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Introduction and Motivation

e Let (Xk)kbe a sequence of i.i.d. random variables with

common mean 4 and variance o2.
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Introduction and Motivation

Let (Xk)kbe a sequence of i.i.d. random variables with

common mean 4 and variance o2.

By the central limit theorem
1 n L )
S ) o N0

e For any n,

n
P(ZXk—nu>x> <7
k=1

A long history:
Cramér, Benett, Hoeffding, Nagaev, Bernstein, ...
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Bernstein inequality - Scalar independent case

Let Xi,..., X, be independent random variables such that

EXi =0, EX?=o07 and sup|Xi <1 as.
k

For any x > 0,

n 2
X
P(YXe>x) <ep (= 50— ),
; k= X) SOPUT 20V, +2x



Matrix setting

o Let Xy,...,X,, be d x d centered Hermitian random matrices.
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Matrix setting

Let Xi,...,X, be d x d centered Hermitian random matrices.

Bounded above: A\.(X;) <1 for any i < n.

Goal: P(Amax(zn:xk) >x) <7
k=1

What should the deviation depend on?

EAmax (Y Xe)® ~ 7.
k=1
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EAmax (3 Xk)” = B[ 3oX[[* =B 36— EX,
k=1 k=1
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<E| ZXk — X;(H2 (X}, independent copy of X)
k=1
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n

EAmax (3 Xk)” = B[ 3oX[[* =B 36— EX,
k=1 k=1 k=1

<E| ZXk — X;(H2 (X}, independent copy of X)
k=1

<E| Zak(xk — XZ)H2 (e independent Rademacher)
k=1

< 48| Y e
k=1

n
NEHZE;(X[(H?% (pwlogd)
k=1
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NC Khintchine inequality (Lust-Picard'86, LP-Pisier'91) =

n n 1
Eef| 2_eXulls, S Vol (2 XE)2 s,
k=1

k=1
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Using this, we get

Emax( ) Xk)” S log dE[| Y X7]|
k=1 k=1

< logd || ZExiH +log dE| in — EXZ||
k=1 k=1

Using again NC Khintchine and boundness of X, =
n 5 n
EAmsc( Y X)? S logd || SO EXE
k=1 k=1
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Independent Matrix Case

Theorem (Ahlswede-Winter'02, Oliveira'll, Tropp'11)

For {Xy}« of independent self-adjoint random matrices with
dimension d. Assume that each matrix satisfies

EXx =0 and Anax(Xk) < M almost surely.

Then for any x > 0,

P(Amax(znjxk) >x) <d-exp (- X2/2)

— no2 + xM/3

n
where 0% := %H ZEXiH
k=1



How can it be used?

Take Y € R? an isotropic random vector i.e.
EY =0 and EYY!'=/.

In particular, E||YH% =ETr(YY?") =d.
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How can it be used?

Take Y € R? an isotropic random vector i.e.
EY =0 and EYY!'=/.
In particular, E[|Y|[3 = ETr(YY?) =d.
Suppose that || Y2 < Vd as.
Question: How many independent copies to approximate EYYt?

Y1,..., Y, independent copies of Y. Find minimal n such that
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How can it be used?

Take Y € R? an isotropic random vector i.e.
EY =0 and EYY!'=/.
In particular, E[|Y|[3 = ETr(YY?) =d.
Suppose that || Y2 < Vd as.
Question: How many independent copies to approximate EYYt?

Y1,..., Y, independent copies of Y. Find minimal n such that

H% kz_:l YoYi—Id|| s small.

Set X = L(Yi Y — Id). Need that || >~ X]| is small.
k=1



o Xk = L(YiY} — Id) centered.
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o Xk = L(YiY} — Id) centered.
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o Xk = L(YiY} — Id) centered.

Bounded: ||Yill2 SVd = [IXi]| < %-

N\o.

Id.

EX? = L[E| Yil3Ye Y+ Id = 2BY, Y] < &

nff*HZEX}S%

n
Bernstein = IP’(H%Z YoYi—id| > dlog d) < %
k=1
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o Xk = L(YiY} — Id) centered.

Bounded: ||Yill2 SVd = [IXi]| < %-

EX? = L[E|Yi|3 Y Y + Id — 2BV, Y{] < S1d.

no? = || Yo EXR < 2.
k=1

[ ]
vy)
(0]
S
(V2]
o
5
N3
=~
)
\
X
=
x
Vv
X
3R
Q.
N—
PN
Q|+

Conclusion: n ~ dlog d copies are sufficient.

Rudelson'99: Approximation of identity compositions, reducing
contact points of a convex body.

9/ 25



Dependent Matrix Case

o Let Xy,...,X, be d x d geometrically 3-mixing Hermitian
random matrices.
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o Let Xy,...,X, be d x d geometrically 3-mixing Hermitian
random matrices.

e The B-mixing coefficient between two o-algebras A and B is
defined by

B(A,B) = fsup{ZZ‘IP’A N B)) — P(A)P(B))| }

iel jed

where the supremum is taken over all finite partitions (A;);e/
and (B;))jc that are respectively A and B measurable.
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Dependent Matrix Case

Let Xy,...,X, be d x d geometrically 5-mixing Hermitian
random matrices.

The B-mixing coefficient between two o-algebras A and B is
defined by

B(A,B) = fsup{ZZ‘IP’A N B)) — P(A)P(B))| }
iel jed

where the supremum is taken over all finite partitions (A;);e/
and (B;))jc that are respectively A and B measurable.
The sequence of ()« associated with (Xy)x is defined by

Bk = quﬂ(a(xi7 I'Sj),O'(X,', 1>Jj+ k))
J
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Dependent Matrix Case

Let Xy,...,X, be d x d geometrically 5-mixing Hermitian
random matrices.

The B-mixing coefficient between two o-algebras A and B is
defined by

B(A,B) = fsup{ZZ‘IP’A N B)) — P(A)P(B))| }
iel jed

where the supremum is taken over all finite partitions (A;);e/
and (B;))jc that are respectively A and B measurable.
The sequence of ()« associated with (Xy)x is defined by

B :==supB(o(X;i, i <j),o(Xi, i =)+ k))
J
The term geometrically 5-mixing means that

B < ek

for some positive constant c.
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Dependent Matrix Case
Theorem (Banna-Merlevede-Y'15)

Let (Xx)k>1 be a family of geometrically -mixing random
matrices of dimension d. Assume that

E(Xk) =0 and )\Inax(xk) <1 as
Then for any x > 0,
n
Cx?
IP( (37X, > ) < (_ —) ’
Ama (; k) > x) < dexp 2+ x(log n)?
where C is a universal constant and v? is given by

V2f

3P G (%"



Consequence

Let A be a d X n random matrix such that:

e dlog3d < n.
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Consequence

Let A be a d X n random matrix such that:
e dlog3d < n.
e Y;= Columns of A are isotropic i.e. EY; =0 and EY,-Y,-t =/d.
o Vil <Vd  as.

o (Y))i<n are geometrically S-mixing.

Then with high probability

Vi (1= \/d10g>d/n) < smin(A) < smax(A) < v/ (1+1/dlog? d/n).

inA is almost an isometry.

U

12/ 25



Matrix setting

Let X1,...,X, be d X d centered Hermitian random matrices.

What can be said about
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13/ 25



Matrix setting

Let X1,...,X, be d X d centered Hermitian random matrices.

What can be said about
P(max (D Xe) > %) <7
k=1

For any t > 0,

n

P(Amax(kz_;xk) Z X) = P(eAmax(fZZﬂ Xi) > etx)

13/ 25



Matrix setting

Let X1,...,X, be d X d centered Hermitian random matrices.

What can be said about
P(max (D Xe) > %) <7
k=1

For any t > 0,

P()‘max(gxk) Z X) = P(eAmax(fZZﬂ Xi) > etx)

< e_tX . ]Ee)\max (t ZZ:I Xk)

~X

13/ 25



Matrix setting

Let X1,...,X, be d x d centered Hermitian random matrices.

What can be said about
[P<)\max(zxk) = X) <7?
k=1

For any t > 0,

~
—
>
g
8
1
(7=
X
s
WV

X) - p(eAmax(tzz:I Xi) > etx)

< e ™. EAmaX (etzzzl Xk)
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Matrix setting

Let X1,...,X, be d x d centered Hermitian random matrices.

What can be said about
[P<)\max(zxk) = X) <7?
k=1

For any t > 0,

~
—
>
g
8
1
(7=
X
s
WV

X) - p(eAmax(tzz:I Xi) > etx)

< e ™. EAmaX (etzzzl Xk)

<e ¥.ETr (et ket Xk)
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Matrix Chernoff Bound

True for any t, then
n

P<)‘max(iXk) > x) < inf {e_tx.]ETrexp (tZX;)}

t>0 ;
i=1
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Matrix Chernoff Bound

True for any t, then

n

[P()\max(ixk) > x) < inf {e_tX-IETrexp (tzxk)}

t>0
k=1

Aim: Give a suitable bound for

n

L,(t) := ETrexp (tz X;)

i=1



The Trace exponential operator function

e The Trace exponential is increasing and convex
A<B = Trexp(A) < Trexp(B)
and for any t € [0, 1],

Trexp(tA+ (1 —t)B) < t Trexp(A) + (1 — t)Trexp(B).
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The Trace exponential operator function

e The Trace exponential is increasing and convex
A<B = Trexp(A) < Trexp(B)
and for any t € [0,1],
Trexp(tA+ (1 —t)B) < t Trexp(A) + (1 — t)Trexp(B).
e Jensen's inequality for the Trace exponential function yields

Trexp(EA) < ETrexp(A).



The Golden-Thompson Inequality

The matrix exponential does not convert sums into products!

ATB L AL B
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The Golden-Thompson Inequality

The matrix exponential does not convert sums into products!
AB L A (B
The Golden-Thompson (1965) inequality:

Tr(eA+B) < Tr(eA . eB)
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The Golden-Thompson Inequality

The matrix exponential does not convert sums into products!
ATB L A B
The Golden-Thompson (1965) inequality:
Tr(eA+B) < Tr(eA . eB)
This inequality fails for more than two matrices

Tr(eA+B+c) ;{ Tr(eA eB. ec)



Construction of Cantor-type sets

Xi,..., X, geometrically 8-mixing.
Aim: Bound ETrexp (t > ;_; Xk).
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Figure: Construction of the Cantor-type set K,
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Construction of Cantor-type sets

Xi,..., X, geometrically 8-mixing.

do

Figure: Construction of the Cantor-type set K,

Aim: Control the Laplace transform on the Cantor set K,

ETr exp <t Z Xk) <7

keKn
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Gathering the upper bounds

Lemma
Let Uy,Us,,... be d x d Hermitian r.m. Assume that there exist
(Uk)kzl and ("fk)kzl such that for any t in [O, 1//%,'[,

(0it)?

tU;
IogIETr(e ) < Cq+ 1wt

Then, for any mand t € [0,1/(k1+ K2+ -+ Em)|,

whereoc =01+ - +omand kK =K1+ -+ K.
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Berbee Coupling

Zxk: Z Xy + Z Xy :251714-51,2

keK, kEKLl keKl,Q
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Aim: Relpace up to a small error

ETr eXp(tsl,l + tSl,g) by ETr exp(tSl,l + tST72)



Berbee Coupling

Zxk: Z Xy + Z Xy :251714-51,2

keK, kEKLl keKl,Q
Aim: Relpace up to a small error

ETr eXp(tsl,l + tSl,g) by ETr exp(tSl,l + tST72)

where
e S7, has the same distribution as Sp >
° Siz is independent of Sq 1
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Coupling

Z X, = Z Xy + Z X = 51714—51,2
keKy kEKL]_ k€K172
By Berbee's coupling, one can construct matrices (X} )kek, , such
that
e S, has the same distribution as S; >
e Si, is independent of Sy 1
® P(STQ 7& 51,2) < ﬂdo ’
where



Breaking the dependence structure

ETr(etZkeKn Xk) = ETr(etS“HSM)

= BTy (eSS, g ) + ETe(e™S1+121g, g, )
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Breaking the dependence structure

ETr(etZkeKn Xk) = ETr(etS“HSM)
_ ETr(etsLlem 15112:5172) +ETr (et51,1+t51,2 15T72¢5172)

< ETI‘ (et51,1+t5;72)
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Breaking the dependence structure

ETr(etZkeKn Xk) = ETr(etSlvlthSva)

= ETr(e®01H5121g. _g ) + ETr(eS11751215. g, )

< ETr(efS11755i2) 4 ETy(e 1449215, s, )

~~

Control of this term

21/ 25



Breaking the dependence structure
Aim: ]ETr(etslvlJ'_tsl’zls; 2#51’2) <7

t tS tS
et51,1+ S1,2 < )\maX (e 1,1+ 1,2) 'Hd
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— e)\max(tsl,l+tsl,2) . ]Id

t tS tS
et51,1+ S1,2 < )\maX (e 1,1+ 1,2) 'Hd

22/ 25



22/ 25

Breaking the dependence structure
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Breaking the dependence structure
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= ot Kl Iy
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Then
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Breaking the dependence structure
Aim: ETr(etslvl+tsl’215; 2#51’2) <7

etS11+151,2 =< Amasx (et51,1+t51,2) gy = e max(t51,14151,2) Ty

= etIK"| My

since )\maX(Xk) <1as. and |Kn| = |K1’1’ + |K1’2|.
Then

ETr(eSt175121g. g, ) < eI P(S], # S15) - Tr(Ly)
< Bape"! - Tr(Ig)

As E(S1,1) = E(S7,) = 0 then

Tr(ly) = TretE(5117512) < ETyetS1i+Siz



23/ 25

Breaking the dependence structure

Sii= > Xi and Si,= > Xi

kEKLl kEK].’2

ETr exp ( Z Xk) 1 + Bdy otlKo, 1|) - ETr exp (tSl,l + tSiz)
keK,
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Breaking the dependence structure

Sii= > Xi and Si,= > Xi

kEKLl kEK].’z

ETr exp ( Z Xk) 1 + Bdy otlKo, 1|) - ETr exp (t51,1 + tSiz)
keK,

The Cantor set K, should be constructed in a way that g
compensates the cardinal of Kp1!!



Breaking the dependence structure

ETr (etslv”tsiz) =ETr (ets2,1+t52,2+t51‘,2>
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Breaking the dependence structure

ETr (efslvl“siz) —ETr (etsz,1+tsz,2+r51‘,2)

! *
<(1+ ﬁdlethl’l‘) -ETr (etsz’ﬁts?’ﬁtsl’?)
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Breaking the dependence structure
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<(1+ ﬁdlethl’l‘) -ETr (et52,1+t52$2+t5172)

< (1 4 /Bdlet”(l'l‘) X ETr(etsll+tS/2’2+tS;’3+tsz4)
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Breaking the dependence structure

ETr (ef5171+f5iz> —ETr (etsz,1+tsz,2+r51‘,2>

! *
<(1+ ﬁdlethl’l‘) -ETr (et52,1+t52$2+t5172)

< (1 4 /Bdlet”(l'l‘) X ETr(etsll+tS/2’2+tS;’3+tsz4)

2 / * k%
< (1 + /Bdlethl*l‘) -ETr<ets2*1+ts2,2+ts2a3+ts2v4)
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Breaking the dependence

structure

ETr (ef5171+f5iz> —ETr (etsz,1+tsz,2+r51‘,2>

! *
<(1+ Bdlethl’l‘) -ETr (et52,1+t52$2+t5172)

< (1 4 /Bdlet”(l'l‘) X ETr(etsll+ts§’2+tsg’3+tsz4)

2 / * k%
< (14 Bagyet il BTy (ef52»1+t52,2+ts2,a+fsz,4)

Continue procedure then use independent case.



Merci de votre attention!

25/ 25



