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Introduction

What is a living tissue ? A mechanistic view

Physicists
Benamar, Drasdo, Preziosi,
Joanny-Prost-Jüllicher,
E. Farge

Mathematical models
Byrne-Chaplain-Preziosi,
Lowengrub et al, Friedman, Maini,
MONC (Bordeaux) → Colin, Benzékry

Pressure, contact inhibition rather than carrying capacity



Organisation of the talk

1. Two kinds of models :
cell density (compressible)
Free boundary problem (incompressible)

2. The Hele-Shaw asymptotics

3. Nutrients/drugs

4. Active motion

5. Elastic or viscoelastic tissus



Models of cell number density

Simplest model is mechanical only :

n(x , t) = population density of tumor cells at location x , time t,

v(x , t) = cell velocity at location x and time t,

p(x , t) = pressure in the tissue,

Change in number of cells︷ ︸︸ ︷
∂n

∂t
= −div

(
nv
)

︸ ︷︷ ︸
movement of cells

+divison − death

Darcy’s law for friction (with ECM) dominated flow

v = −∇p(x , t),

Constitutive law (compressible fluid)

p(x , t) ≡ Π(n) := nγ , γ > 1
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Models of cell number density

n(x , t) = population density of tumor cells
1− n(x , t) = healthy cells

{ ∂
∂t n + div

(
nv
)

= n G
(
p(x , t)

)
,

v(x , t) = −∇p(x , t), p(x , t) ≡ Π(n) := nγ , γ > 1

Contact inhibition : Byrne-Drasdo, Joanny-Prost-Jülicher...

’homeostatic pressure’ pM

Main property : ∂
∂t n(t) ≥ −K

t e
−γrG t
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Free boundary/incompressible models

Image based predictions : include

Active cells

Nutrients and vasculature

Quiescent, necrotic, healthy cells
Result of our method

• Simulation of second and 
third scans.

• Second and third scans.

Real case

System identification in tumour growth modeling Lyon, 9-10 avril

Simulations of 
the second 
and third scan

second and 
third scan

• Introduction;

• Procedure;

• Real case;

• Conclusion;

Tuesday, April 7, 2009

Real case

System identification in tumour growth modeling Lyon, 9-10 avril
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Volume history:
- Simulation (continuous line);
- scan (circle)

Errors:
Simulations reach the volume of the  
third scan a little bit after;

Why?
1) We have only 2D partial information;
2) The model is approximated, not 
explicitly designed for a lung;
3) We do not have considered 
angiogenesis.

• Introduction;

• Procedure;

• Real case;

• Conclusion;

Tuesday, April 7, 2009

Credit for pictures : INRIA team Monc (Bordeaux)

DO NOT USE THIS FORMALISM



Free boundary/incompressible models

Tumor domain Ω(t)

Evolve ∂Ω(t) with Darcy’s law

v(x , t) = −∇p(x , t).

using the pressure

{
−∆p = G (p) x ∈ Ω(t)

p = 0 on ∂Ω(t)

Surface tension is often included

p(x , t) = ηκ(x , t), on ∂Ω(t) κ = the mean curvature

Hele-Shaw free boundary problem
Boundary is smooth
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From cell densities to free boundary

How to relate these two approaches
cell density and free boundary ?





∂
∂t nγ + div

(
nγvγ

)
= nγG

(
pγ(x , t)

)
, x ∈ Rd

vγ = −∇pγ(x , t), pγ(x , t) ≡ Π(nγ) := nγ ,

The stiff pressure law the limit, γ →∞
Hele-Shaw free boundary problem

Benilan, Igbida, Gil, Quiros, Vazquez, X. Chen et al, Caffarelli,
Friedman, Escher...etc
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From cell densities to free boundary
{

∂
∂t nγ + div

(
nγvγ

)
= nγG

(
pγ(x , t)

)
, x ∈ Rd

vγ = −∇pγ(x , t), pγ(x , t) ≡ Π(nγ) := nγ ,

Theorem (Hele-Shaw limit) : As γ →∞
nγ → n∞ ≤ 1, pγ → p∞ ≤ pM

∇pγ ⇀ ∇p∞ L2-w
{

∂
∂t n∞ − div

(
n∞∇p∞

)
= n∞G

(
p∞
)
,

p∞ = 0 for n∞(x , t) < 1.

Theorem (complementary relation) : We also have

p∞
[

∆p∞ + G (p∞)
]

= 0,

∇pγ → ∇p∞ strongly in L2
(
(0,T )× Rd

)
,



From cell densities to free boundary

The geometric form of the Hele-Shaw problem follows when

n0(x) = 1I{Ω0}, Ω0 = { p0 > 0}.

Then
n(x , t) = 1I{Ω(t)}, Ω(t) = { p(t) > 0},

And
Weak formulation ⇐⇒ Free boundary problem

Left : γ = 4 Center : γ = 40

file:///Users/perthame/Ex-Powerbook/images_bio/talk_HeleShaw/Hele_Shaw_movie.gif


From cell densities to free boundary
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Cell culture data in vitro at two different times. From N. Jagiella PhD

thesis, INRIA and UPMC (2012)



From cell densities to free boundary

The geometric form of the Hele-Shaw problem

theorem After a waiting time, the free boundary is smooth and
the weak form is equivalent to the Hele-Shaw problem.

But there are transient singularities.

file:///Users/perthame/Ex-Powerbook/images_bio/talk_HeleShaw/HS_join.gif


Organisation of the talk

1. Cell density models (compressible)

2. Free boundary problem (incompressible)

3. The Hele-Shaw asymptotics

4. Nutrients

5. Active motion

6. Viscoelastic model



Model with nutrient





∂
∂t n + div

(
nv
)

= nG
(
p(x , t), c(x , t)︸ ︷︷ ︸

nutrients

)
,

v = −∇p, p = nγ ,

∂
∂t c −∆c + R(n)c = cB︸ ︷︷ ︸

nutrients consumption/release
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∂
∂t n + div

(
nv
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= nG
(
p(x , t), c(x , t)︸ ︷︷ ︸

nutrients

)
,

v = −∇p, p = nγ ,

∂
∂t c −∆c + R(n)c = cB︸ ︷︷ ︸

nutrients consumption/release

Theorem (Hele-Shaw limit) As γ →∞, we have





∂
∂t n∞ + div

(
n∞v∞

)
= n∞G

(
p∞, c∞

)
, v∞ = −∇p∞,

p∞(1− n∞) = 0, 0 ≤ n∞ ≤ 1,

Open question

p∞
[
−∆p∞ − G

(
p∞, c∞

)]
= 0?



Model with nutrient





∂
∂t n + div

(
nv
)

= nG
(
p(x , t), c(x , t)︸ ︷︷ ︸

nutrients

)
,

v = −∇p, p = nγ ,

∂
∂t c −∆c + R(n)c = cB︸ ︷︷ ︸

nutrients consumption/release

Necrotic core, instabilities

With nutrients tumor cells can die

effect of nutrient consumption. Credit for pictures M. Tang, N. Vauchelet



Model of with nutrient

Closely related to instability in thermo-chemical reactions

{
∂
∂t u − α∆u = u2v

α , temperature

∂
∂t v −∆v = −u2v

α , reactant

Dynamical Turing instability (see M. Kowalckzyk, BP,
N. Vauchelet : Transversal instability of 1D traveling wave)

Credit for picture N. Vauchelet

file:///Users/perthame/Ex-Powerbook/images_bio/talk_HeleShaw/instab01.avi


Model with active movment




∂
∂t n + div

(
nv
)
−

active movement︷︸︸︷
ν∆n = nG

(
p(x , t)

)
,

v = −∇p p = nγ , Darcy’s law,



Model with active movment




∂
∂t n + div

(
nv
)
−

active movement︷︸︸︷
ν∆n = nG

(
p(x , t)

)
,

v = −∇p p = nγ , Darcy’s law,

Hele-Shaw limit : We still have

p
(
∆p + G (p)

)
= 0
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Figure 1: First steps of the initiation of the free boundary. Results obtained thanks to a discretization
of the system (2.1)–(2.2) with k = 100 and ⌫ = 0.5. The density n is plotted in solid line whereas
the pressure p is represented in dashed line. The pressure p has the same shape as in the classical
Hele-Shaw system with growth. However the density n is smoother.

The rest of the paper is organized as follows. We begin in Section 3 with some uniform (in k) a
priori estimates which are necessary for strong compactness. Then, in Section 4 we prove the main
statements in Theorem 2.1. The most delicate part, establishing (2.9), is postponed to Section 5.
After proving uniqueness for the limit problem in Section 6, we devote Section 7 to discuss further
regularity issues, including the results in Theorem 2.2, and the speed of the boundary of the tumor
zone. We end with Section 8, whose aim is to weaken the assumptions on the initial data, as explained
above.

3 Estimates

To begin with, we gather in the following statement all the a priori estimates that we need later on.

Lemma 3.1 With the assumptions and notations in Theorem 2.1, the weak solution (nk, pk) of (2.1)–
(2.2) satisfies

0  nk 
⇣k � 1

k
PM

⌘1/(k�1)
�!
k!1

1, 0  pk  PM ,

Z

Rd

nk(t)  eG(0)t

Z

Rd

nini,

Z

Rd

pk(t)  CeG(0)t

Z

Rd

nini.

with C a constant independent of k. Furthermore, there exists a uniform (with respect to k) nonnegative

constant C = C
⇣
T, kninikL1(Rd)\L1(Rd)

⌘
such that

Z

Rd

⇣
⌫|rnk|2 + knk�1

k |rnk|2 + |rpk|2
⌘

(t)  C for all t 2 (0, T ). (3.1)

Finally,

@tnk, @tpk � 0, @tnk is bounded in L1((0, T ); L1(Rd)), @tpk is bounded in L1(QT ).

Proof. Estimates on nk and pk. The L1(Q) bounds are a consequence of standard comparison
arguments for (2.1) and (2.7). The L1((0, T ); L1(Rd)) bound for nk can be obtained by integrating
(2.1) over Rd and then using (2.4). The L1((0, T ); L1(Rd)) bound for pk now follows from the relation
between pk and nk.

5

Effect of active movement (cell density is smooth)



More complete models





∂
∂t n + div

(
nv
)

= nG
(
p(x , t)

)
,

−ν∆v + v = −∇p, p = nγ , visco-elastic fluid

Why tissues are under-going visco-elastic law ?

Effect of viscosity (pressure jump)



More complete models





∂
∂t nP + div

(
µPnPv

)
= nPG

(
p(x , t)

)
− αnP ,

∂
∂t nQ + div

(
µQnQv

)
= αnP − dnQ ,

v = −∇p, p = (nP + nQ)γ

nP = proliferative cells nQ = quiescent cells

Credit for picture A. Lorz, T. Lorenzi (Saffman-Taylor instability ? growth is important)



Conclusions

Sophisticated mathematical models are effectively used in
biology and medicine

They lead to various mathematical questions

Asymptotic analysis arises naturally because of the many scales

Systems of PDEs (unstability)

Challenges

Variability

Adaptation
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