π1(CP2 \ C̄) is abelian.
So it is natural to look for invariants of π1 which are easier to
handle and still capture a lot of the topology of the curve.
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I. Alexander-type invariants of plane curve complements
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Plane curve complements: Setting

Let C̄ = {F (x , y , z) = 0} be a degree d reduced curve in CP2.

Let H∞ = {z = 0} ⊂ CP2 be a generic line, i.e., C̄ t H∞.

Let f (x , y) := F (x , y , 1), and C = {f (x , y) = 0} = C̄ \ H∞.

there is a central extension:

0→ Z→ π1(C2 \ C)→ π1(CP2 \ C̄)→ 0,

so π1(C2 \ C) and π1(CP2 \ C̄) carry essentially the same
information.

Set M = C2 \ C, with π = π1(M).

M is h.e. to a finite CW complex of real dimension 2.

π is generated by meridian loops about the irreducible
components of C.

H1(M) = H1(π) = Zr , for r = # of irred. components of C.
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(a) Classical Alexander polynomials

f∗ : π = π1(M)→ π1(C∗) = Z induces an infinite cyclic cover
Mc of M.

f∗ = lk : π → Z, α 7→ lk#(α, C).

Hi (M
c ;C) is a finitely generated C[Z] ' C[t±1]-module.

Theorem (Zariski-Libgober)

H1(Mc ;C) is a torsion C[t±1]-module.

Definition

∆C(t) := orderH1(Mc ;C) is the Alexander polynomial of C (or π).

Slogan: Rigidity properties of ∆C(t) impose obstructions on
π = π1(M).
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Divisibility theorem for Alexander polynomials

For each x ∈ Sing(C), let Lx := S3
x ∩ C be the link of x , with

(local) complement Mx := S3
x \ Lx .

Milnor: There is a locally trivial fibration Fx ↪→ Mx → S1

The Milnor fibre Fx is homotopy equivalent to a join of circles,
their number being equal to the Milnor number µ(C, x).

Let hx : Fx → Fx be the monodromy homeomorphism.

The local Alexander polynomial at x is defined by

∆x(t) := det (tI − (hx)∗ : H1(Fx)→ H1(Fx))

Monodromy theorem: the zeros of ∆x(t) are roots of 1.
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Theorem (Libgober)

∆C(t) divides (t − 1)r−1 ·
∏

x∈Sing(C) ∆x(t)

Theorem (M.)

For any irreducible component Ci of C, ∆C(t) divides
(t − 1)r−1 ·

∏
x∈Sing(C)∩Ci ∆x(t)

Corollary

∆C(t) is a product of cyclotomic polynomials, so its zeros are roots
of unity.

Theorem (Libgober)

∆C(t) divides (t − 1) · (td − 1)d−2, so zeros of ∆C(t) are roots of
unity of order d = deg C.

Corollary

Let C̄ ⊂ CP2 be an irreducible degree d curve with only nodes and
cusps as its singularities. If d 6≡ 0 (mod 6), then ∆C(t) = 1.
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Example

Many knot groups, e.g. that of figure eight knot (whose
Alexander polynomial is t2 − 3t + 1), cannot be of the form
π1(C2 \ C).

However, the class of possible π1 of plane curve complements
includes braid groups, or groups of torus knots of type (p, q).

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Example

Many knot groups, e.g. that of figure eight knot (whose
Alexander polynomial is t2 − 3t + 1), cannot be of the form
π1(C2 \ C).

However, the class of possible π1 of plane curve complements
includes braid groups, or groups of torus knots of type (p, q).

Laurentiu Maxim Alexander-type invariants of hypersurface complements



The divisibility results for ∆C(t) show that the local type of
singularities affects the topology of C.

Zariski showed that the position of singularities has effect on
the topology of C.

Moreover, Libgober noticed that ∆C(t) is already sensitive to
the position of singularities.

Example (Zariski’s sextics with 6 cusps)

Let C̄ ⊂ CP2 be an irreducible sextic with only 6 cusps.
Set C := C̄ \ H∞, for H∞ a generic line at infinity in CP2.

If the 6 cusps are on a conic, then π1(C2 \ C) is isomorphic to π1 of
the trefoil knot, and has Alexander polynomial ∆C(t) = t2 − t + 1.

If the six cusps are not on a conic, then π1(C2 − C) is abelian, so
∆C(t) = 1.
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(b) Twisted Alexander invariants

introduced by Lin, Wada, Kirk-Livingston in 1990s.

striking applications to the study of real closed 3-manifolds by
Friedl-Vidussi.

ported to the study of plane curve complements by
Cogolludo-Florens, who found new examples of Zariski pairs
which can be detected by the twisted Alexander polynomial,
but which have the same classical Alexander polynomial.
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Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Setup

M := path-connected finite CW complex, π := π1(M).

ε : π → Z homomorphism.

Mε := infinite cyclic cover of M defined by π̄ := ker(ε).

F ⊆ C subfield closed under conjugation.

V-finite dim. F-vector space, ` := dimFV.

ρ : π → GL(V) representation, denoted by Vρ.

Definition (Twisted Alexander modules)

The i-th twisted Alexander module of (M, ε, ρ) is:

Hε,ρ
i (M;F[t±1]) = Hi (Mε;Vρ) := Hi (C∗(Mε,Vρ)) ,

where C∗(Mε,Vρ) := V⊗F[π̄] C∗(Mε) is the twisted chain complex
of Mε.

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Twisted Alexander invariants of plane curve complements

Assume M = C2 \ C, with C̄ t H∞, and let π = π1(M).

Theorem (M.-Wong)

For any pair (ε, ρ), the twisted Alexander modules Hε,ρ
i (M;F[t±1])

of M = C2 \ C are torsion F[t±1]-modules, for i = 0, 1.

Remark

if ε = lk, V = C and ρ = trivial , get back the classical Alexander
modules Hi (M

c ;C) of M. So the above result generalizes the
Zariski-Libgober theorem.

Definition

∆ε,ρ
C (t) = orderHε,ρ

1 (M;F[t±1]) is the twisted Alexander
polynomial of (C, ε, ρ).
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Roots of twisted Alexander polynomials of plane curve
complements

M = C2 \ C = CP2 \
(
C̄ ∪ H∞

)
.

Let x0 be the meridian in π = π1(M) about H∞.

Theorem (M.-Wong)

Assume F = C, ε = lk, and ρ : π → V an arbitrary representation.
Let λ1, · · · , λ` be the eigenvalues of ρ(x0)−1. Then the roots of
∆ε,ρ
C (t) are contained in the splitting field of

∏`
i=1(td − λi ) over

Q, which is cyclotomic over Q(λ1, · · · , λ`).
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Divisibility for twisted Alexander polynomials

If x ∈ Sing(C), let Lx = S3
x ∩ C be the link of x , with local

complement Mx = S3
x \ Lx .

Let πx := π1(Mx).

Let (εx , ρx) be the pair induced by (ε, ρ) on πx via πx → π.

Theorem (M.-Wong)

If x ∈ Sing(C), the local twisted Alexander modules at x , i.e.,
Hεx ,ρx
i (Mx ;F[t±1]), are torsion F[t±1]-modules for i = 0, 1.

Definition

∆εx ,ρx
x (t) := orderHεx ,ρx

1 (Mx ;F[t±1]) is the local twisted Alexander
polynomial at x .

Theorem (Cogolludo-Florens, M.-Wong)

divisibility for twisted Alexander polynomials, relating the local and
global ones.
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Let (εx , ρx) be the pair induced by (ε, ρ) on πx via πx → π.

Theorem (M.-Wong)

If x ∈ Sing(C), the local twisted Alexander modules at x , i.e.,
Hεx ,ρx
i (Mx ;F[t±1]), are torsion F[t±1]-modules for i = 0, 1.

Definition

∆εx ,ρx
x (t) := orderHεx ,ρx

1 (Mx ;F[t±1]) is the local twisted Alexander
polynomial at x .

Theorem (Cogolludo-Florens, M.-Wong)

divisibility for twisted Alexander polynomials, relating the local and
global ones.
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II. Novikov homology of plane curve complements
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Novikov-Betti and Novikov-torsion numbers

M :=connected topological space, h.e. to a finite CW
complex, π := π1(M).

fix ξ ∈ H1(M;R) ∼= Hom(π,R).

Γξ := Im(π
ξ→ R) ↪→ R, so Γξ ∼= Zs , for some s = rk(ξ) ≥ 0.

Mξ := covering of M defined by ker(ξ), so Hi (Mξ;Z) are
finitely generated Z[Γξ]-modules.

the i-th Novikov-Betti number bi (M, ξ) of (M, ξ) is the
Z[Γξ]-rank of Hi (Mξ;Z), i.e.,

bi (M, ξ) := dimQξ
Qξ ⊗Z[Γξ] Hi (Mξ;Z) = rkRΓξ

Hi (M;RΓξ),

where Qξ := Frac(Z[Γξ]), and RΓξ is the rational Novikov
ring of Γξ (a certain PID localization of Z[Γξ]).

the i-th Novikov-torsion number qi (M, ξ) is the minimal
number of generators of Tors(Hi (M;RΓξ)).
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Properties of Novikov-Betti numbers:

χ(M) =
∑

i (−1)ibi (M, ξ).

bi (M, ξ) ≤ bi (M), for any ξ ∈ H1(M;R).

bi (M, 0) = bi (M).
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Novikov-type invariants of plane curve complements

Assume M = C2 \ C, with C̄ t H∞, and let π = π1(M)

Definition

ξ ∈ H1(M;R) is called positive if ξ : π → R takes strictly positive
values on each positively oriented meridian about the irreducible
components of C.

Theorem (Friedl-M.)

For any positive ξ ∈ H1(M;R), we have:

bi (M, ξ) =

{
0, i 6= 2,

χ(M), i = 2.

qi (M, ξ) = 0 for all i ≥ 0.

Remark

The above result holds more generally, for twisted Novikov-type
invariants.
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III. L2-Betti numbers of plane curve complements
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L2-Betti numbers

Novikov-Betti numbers are special cases of L2-Betti numbers,
though the torsion-Novikov numbers do not have such an
interpretation.
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To any CW complex M and group homomorphism α : π1(X )→ Γ,
we associate L2-Betti numbers

b
(2)
i (M, α) := dimN (Γ)Hi (C∗(Mα)⊗ZΓ N (Γ)) ∈ [0,∞],

where Mα is the covering of M defined by α, and N (Γ) is the
von Neumann algebra of Γ (a certain completion of C[Γ]), so that

b
(2)
i (M, α) is a homotopy invariant of the pair (M, α).

if M is a finite CW-complex,∑
i

(−1)ib
(2)
i (M, α) = χ(M) =

∑
i

(−1)ibi (M)

Remark (Friedl-M.)

if ξ ∈ H1(M;R), then

bi (M, ξ) = b
(2)
i (M, π1(M)

ξ
� Im(ξ))
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Back to Curves

M = C2 \ C, π = π1(M).

α : π → Γ is called admissible if f∗ = lk : π → Z factors
through α.

For admissible α, let π̄ = ker(f∗), with corresponding covering
Mc , and Γ̄ := Im(π̄ ↪→ π

α→ Γ) with induced map ᾱ : π̄ → Γ̄.

Consider b
(2)
p (M, α) and b

(2)
p (Mc , ᾱ).

A priori, there is no reason to expect b
(2)
1 (Mc , ᾱ) to be finite

(as Mc is an infinite CW complex).
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Theorem (Friedl-Leidy-M.)

If α : π1(M)→ Γ is admissible, then

b
(2)
i (M, α) =

{
0, i 6= 2,

χ(M), i = 2.

Corollary

b
(2)
i (M, α) (i ≥ 0) depends only on the degree of C and on the

local type of singularities, and is independent on α and on the
position of singularities of C.

In fact,

b
(2)
2 (M, α) = (d − 1)2 −

∑
x∈Sing(C)

µ(C, x).
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Obstructions on the L2-Betti numbers of curves

Theorem (Friedl-Leidy-M.)

If α : π1(M)→ Γ is admissible, then b
(2)
1 (Mc , ᾱ) is finite, and an

upper bound is determined by the local type of singularities of C:

b
(2)
1 (Mc , ᾱ) ≤

∑
x∈Sing(C)

(µ(C, x) + nx − 1) + 2g + d ,

where nx is the number of branches through x ∈ Sing(C) and g is
the genus of the normalization of C.

Remark

b
(2)
1 (Mc , ᾱ) depends in general on the position of singularities of C

(this can be checked on Zariski’s example of sextics with 6 cusps).
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1 (Mc , ᾱ) is finite, and an

upper bound is determined by the local type of singularities of C:

b
(2)
1 (Mc , ᾱ) ≤
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1 (Mc , ᾱ) depends in general on the position of singularities of C

(this can be checked on Zariski’s example of sextics with 6 cusps).

Laurentiu Maxim Alexander-type invariants of hypersurface complements



Consequences of finiteness property

Free groups Fm with m ≥ 2 cannot be of the form π1(C2 \ C), for
C a curve in general position at infinity, and similarly for groups of
boundary links (i.e., those links whose components admit mutually
disjoint Seifert surfaces).
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Concluding remarks

All invariants of plane curve complements discussed today are
dominated by the corresponding invariants of the link of C at
infinity (i.e., Hopf link on d components) and, resp., by those of
the boundary manifold of C.

All the above finiteness/torsioness/rigidity results for homological
invariants (Alexander modules and polynomials, various types of
Betti numbers etc.) admit higher dimensional generalizations to
complements of hypersurfaces in Cn (or CPn) with arbitrary
singularities. Proof are more involved (use intersection homology,
perverse sheaves, etc.).
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THANK YOU !!!
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