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Motivation: Asymptotics of Diagonals

Input: Rational function F'(z) = G(z)/H(z) with power series
F(z)= ) cz
iCNn

Goal: Asymptotics of the diagonal sequence c g

ooooo

Example (Simple lattice walks)

1

F(a:,y)zm

Here (Ck,k)k>0 counts the number of ways to walk from (0,0)
to (k, k) using the steps (0,1) and (1,0).




Motivation: Asymptotics of Diagonals

Input: Rational function F'(z) = G(z)/H(z) with power series
F(z)= ) cz
iCNn

Goal: Asymptotics of the diagonal sequence cx g ..k as k — oo

Example (Restricted factors in words)

Flx T
(z,9) 1 — 2 — y + 2293 — 23¢y3 — z%y* — 2346 + ztyb

Here (Ck,k)e>0 counts the number of binary words with k zeroes
and k ones that do not contain 10101101 or 1110101.




Motivation: Asymptotics of Diagonals

Input: Rational function F'(z) = G(z)/H(z) with power series

F(z)= ) cz

ieEN”

Goal: Asymptotics of the diagonal sequence c g

ooooo

Example (Apéry)

Flw, x4, 7]

= 1-—2z(1+w)(l+z)(l+y)lwzyt+zy+z+y+1)

Here (Ck,k,k,k,k)p>o determines Apéry’s sequence, related to his

celebrated proof of the irrationality of ((3).
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Univariate Analytic Combinatorics

If S(z)= Z spz" is analytic then
k>0

1 _ E :S Zk n— 1 Z
271 z”“ 2mi
C C k>0
:E :_ Skzk—n 1dZ
27TZ C
k>0
p— S’I’L

for a suitable closed curve C' around the origin.



“Transter Theorem” for Asymptotics
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“Transfer Theorem” for Asymptotics




“Transfer Theorem” for Asymptotics

Contribution Exponentially smaller

Determined by local behaviour



Analytic Combinatorics in Several Variables

Theorem (CIF In Several Variables)
Let F(z) = G(z)/H(z) € Q(z) be holomorphic at the origin.

Then there is a unique series F(z) = ) ;cnn @iZ' converging

absolutely in a neighbourhood of the origin, with

Sl i s
: o) r 7 zZ1 2y

The goal is to determine the points where local behaviour
determines asymptotics, and deform T to be close to such points.

In general this s very very hard!



Analytic Combinatorics in Several Variables

There has been much work in the last
few decades translating results from
Complex Analysis in Several Variables
to this context.

Essentially, the important points are
the zeroes of H(z) which are on the
boundary of the domain of
convergence and minimize the
product |z; ---zy,|, which encodes

exponential growth.

Ck,...k ~ \21 " 'zn|k ' g(k)

Cambridge Studies in Advanced Mathematics

Analytic
Combinatorics
in Several

Variables




Analytic Combinatorics in Several Variables

F(z) is combinatorial if every coefficient ¢; > 0.

Assuming F' is combinatorial + generic conditions, asymptotics
are determined by the points in V = {z : H(z) = 0} such that

(1) z1H,,(z) = =2,H, (2)

(2) 2z on boundary of domain of convergence



Analytic Combinatorics in Several Variables

F(z) is combinatorial if every coefficient ¢; > 0.

Assuming F' is combinatorial + generic conditions, asymptotics
are determined by the points in V = {z : H(z) = 0} such that

(1) z1H,,(z) = =2,H, (2)

z on boundary of domain of convergence

Z 1s coordinate-wise minimal in YV

(1) is an algebraic condition.

(2) is a semi-algebraic condition (can be expensive).



Kronecker’s Approach to Solving (RUR)

Generically there are a finite number of solutions of (1).

“Kronecker’s Approach” to Solving (1880s):

Results in linear form

UZA121+A222—|—"°+)\n2n, AzEC

and parametrization

square-free

History and Background: see Castro, Pardo, Hagele, and Morais (2001)



The Kronecker Representation

Compute a Kronecker Representation of the system

H(z) =0, 21H, (z) = =2,H, (2)

Suppose
deg(H) = d, max coeff(H) < 2" D :=d"

Then in é(hD3) bit ops there is a prob. algorithm to find:



The Kronecker Representation

Compute a Kronecker Representation of the system

H(z) =0, 21H, (z) = =2,H, (2)

Suppose
deg(H) = d, max coeff(H) < 2" D :=d"

Then in O(hD3) bit ops there is a prob. algorithm to find:
P(u) =0
P'(u)z1 — Q1(u) =0 Degree < D
Height < O(hD)

Giusti, Lecert, Salvy (2001) P'(u)zn — @n (u) =0
Schost (2001)



Example (Lattice Path Model)

The number of walks from the origin taking steps
{NW,NE,SE,SW} and staying in the first quadrant has

(1+2z)(1+y)

F t
Sk e 1 —t(z? + y2 + z%y% + 1)

One can calculate the Kronecker representation

= 4u* + 52u° — 4339u° + 9338u + 403920
— 336u* + 344u — 105898
—160u® + 2824u — 48982
= 4u° + 39u® — (4339/2)u + 4669 /2

so that the solutions of (1) are described by:

N g
P'(u)’ Pilu)




Example (Lattice Path Model)

The number of walks from the origin taking steps
{NW,NE,SE,SW} and staying in the first quadrant has

(1+2z)(1+y)

e st =

Cl-—Hz2 2+ 2292+ 1)

One car

Which of these points are on the
domain of convergence?

so that t..




Numerical Kronecker Representation

These bounds allow for efficient computation via efficient
algorithms for polynomial solving and root bounds.

Operation on

Coordinates BIT COMPLEXITY

Determine 0

Determine sign

Find all equal
coordinates

Find
|2, —a| <27°

Fast univariate solving: Sagraloff and K. Mehlhorn (2016)



Back to ACSV

In the combinatorial case™, it is enough to examine only the
positive real points on the variety to determine manitmality.

Thus, one adds the equation H(tzq,...,tz,) =0 for a new
variable ¢ and finds the positive real point(s) z with no t € (0, 1).
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Back to ACSV

In the combinatorial case™, it is enough to examine only the
positive real points on the variety to determine manitmality.

Thus, one adds the equation H(tzq,...,tz,) =0 for a new
variable ¢ and finds the positive real point(s) z with no t € (0, 1).



First Complexity Results for ACSV

Theorem (M. and Salvy, 2016)

Under generic conditions, and assuming F'(z) is combinatorial,

the points contributing to dominant diagonal asymptotics can be
determined in O(hD?®)bit operations. Each contribution has the

form

Ay = (T~*K0=/2 (2m)A=/2) (C + O(1/k))

and can be found to 27% precision in O(h(dD)® + Dk) bit ops.

The genericity assumptions heavily restrict the form of the
asymptotic growth. Removing more of these assumptions is

ongoing work.



FExample 1

Example (Apéry)

1
1 2(l twlll-tael(ld y)lwey fay taety i)

Fln o gz —

For simplicity, we add the variable T' = zywz and use the linear
form u — T = 0. The Kronecker representation is

Plul=u —34u + 1

2u — 82 24 —164u + 4
= = oz — T
2u — 34 2u — 34 2u — 34

There are two real critical points, and one is positive. After

testing minimality, one has proven asymptotics

Ao U VERUG,




FExample 1

Example (Apéry)

1
Cl1-zl+w)(l+z)(1+y)(wey+zy+2z+y+ 1)

il oy 2]

For simplicity, we add the variable T' = zywz and use the linear
form u — T = 0. The Kronecker representation is

Plul=u —34u + 1

2Uu — 82 24 —164u + 4
a— : — o Sl =g
2u — 34 2u — 34 2u — 34

There are two real critical points, and one is positive. After

testing minimality, one has proven asymptotics
DiagonalAsymptotics (numer (F) ,denom(F) , [a,b,c,z] ,u,k, useFGb)

(2u+l82 kﬁ 2u+ 182
1 | 34u—2234 ~96 u + 6360

i 3/2
4 B2

, [Rootof (_Z* + 182 _Z — 16361, 65.977



(Non-)Example 2

Example (Restricted Words in Factors)

T, 1) —
(z,9) 1 — 2 — y + 2293 — 23y3 — z%y* — £3¢6 + ztyb

One can get a more direct representation for the variables z,vy |,

as in the system

P(u) = 32u*! — 240u®® + - .- — 98400u? + 4176w
33:@1(“), y:@z(u)




(Non-)Example 2

Example (Restricted Words in Factors)

1—z —y+ z2y3 — 23y3 — g4yt — z3y0 + 44O

Fz,y) =

One can get a more direct representation for the variables z,vy |,

as in the system

P(u) = 32u*! — 240u®® + - .- — 98400u? + 4176w
33:@1(“), y:@z(u)

But, the (lowest terms) coefficients of Q;, Q, have numerators

of size 1049 !
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Example (Restricted Words in Factors)

T, 1) —
(z,9) 1 — 2 — y + 2293 — 23y3 — z%y* — £3¢6 + ztyb

Using the Kronecker representation gives

P(u) = 32u?' — 240u®® + .. - — 98400u? + 4176w
Pl(u)m ey Ql(u) = P'(u)y £ QQ(U) = [

where @)1, @, are polynomials with largest coeft around 2500.




Example 3

Example (Restricted Words in Factors)

T, 1) —
(z,9) 1 — 2 — y + 2293 — 23y3 — z%y* — £3¢6 + ztyb

Using the Kronecker representation gives

P(u) = 32u?' — 240u®® + .. - — 98400u? + 4176w
Pl(u)m ey Ql(u) = P'(u)y £ QQ(U) = [

where @)1, @, are polynomials with largest coeft around 2500.
There are two points with positive coordinates, adding
H(zt,yt) = 0 allows one to show which is minimal, and that

4 (.6029...3{(13;.29101 . ..)’ﬂ(1 L O(1/k))




Example 3

Example (Restricted Words in Factors)

Flx e e
(z,9) 1 — 2 — y + 2293 — 23y3 — z%y* — £3¢6 + ztyb

> ASM, := DiagonalAsymptotics (numer (F) ,denom(F) ,indets (F) ,u,k,true,u-T,T):

( ( 84 170 +2401"° —285u'® — 1548 1’7 — 2125 1'% — 1408 1’° + 255 u'* + 756 u' + 2509 1'% + 2856 ' + 605 u'® +20201° + 12334 — 1760 1" + 8
2 || -126® +300" + 258 0" + 50007 +4404'% — 1024"° — 378 0" — 1544 1" — 2142 "% — 550 0" — 2222 1'% — 1644 4° + 2860 1° — 1848 1" + 1230

[ 841 +2404™ — 285 u™ — 1548 u"" — 2125 u™® — 1408 u™ + 2551 + 756 4™ + 2509 u'* + 2856 u'" + 605 u'° + 2020 1” + 1233 u® — 1760 u” + 92

J -162u™ —612u'" — 902 1" — 616 u'"° + 254 u'* + 548 4" + 2054 1'% + 2156 ' + 898 ' + 2268 1° + 24621 — 2088 1" + 13124° - 5

—255u"% —190u" — 190" + 460" + 461 1" + 6280 + 1330 +3744° + 161 0" —3840" + 146" — 138" — 2854° — 404’ + 9117 — 30U + 32)

+ 756" + 2509 1'% + 2856 1" + 605 1" +20201° + 1233 1° — 176017 + 924 1" — 4921° — 675u" + 6321° — 24917 + 24 u + 16) )
> U;

[RootOf (4 Z*' +12 Z°°—15 29 —86 2% —125 2" —88 2% 4+17 2"° +54 24193 2z +238 Z2'% + 55 ;
0.255741838767049514253919761205970603456950189718781732514989177627872406216432197538015760821428127
6507895675196348205194331680572580787580891704416439705170142841771704333646705442481154976482193290¢
05597982521159814229442365606027410080708124216701893396901412120640024489362393793733177653017308562
9973437435585018972425842775861808925373839579447363050379209371594603834274703556502530247272512610¢




Conclusion

We

e Give the first complexity bounds for methods in analytic

combinatorics in several variables

e Combine strong symbolic results on the Kronecker
representation with fast algorithms on univariate polynomials

in a novel way to create a symbolic-numeric data structure

Lots of room for extensions on the analytic combinatorics

side and the computer algebra side!
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Example (Lattice Path Model)

- (14 2)(1 + v)
4 e 1 —t(z? +y? + z2y2 + 1)

The asymptotic contribution of a point given by a root of

P(u)= 4u* + 52u° — 4339u° + 9338u + 403920

(16 us + 156 u? — 8678 u + 9338>k 16 u® + 424 u? — 11632 u — 119680

23 u2 — 3061 u e 12931

. : 2km (16u3 + 156 u2 — 8678 u + 9338)

All 4 roots contribute to the asymptotics up to
exponential decay, however only the first determines the
dominant polynomial growth, which is




